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RIGIDITY OF MINIMAL SUBMANIFOLDS
WITH FLAT NORMAL BUNDLE

KEOMKYO SEO

ABSTRACT. Let M™ be a complete immersed super stable minimal sub-
manifold in R**P with flat normal bundle. We prove that if M has finite
total L? norm of its second fundamental form, then M is an affine n-
plane. We also prove that any complete immersed super stable minimal
submanifold with flat normal bundle has only one end.

1. Introduction

Let M be an n-dimensional complete minimal submanifold in R"*?. When
n = 2 and p = 1, do Carmo and Peng (3], Fischer-Colbrie and Schoen [5]
independently showed that the only complete stable minimal surface is a plane.
Recall that a minimal submanifold is stable if the second variation of its volume
is always nonnegative for any normal variation with compact support. For
higher dimensional minimal hypersurfaces, do Carmo and Peng [4] generalized
the result mentioned as above. We will denote by A the second fundamental
form of M.

Theorem ([4]). Let M™ be a complete stable minimal hypersurface in R™!
satisfying [, |Al?dv < co. Then M must be a hyperplane.

It was shown by Shen and Zhu [9] that if M is a stable minimal hypersurface
with finite total scalar curvature (i.e., [, |A|"dv < 00), then M is a hyperplane.
In higher codimensional cases, Spruck [11] proved that for a variation vector
field F = gv, the second variation of Vol(M;) satisfies

d2V01( t) / 2 2 2
—_— > Vel —|A dv,
Gtz [ (e -1an)

where v is the unit normal vector field and ¢ € W, 2(M). Motivated by this,
Wang [13] introduced the concept of super stability to prove that if M™(n > 3)
is a complete super stable minimal submanifold with finite total scalar curva-
ture in R®*?, then M is an affine n-plane.
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Definition 1.1 ([13]). We call a minimal submanifold M in R™*? super stable

if
[ (0ol - 1P ) o 2 0
M

holds for all ¢ € W,(M), the space of W1? functions with compact support
in M.

When p = 1, the definition of super stability is exactly the same as that of
stability and the normal bundle is trivially flat. However, the normal bundle
becomes complicated in higher codimension. We consider the simplest case
when the normal bundle is flat. Submanifolds with flat normal bundle was
studied by Terng [12]. Recently Smoczyk, Wang, and Xin [10] proved a Bern-
stein type theorem for minimal submanifolds in R**? with flat normal bundle
under a certain growth condition. We now state our first result as follows.

Theorem 1.2. Let M™ be a complete immersed super stable minimal subman-
ifold in R™*P with flat normal bundle satisfying that [, |A|?dv < co. Then M
is an affine n-plane.

Theorem 1.2 can be regarded as generalization of the above theorem due to
do Carmo and Peng. It was proved by Cao, Shen, and Zhu [1] that a complete
immersed stable minimal hypersurface M™(n > 3) in R™*! has only one end.
We also generalize their result.

Theorem 1.3. Any complete immersed super stable minimal submanifold with
flat normal bundle has only one end.

2. Preliminaries

We follow the notations of Chern-do Carmo-Kobayashi [2].

Now we choose an orthonormal frame ey, ..., €en4, in R™P such that, re-
stricted to M, the vectors ey, ..., e, are tangent to M and e,41,...,€n4p are
normal to M. And we shall denote the second fundamental form by hZ;. Then

we have |A]? = }(h%)? and
2|AJAJA| +2|VIA|]> = AlAP =2 (h%:)* + 2 hSARS.
By Chern-do Carmo-Kobayashi ([2], (2.23)), we have
D hGARG = =D (hGAG, — GG (hihG — h3uhg) — 3 RS hGhGAY

Since M has flat normal bundle, we have hf‘khf e h;"khfk = 0. Therefore, we
get

> hGARS == hEhhL Y.

For each o, let H,, denote the symmetric matrix (h;), and set Sop = ) A hg

Then the (p x p) matrix (Sqg) is symmetric and can be assumed to be diagonal
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for a suitable choice of e541,...,€en4+p. Thus we have
Sohgang =->" 82, =-S" O (hg)*)?.
o 4,7

Moreover

Al = (141%)* = ZZ )72 D0 (h;

o« 4
Hence we have
214]A14] + 2|V| A
= AJAP =2 (h&1)? +2 > haiARZ > 2> () — 2 A",
Since }:(hmc)2 = |VAJ?, we get
(2.1) |AIA|A] + A > [VAP - |[V|A|%.
From (2.1) and curvature estimate by Y. Xin ([14], Lemma 3.1), we obtain
2

(2.2) [AIAJA]+ 4] > =[] Al
We also need the following lemma.

Lemma 2.1 ([6]). Let M™ be a complete immersed minimal submanifold in
R"™*P, Then the Ricci curvature of M satisfies

Ric(M) > -

3. Proofs of the theorems

Proof of Theorem 1.2. First we have
1 .
gA(lAlz) = div(|A|V]A4]) = |A|AlA} + [V|A]]%.
Therefore from (2.2) we get
1
§A(|AI )+ A" > lV!AI|2
Fix a point p € M and for R > 0 choose a cut-off function satisfying 0 < ¢ < 1,

¢ =1onBy(R), p =00n M\ Bp(2R), and |Vy¢| < % Multiplying both sides
by ¢? and integrating over M, we have
1 2
3 eaiap s [ Farw> 22 [ 2viara.
M
Using integration by parts, we get

(3.1) —2/ golAl(ch,VlAl)dv+/ 2 Alddy > "2
M

P?VIA| dv.
M
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Since M is super stable, we have for any ¢ € Wy'*(M)

/ VePdv > / AP dv.
M M

Replacing ¢ by |Alp, we have

/ S|V|A|Pdv + / ARV pl2dy + 2 / ol Al(Vip, V| Al)dv
M M M

> / P?|Al*dv.
M

Combining (3.1) and (3.2), we obtain

n+2
/ V| A|Pdv + / ARVl > "2 / &IV Al Pdv.
M M n M

(3.2)

Hence 0 )
2 [ viaipas [ jarvekar< ;[ |4,
nJum M R? J

Letting R — oo, we obtain that | 4] is constant. Since the volume of a complete
minimal submanifold is infinite, we conclude that M is an affine n-plane. O

Proof of Theorem 1.3. By using the same arguments as in [1] and the following
lemma which is an analogue of Schoen-Yau’s result ([8], Lemma 2), we can prove
Theorem 1.3. O

Lemma 3.1. Let M™ be a complete super stable minimal submanifold in R™*?,
Then any harmonic function with finite total energy has to be constant.

Proof. We use the same arguments as in [8].
Let f be a harmonic function on M with finite total energy. The super

stability implies that
/ 1A|2cp2dv§/ |V|*dv.
M M

Replacing ¢ by |V f|¢ and integrating by parts, we have

/ APV £ 2o dv
M

< / IVel*dv
M

(3.3) _
- /M VARV + 20|V VIV £, V) + VIV F| Pd

_ 2 2, 1 2 2\ do 2 2
= [ 1osPveta -5 [ AP+ [ V9Pt

Using Bochner formula for the harmonic function f, we know

.;.A(|Vf|2) = |Vdf|2 + Ric(V £, V).
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Then Lemma 2.1 gives
1
(3.4) SAVIP) 2 \Vdf|* ~ IAI ViR

By (3.3) and (3.4), we have

/ APV fPody < / VA2Vl + / VIV FIPePd
M M M

[2?dv — / |Vdf|2p%dv.
M
Therefore we get

0

IA

1
. /M APV 72 dv

(3.5) /M VIRV + /M(IVIVfIF ~ |V P)pdn.

IA

Let {e;} be an orthonormal frame in a neighborhood of p € M. On the other
hand, we have

\Vdf]? - [VIVF]? = ngj_&%ﬁ_%fi)
= E 2 ”Zk fsz] fkf”)

v

22 2 Z f’lfjj f]flj)

2
(by Schwarz inequality) > 2”2 7z Z (Z fifii — fjfij)) .
Since f is harmonic, i.e., ) f;; = 0, we obtain
2
VA = VISP 2 oo 3 (Y fifi) = g VIVAIP

Hence the inequality (3.5) becomes

L / VIV S|Py < / VA2V pldv.
2n Ju M

Choosing @ as in the proof of Theorem 1.2 we get

1 1
— VIVS 2dv§-—/ Vf|*dv.
s, VA< 25 | 197
Letting R — oo, we obtain that |V f} is constant. Since f has finite total energy
and the volume of M is infinite, it follows that f is constant. [
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