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SUPERSTABILITY OF A GENERALIZED EXPONENTIAL
FUNCTIONAL EQUATION OF PEXIDER TYPE

YouNnGg WHAN LEE

ABSTRACT. We obtain the superstability of a generalized exponential
functional equation

f(z +y) = E{z,y)g(z)f(y)

and investigate the stability in the sense of R. Ger {4] of this equation in
the following setting:

fety)
E(z,y)g(x)f(y)
where E(z,y) is a pseudo exponential function. From these results, we

have superstabilities of exponential functional equation and Cauchy’s
gamma-beta functional equation.

<olz,¥),

1. Introduction

In 1940, S. M. Ulam gave a wide ranging talk before the Mathematical Club
of the University of Wisconsin in which he discussed a number of important
unsolved problems (ref. [17]). Among those there was the question concerning
the stability of homomorphisms : let G be a group and let G be a metric group
with a metric d{-, -}. Given e > 0, does there exist a § > 0 such that if a mapping
h: Gy — Gy satisfles the inequality d(h{zy), h(z)h(y)) < d for all z, y € G4,
then there exists a homomorphism H : G; — G» with d(h(z), H(z)) < € for all
z € G17 In the next year, D. H. Hyers [5] answered the question of Ulam for
the case where (G; and G are Banach spaces. Furthermore, the result of Hyers
has been generalized by Th. M. Rassias [15]. Since then, the stability problems
of various functional equations have been investigated by many authors (see [3,
4, 6-13, 16]).

In this paper we define a generalized exponential functional equation

(1) flz+y) = E(z,y)9(z) f(y)

where E{(z,y) is a pseudo exponential function. And then we prove the super-
stability of (1) and the stability of (1) in the sense of R. Ger [4].
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2. Solution of a generalized exponential functional equation

If f and g are functions on R with f = g and E(z,y) = 1, then the equation
(1) is an exponential functional equation and so f(x) = a® is a solution of (1).
Also if E(z,y) =k, then f(z) = g(z) = La® is a solution of (1). In particular,
if E(z,y) = o™~ with (a > 0), then g(z) = aF* and f(z) = aF*e are
solutions of the equation (1), where ¢;,¢o € R.

Now consider Cauchy’s gamma-beta functional equation studied in [14].
Note that the beta function B(z,y) is defined by

1
B(z,y) = / =101 — ¢)v—ld
0

If f is a function on (0,00) and E(z,y) = B(z,y)™!, then f(z) = a®T(z) is a
solution of the equation (1). In particular, if f is a continuous solution with
f(1) =a >0, then f is a unique solution of the equation

f(z+y) = E(z,y)f(2)f(y)-

3. Superstability of a generalized exponential functional equation

J. Baker et all [2] proved the Hyers-Ulam stability of Cauchy’s exponential
equation

fx+y) = f@)f ).
That is, if the Cauchy difference f(z+y)— f(z)f(y) of a real-valued function f
defined on a real vector space is bounded for all z, y, then f is either bounded
or exponential. Their result was generalized by J. Baker [1] : let S be a semi-
group and let f : S — E be a mapping, where E is a normed algebra in which
the norm is multiplicative. If f satisfies the functional inequality

I flzy) — Fl@)f(y) | <6

for all xz, y € S, then f is either bounded or multiplicative. In particular, such
a phenomenon for some functional equation is called the superstability.

Definition. Let D be an additive subset of R; that is, z + y € D for any
z,y € D. A function E : D x D — R is said to be pseudo exponential if E(z,y)
satisfies the following conditions;

(a) E(z,y) = E(y,z) (z,y € D),

(b) |E(z,9)| 21 (z,y € D),

(c) E(z,y)E(2,z+y) = E(z,y + 2)E(y,2) (z,y € D).

Theorem 3.1. Let D be an additive subset of R and ¢ : D — (0,00) a
given function. Suppose that f and g are nonzero functions with |g(m)| >
max{2,4p(m)/|f(m)} for some m € D and E(z,y) a pseudo exponential func-
tion on D x D such that

(2) | f(z+y) - E(z,9)9(x)f () | < p(z)
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for allz, y € D. Then

9(z +y) = E(z,y)9(z)g9(y)
foralz, yeD.

Proof. Let e(z,y) = E(zx,y)” " for all z,y € D. Since |e(z,y)| < 1,

(3) | e(z,y)f(z +y) - 9(2)f(y) | < ()

for all z,y € D. If we replace by m and also y by m in (3), respectively, we
get

| e(m,m)f(2m) — g(m)f(m) | < @(m).

An induction argument implies that for all n > 2

Fm) T e(rm im) - g(m)"“lf(m)l
=1

n—2 n—3
(4) < p(m) (H le(m, im)| + |g(m)| [ ] le(m, im))|
=1 =1
n—4

+|g(m)l2 H Ie(m,im)l RN |g(m)ln——2) ]

g=1

Indeed, if the inequality (4) holds, we have

;f((n +1)m) H e(m,im) — g(m)"f(m)l

< | e(nm,m)f((n +1)m) — g(m)f(nm) | H le(m, im)]|

+1g(m) | £(m) [ elmyim) — glm)™" f(m) |

=1

m)<H|emzm|+|g lHIemzm

i=1
n—3

+lg(m),2 H le(m,im)| +--- + |g(m)[n—1>
i=1
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for all n > 2. By(4), we get

Fnm) T, e(m,im)

g(m)r=1f(m)

o(m) N
x<m)|(|g(m)|n1 1g(m>|n 2t +|g<m)|>

mmg(mn (1 )

_2p(m) < 1

~ 1fm)llg(m)l

for all positive integer n. Thus we can easily show that

-1

|f(nm)| — o0 as n— 0.
By (3), we obtain

p(z)
| f(nm)]

o(z) = nll{go flz+ ?Z):Lgx, nm)
for all z € D. Since e(z + y,nm)e(z,y) = e(y, nm)e(z, y + nm),
lg(z + y)e(z,y) — 9(z)g(y)|
fa-ty+ el + yrm)e(e,y) o fy-+ rm)ely.mm)
S f(nm) f(nm)
= Jim ‘Tf}{ 21 (a -+ y-+ rm)e(a,y-+ ) = g(o) -+ )|
__p(z)
= 5% T o)

e(xz,nm) f(z + nm)
f(nm)

—g(z)| <

and thus we have

for all z,y € D. Thus we have

9(z +y) = E(z,y)9(z)g(y)
for all z,y € D. d
Theorem 3.2. Let D be an additive subset of R and ¢ : D — (0,00) a
given function. Suppose that f and g be monzero functions with |g(m)] >

max{2,4p(m)/|f(m)|} for somem € D and E(z,y) a pseudo exponential func-
tion on D x D such that

(5) | f(z +y) — E(z,y)9() f(y) | < min {p(z), p(y)}
forallz, y € D. Then

f(z +y) = E(z,y)9(x) f(y)
for allz, y € D.
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Proof. By Theorem 3.1, g(z + y) = E(z,y)g(z)g(y) for all z,y € D. Then
g(nm) > g(m)™ for all n and so A
lg(nm)| — 00 as n — o,

Thus we have
f(nm + yle(nm,y) )l < e(y)

g(nm) lg(nm)]
and so forally € D
_ o, flom+y)e(nm, y)
W)= o ™ gm)

Since e(z, nm + y)e(nm,y) = e(nm, z + y)e(z,y) with e(z,y) = E(z,y)™!,

[z +y)e(z,y) — g9(z) f(y)]

o [fm etz tyletomz +y)e(wy) _ g@)fnm + y)etom,y)
n—00 g(nm) g(nm)

 le(nm,y)
2 Tg(rm)]
 lelnmylel@)
T lgm)]

|f(nm + 2 + y)e(z,nm + y) — g(z) f(nm + y)|

IA

for all z,y € D. Thus we have

f(z+y) = E(z,y)9(z) f(y)
for all z,y € D. O

In Theorem 3.2, f(z+y) = g(a:~|-y);ﬂ(%)l for all z,y € D with g(y) # 0. Thus

if £(0) =g(0)=1, f(z) =g(x) forall z € D.
Definition. Let D be an additive subset of R containing 1. A function S :
D x D — R is said to be beta-type if 3(z,y) satisfies the following conditions;
(a) B(z,y) = B(y,z) (z,y € D),
(b) Iﬁ(n7m)| < 1 (n,m € Z—!—),
(c) B(z,y)B(z,z +y) = Bz, y + 2)B(y,z) (2,9 € D),
(d) |8(z,n)| < ¢(x) (¢: D — (0,00) is a function).

Note that the beta function B(z,y) is a beta-type function with B(z,m) <
o(x) = % In [14], Y. W. Lee and B. M. Choi proved the superstability of
Cauchy’s gamma-beta functional equation

f(z+y) = Blz,y) " f(@)f ().
The following theorem is a generalization of the result in [14].

Theorem 3.3. Let D be an additive subset of R containing 1, and ¢ : D —
(0,00) a given function. Suppose that f and g are nonzero functions with
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lg(m)| > max{2,4¢(m)/|f(m)|} for some m € D and B(z,y) a beta-type func-
tion on D x D such that

(6) | B(m,y) f(x +y) — 9(z)f(y) | < min{p(z),o(y)}
for allz, y € D. Then

Bz, y)f(z +y) = 9(z) f(y)
forallz, y € D.

Proof. By the same techniques as in Theorem 3.1 and 3.2, we can prove the
theorem. 0O

Corollary 3.4. Let 6 > 0, a > 1 and o € (0,00) be given. Suppose that
f:[0,00) — (0,00) is a function with f(m) > max(2,2v/6) for some positive
integer m such that

| f@+y)—a™ ™ f@)f(y) ] <6

for all z, y € (0,00). Then

fle+y) =a™"f()f(y)
for all z, y € (0, 00).

Proof. Let E(z,y) = a*¥** for all z, y € (0,00). Then E(z,y) > 1 for all
z,y € (0,00). Also

E(z,9)E(z,z +vy) a®¥a*(=t)

E(iv,y-i-z)E(y,z) o a®(y+z) quz -

for all z,y,z € (0,00). Thus E(z,y) is a pseudo exponential function. By
Theorem 3.2, we complete the proof. O

Corollary 3.5. Let 6 > 0 and k > 1 be gwen. Suppose that f : R — R is a
function with |f(m)| > max(2,2v/0) for some positive integer m such that

| flz+y) - kf(2)f(y) ] <6
forallz, y € R. Then
f@+y) =kf(2)f(y)
forallz,yeR.

Proof. By Theorem 3.2 with E(z,y) = k, we complete the proof. | O
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4. Stability of the equation (1) in the sense of R. Ger [4]
R. Ger [4] suggested a new type of stability for the exponential equation

flet+y)

fz)f(y)

In this section, the stability problem in the sense of R. Ger [4] for the functional
equation (1) shall be investigated. Throughout this section, we denote by D
an additive subset of R and by ¢ : D x D — [0, 00) a functional such that

< 4.

e(z) = i In(1 + p(2tz, 22))(1 -;fl(Qix, 8)) (1 + (s, 2'z)) <o
=0

for all z,s € D.

Theorem 4.1. Let E(z,y) be a pseudo exponential functional equation on
DxD. If f,g: D — (0,00) are functional such that

flz+y)
@ By | S

for all z,y € D and f(s),g(s) > 1 for some s € D, then there ezists a unique
function H : D — (0,00) such that

() H(z +y) = E(z,y)H(2)H(y) ,

(ii) g(s)f(t)ee(m) < ;I((:)) gg(s)f(s)ee(”),

1

W) o 90 T o5, e@ ()7 ™
< H(z)
~ g(2)

< (14 9(z,9)(1 + p(s,1))g(s)* £ (5)%e"™
for allz,y € D.

Proof. Let e(z,y) = E(z,y)™" for all z,y € D. Since |e(z,y)] < 1,

9(z) f(y)
for all z,y € D. If we define functions G, F : D — R by

G(z) =Ilng(z) and F(z)=Inf(z)
for all z € D, then the inequality (8) may be transformed into
|F(z+y) +Ine(z,y) - G(z) - F(y)| <In(l+p(z,y)).
For z = y the inequality (8) implies
(9) [F(2z) + Ine(z, z) — G(z) — F(z)] <In(l+ ¢(z,x))

<1+ o(z,y)
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for all z € D. Letting y = s in (8), we have
(10) |F(z + s) +1Ine(z, s) — G(z)| <In(1+ ¢(z,s))+ |F(s)]
for all z € D and
(11) |[F(s +z) +1Ine(s,z) = F(z)| <In(1+ ¢(s,z)) +|G(s)]
for all z € D. By (10) and (11),
(12)  |G(z) - F(z)| <In(1+@(z,s))(1+9(s,z)) +|G(s)| +|F(s)|
for all z € D. Define a function u by

w(z) :=In(1+ o(z, 2))(1 + @(x, 5))(1 + ¢(s, z)) + |G(s)| + |F(s)|
for all z € D. By (9) and (12), we have

|F(2z) +Ine(z,z) — 2F(z)] < u(z)

for all z € D. That is,

‘@ +lne(z,a:)% — F(z)

(13) :

for all x € D. We use induction on n to prove

1 |22 +ln7ﬁe(2ix %) T — F(z) <n§ L)
on e ? i - 2i+1

for all z € D. Indeed, on account of (13) the inequality (14) holds true for
n = 1. Suppose that inequality (14) holds true for some n > 1. Then (13) and
(14) imply

F(ntig i i
% +lnHe(2 z,2'z)? ¥ — F(x)|.
=0
F@rtly L i i F(2z)]
> Zn—+1)+lnHe(2x,2x)5m— 2
i=1
F(2z)

+|— +1ne(x,a;)% — F(x)

2
n :
u(2°x)
S Z; 2i+1 ?
1=l

which ends the proof of (14). For any z € D and for every positive integer n
we define

n n—1
P, (z) = F_%{x_) +1n H e(2'z, 2’3:)21‘%.
i=0
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Let m,n > 0 be integers with n > m. By (14), we have
|Po(z) = P ()]

1|FE=™@me) | T iy gigy s
=g |~ gt [] @ 2T - F 2T
1=m
n—m-—1
1 |FErm ey » - :
- ( 2n__(m D ] e@@mae),2@m)# - Fem)
i=0
n—m=-1 n-—1 i
u(2'(2™z)) _ u(2'z)
2 5m 2m Z Tgirl T 2i+1
=0 i=m
< G(s) + F(s) <= In(1 + p(2'z,2'2))(1 + p(2'x, 5))(1 + (s, 2'z))
S——on T Z i1

for all x € D. Taking the limit as m — oo, we get

Jim |7, () — Pra(2)] = 0

for all z € D. Therefore, the sequence {P,(x)} is a Cauchy sequence, and we
may define a function

L(z) = lim P,(z).

Note that
e,z +yle(y, y + 2x)
er+y,c+y) =
( ) e(z,y)
_ ez, z)e(y, y)e(2z, 2z)
B e(,y)?
for all z,y € D. Thus we have
'ﬁ e(2'z, 2'x)e(2'y, 2'y) T
e(2ix + 2iy, 2tz + 2ty)
T a2 2] w5
= o(0i+1, 9it1ly)
C Teloy)? ]t [e(2m,2)2]F  [e(2nla, 201y ]
T e(2x,2y) e(22z, 22y) e(2nz, 2ny)
_ e(z,y)
(2", 2my) =
for all z,y € D. Since e(z) < oo,
n T n i
In(1 + (2, )1+ p(s,27) L 042

PAL 2n
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as n — 0o. By (12), we have

G(2"z) F(2"x)

271. 2n
< NGO+ FG) | In(1+ p(2%2, 5))(1 + (s, 2"2))
for all z € D. Thus we arrive at for all z € D,
F(2" 27 on F(on
0= lim (—1{;:——@ +Ine(2 z, 2 y) 7" — G(2nx) _H y)‘
_ o |F2z+2) n, on e _ L")  F(2"y)
= nlgr;o T-Hne@ z,2"y) 7" — o T om
n—1
F(2™z + 2"
= nlLII;o —(—?2—:—'7/) +1n H e(2'z + 2%y, 2% + 2’3/)5’T
i=0
F(2" ot
(15) - <% +In H e(2'z, 2’x)2_1'%ﬁ)
@y . T7
) ( gn Tln He 'y, Z’y)2’+1)
i=0

1
e(2iz, 2'z)e(2ty, 2%y) 12°F° 4
n . n n T
+ H l: 2’9:+21y,21x+21 ):| 6(2 .’IJ,2 y)2

= IL(x + y) +Ine(z,y) — L(z) — L(y)|.
Let H(z) := €™ for all z € D. Then by (15), we have
H(z +y) = E(z,y)H(z)H(y)
for all z,y € D. Taking the limit in (14) as n — oo, we have

|L(z) - F(z)|
< lim - u(2z) =[G(s)] + |F(s)| + &(x)
~ n—oo — 2i+1

for all x € D. That is,

nM ng(s)f(s)e=®
58] <tage)s06

for all z € D. Note that g(s)f(s)es(®*) > 1 for all x € D. If I;J(%l >1,

1<

< g(s)f (s)e™@
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and if 0 < Z& <1,
1 < H(z)
g(s)f(s)est® = f(z)
for all z € D. Thus we have
1 < H(x)
i)™ = Fla)
for all z € D. By (12) we get

1 f(z)
(1+o(z, 8)(1 + o(s,z))g(s) f(s)

<1

IA

(1 + p(z, 5))(1 + p(s,7))g(s) f(s)
for all z € D. Then
1
(1+ o(x, 5)) (1 + @5, 2))g(s)2 f (s)2e®)
_HE) _ H) [(@

= glz)  fz) glz)
< (1 +@(z,8)(1 + (s, 2))g(s)? f(5) %™

for all x € D. It remains to show that H is unique. Suppose that W : D —
(0, 00) is another such function with

W(z +y) = E(z,y)W (z)W(y)

and
1 < W{x)
g(s)f(s)es® = f(x)
for all z,y € D. Note that for all z € D

H(2z)  H(x)? H(2"x) H(z)*"

WRz) W)’ T W(2rz)  W(z)*"

< g(s)f(s)e™

and
e(2™x)
gn—1

In(1 4 (2™, 27 2)) (1 + (27w, 5)) (1 + (s, 2"t )
2n 1 Z 2i+1

=0

_ 3 R0+ eCie 20 ;ffzix, NA+e(s22)

i=n

as n — oo. Thus we have

1 . HE) _ H@) [@)
g(s)T=T fs)FTe e - W) fle) W(a)
< gls) 7T f(s) T
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for all n > 1, and so H(z) = W(z) for all z € D. a

Corollary 4.2. Let 6 > 0, a € (0,00) and a > 1 be given. Suppose that
f,9:[0,00) — (0,00) be functions such that

f+y)
a*vteg(z) f(y)

for all z,y € [0,00) and f(s), g(s) > 1. Then there exists a unique function
H : (0,00) — (0,00) such that

1l <8

H(z+y) = o™ *H(z)H(y),

H(zx)

(1+6)72% < o)

< (1+6)3,

(L+8)7°f(s)Tgls)™ < < (1+0)°f(s)g(s)

for all 2,y € (0, 00).
Proof. Let p(z,y) = 4. Then

— In(1 +§)*
o) = G = 40
=0

By Theorem 4.1 with E(z,y) = a*¥*t* , we complete the proof. O

Remark 4.3. Let B(z,y) be a beta function. By the same techniques as in
the proof of Theorem 4.1, we have following result : let & > 0 be given. If a
function f : (0,00) — (0, 00) satisfies the inequality

Blo,y)f@+y)
@i =

for all z,y € (0,00) then there exists a unique function H : (0,00) — (0, 00)

such that
B(z,y)H(z +y) = H(z)H(y),

H(z)

3
Fop S (107,

(1+6)73 <

(1+6)"°g(s)7 1 f(s)7" < < (1+9)°f(s)g(s)-
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