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ON WEAK ARMENDARIZ IDEALS

EBrAHIM HASHEMI

ABSTRACT. We introduce weak Armendariz ideals which are a general-
ization of ideals have the weakly insertion of factors property (or simply
weakly IFP) and investigate their properties. Moreover, we prove that, if
I is a weak Armendariz ideal of R, then I{z] is a weak Armendariz ideal
of Rlz]. As a consequence, we show that, R is weak Armendariz if and
only if R[z] is a weak Armendariz ring. Also we obtain a generalization
of (8] and [9].

1. Introduction

Throughout this paper R denotes an associative ring with identity. A ring
R is called semicommutative if for any a,b € R, ab = 0 implies aRb = 0. Rege
and Chhawchharia {11} introduced the notion of an Armendariz ring. A ring
R is called Armendariz if whenever polynomials f(z} = ag + a1z +- -+ +az2",
g(z) = bo + bz + -+ bppa™ € Rlx| satisfy f(z)g(z) = 0, then a;b; = 0 for
each 4,5. The name “Armendariz ring” was chosen because Armendariz [2,
Lemma 1] had noted that a reduced ring (i.e., a? = 0 implies a = 0) satisfies
this condition. Some properties of Armendariz rings have been studied in
Rege and Chhawchharia [11], Armendariz [2], Anderson and Camillo [1], and
Kim and Lee [6]. Zhongkui Liu and Renyu Zhao [9] studied a generalization
of Armendariz rings, which is called weak Armendariz rings. A ring R is
called weak Armendariz if whenever f(z) = ag + a1z + -+ + ap2”, g9(z) =
bo + byz + -+ + bz™ € Rlz], with a;,b; € R satisfy f(x)g(z) = 0, then a;b;
is a nilpotent element of R for each ¢,j. They have shown that, if R is a
semicommutative ring, then the ring R[z] and the ring (%[,%, where (z") is the
ideal generated by =™, and n is a positive integer, are weak Armendariz. They
also give the following question: Let R be a weak Armendariz. Is R[z] weak
Armendariz?

We call an ideal I weak Armendariz, if whenever f(z) = ap+a1z+- - -+a,z",
g(z) =bg+biz+---+byrx™ € Riz], satisfy f(z)g(z) € I[z], then for each i, j,
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there exists a positive integer n;; such that (a;b;)™ € I. Clearly if ideal I =0
is weak Armendariz, then R is a weak Armendariz ring.

Recall from [10] that a one-sided ideal I of a ring R has the insertion of
factors property (or simply, IFP) if ab € I implies aRb C I for a,b € R.
(H. E. Bell in 1973 introduced this notion for I = 0). Observe that every
completely semiprime ideal (i.e., a? € I implies @ € I) of R has the IFP [10,
Lemma 3.2(a)]. If I = 0 has the IFP, then we say R has the IFP (or R is
semicommutative). Li Liang et al. [8] introduced weakly semicommutative
rings. A ring R is called weakly semicommutative, if for any a,b € R, ab =0
implies arb is a nilpotent element for each r € R.

We say a one-sided ideal I of R has the weakly IFP if for each a,b,7 €
R, ab € I implies (arb)™ € I for some non-negative integer n. Clearly, if ideal
I = 0 has the weakly IFP, then R is a weakly semicommutative ring.

In this paper we show that if an ideal I has the weakly IFP, then I is weak
Armendariz, thus weak Armendariz ideals are a generalization of ideals which
has the weakly IFP. Also, for any positive integer n, we study relationship
between ideals of R which are weak Armendariz with some ideals of the ring

a a2 -+ Qn
0 a[ e azn

R.(R)= . . | |a,a:;; € R foralli,j 3,
0 0 - g

the n-by-n upper triangular matrix ring over R and the ring g[f % , where (z™) is

the ideal generated by x™. As a consequence, if R is weak Armendariz, then for
any positive integer n, the n-by-n upper triangular matrix ring, the ring (%%

and the ring R, (R) are weak Armendariz. Also we show that, if I is an ideal
of R, then I is weak Armendariz if and only if I{z] is a weak Armendariz ideal
of R[z]. As a consequence, we show that, R is weak Armendariz if and only if
R[z] is weak Armendariz, thus we give an affirmative answer to a question of
Liu et al. [9, p. 2614].

For a ring R, we denote by nil(R) the set of all nilpotent elements of R and
by T (R) the n-by-n upper triangular matrix ring over R.

2. On weak Armendariz ideals
For an ideal I of R put
VI ={a € R|a" €I for some non-negative integer n > 0}.

Definition 2.1. An ideal I of a ring R is said to be weak Armendariz if
whenever polynomials f(z) = ap + a1z + -+ + amz™, g(z) = bo + b1z + -+ +
bnz™ € Rlz] satisfy f(z)g(z) € I[z], then a;b; € /T for all , 5.

Clearly, if I = 0 is weak Armendariz, then R is a weak Armendariz ring.



ON WEAK ARMENDARIZ IDEALS 335

Tt is well-known that for a ring R and any positive integer n > 2,

ay a1 - Gp-i
R[IL‘] 0 ag '+ Qp-2 )
& 1 s E=Ud, e -15,
=) ST la; €R, i=0,1 n
0 0 v ao

where (z") is the ideal of R[z]| generated by z".

Lemma 2.2. Let R be a ring and n > 2 a positive integer. Let Iy, I1, ..., In—;
are ideals of R, such that I; C I;4q,1=0,1,...,n—2. Then

a a1 - Qp-y
0 ag - Gpoo
J= . Claien, i=0,1,...,n
0 0 - g
is an ideal of (%[,%.
Proof. 1t is straightforward. O

In Propositions 2.3, 2.6, and Theorem 2.4, I and J are ideals that mentioned
in Lemma 2.2.

Proposition 2.3. Let

ap a1 -+ Gp-1

0 ap - an-2| Ry
A=l 0 | Sy

0 0 ag

such that ok € Iy for some integer k. Then A™ € J.

Proof. We proceed by induction on n. Let n = 2. For a positive integer
k, A¥ = (“k ”;) and that A% = (“gk “gb‘*”l“g). Hence A% € J, since
0 a ’

0 a(z,k
a2k, afb) + braf € Iy. Now, let

gy ay '+ Qp-1
0 ap  Qp_2 R[.’L‘]
A=1|. . . N =y
S (z")
0 0 - ap
such that af € Iy for some integer k. Consider
ak e1 - enoa a(()"_l)lc by br_1
ko (n—1)k
Ak _ 0 aq Cn—2 and A(n—l)k _ 0 ag bn_2

0 0 - af 0 0 a(()n-—l)k



336 EBRAHIM HASHEMI

By the induction hypothesis all b;’s, except b,_1, are in Iy. Let z = afb; +
(n—1)k

Cibp—a+ - +ecp_iag . Hence
a oy z
ANk — O ask '!/n'—z cJ
0 0 ... apt
since a*,  and all y;’s are in Io. O

Theorem 2.4. I is weak Armendariz, if and only if J is weak Armendariz.

Proof. (=) Let f(y) = Ao+ A1y+- -+ Amy™, g(y) = Bo+ Biy+---+ Byt €

Helfy), such that f(y)g(y) € Jly]- Let

Qo; Q13 Op_1g bo; by 0 bn-yj
0 api -+ @Gp-2 0 boj -+ bp_gy
A’i = . . . . 3 BJ =
0 0 - ag 0 0 - by

for i =0,1,...,m, j =0,1,...,t. Let fo = agg + agry + --- + apmy™ and
go = boo + bo1y + - - + boey®. Then fogo € Iyly]. Since Iy is weak Armendariz,
there exists k£ > 0, such that (ag;bo;)* € Io for each 4,j. Then (A;B;)"* € J
for all 4, j, by Proposition 2.3. Therefore J is weak Armendariz.

(<) It is clear. O

Li Liang et al. [8, Theorem 3.9] showed that, if R is a semicommutative
ring, then the ring (ﬂz%, for each positive integer n, is weak Armendariz. The
following result is a generalization of Li Liang et al.’s result.

Corollary 2.5. Let R be a ring. Then R is weak Armendariz if and only if
the ring (ﬂm%, for each positive integer n, is weak Armendariz.

Proposition 2.6. Iy has the weakly IFP if and only if J has the weakly IFP.

Proof. Tt follows from Proposition 2.3. d

Clearly, if an ideal I has the IFP, then it has the weakly IFP. By the following
example, we show that the converse is not true.

Example 2.7. Let

0 a1 as a3
_ 0 0 a; ag )
J= 00 0 | a; € 2pZ
0 0 0 O
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be an ideal of zz-;% where 2 # p is a prime number and Z is the set of integers.
Then

0 p 10 0 p 10 0 0 2 2p
0 0 p 1 0 0p 1|_|0OO0 0 2 cJ
0 00 pl]0C OO p 00 0 O ’
000 0/ \0O 0 O0O 00 0 O
but
0 p10\/0300/0p10 0 0 0 3p?
0 0 p 1 0 03 0|][0O0COPTI1I| _|OOO O ¢J
0 00 pj{0OO0O0O3)I00O0TDP 000 0 )
0 00 0/ \O O OO/ \OOOO 0 00 O
Hence J has not the IFP, but J has the weakly IFP, by Proposition 2.5.

By a similar way as used in Example 2.7, we can construct numerous ideals
of (ZJE%- such that have the weakly IFP, but have’t the IFP for n > 2.

Theorem 2.8. Let I be an ideal of R. Then I is weak Armendariz if and only
if Iz] is weak Armendariz.

Proof. (=) Let f(y) = fo+ fiy+-+fm¥y™ 9(¥) = go+ 1y + -+ + gey* €
R[z][y] are such that ﬂyg({y() € Ijz]ly]. Let n = max{deg(f;),deg(g;)|i =
0,1,...,m,5=0,1....,t}. Then we can assume f; = a; +a;z+ -+ ajpz",
gi =bjo+bpz+ - +bjpa"Nori =0,1,...,m and 7 =0,1,...,¢ Let

\

ag a ...\‘ an
0 ay - an1

J= . . la;€I, i=0,1,...,n
0 0 e \(IU

By Lemma 2.2, J is an ideal of (f—n[f],—) Let

ap Gy Qin bj bj T bjn
0 aw -+ G 0 bjo -+ bjn_1
Ai = . . . . 3 B] =
0 0 v a0 0 0 te bjg

fori=0,1,...,mand j =0,1,...,t. Since f(y)g(y) € I[z][y], we have (4o +
A+ + Apy™)(Bo + B1y + - - + Beyt) € Jy]. By Theorem 2.4, J is weak
Armendariz. Hence there exists k¥ > 0 such that (4;B;)* € J for each 14, j.
Thus (f;g;)* € I[z] for each i, ;. Therefore I[z] is weak Armendariz.

(<) It is clear. o

Now we give an affirmative answer to a question of Liu et al. [9, p. 2614].

Corollary 2.9. Let R be a ring. Then R is weak Armendariz if and only if
R[z] is weak Armendariz.
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Lemma 2.10. Let I be an ideal of R and has the IFP. Then /I is an ideal of
R and has the IFP.

Proof. Let a,b € vI. Then a™,b™ € I for some integer m,n > 0. Hence
(a+ b)™Ftntl = S (ah1bi) . .. (aPmtn+rpimindr) ] where i + jr = 1,0 < 4 < 1,
0 < jx < 1. It can be easily checked that a more that n or b more that m
appear in (a"b) ... (aim+tn+1pim+tn+1). Since @™, b™ € I and I has the IFP,
we have (a®1d71)- .- (aim+n+1pim+n+1) € J. Therefore (a + b)™™*! € I and
a+be VI

Now suppose that a™ € I and r € R. Then (ra)™, (ar)" € I, since I has
the IFP. Thus v/T is an ideal of R. Clearly v/T has the IFP. 0O

Proposition 2.11. Let I be an ideal of R and has the IFP, Then I and VI
are weak Armendariz.

Proof. Let f(z) = Y ir, aiz’, g(z) = E;:O b;z’ € R[z] such that f(z)g(z) €
I|z]. Then amb; € I. Since ambi—y + am—1b; € I C V1, we have amb;_1b: +
am—-1b? € I. Hence apm—1b? € I, since ambi—1b, € I. Thus am—1b; € VI,
by Lemma 2.10. Since VT is an ideal of R, hence ambi_1 € VvI. Coeffi-
cient of z™+*~2 in f(z)g(z) is @mbi—2 + @m—1bs—1 + Gm—2b;. Then ambi_o +
am—1bi_1 + Gm_obs € I, and $0 ambs_ob; + @m_1bs_1b; + am_2b? € VI. Since
ambi_oby, @m_1b:_1b; € \/7, hence a,,_2b? € \/T, and by Lemma 2.10, a,,_2b; €
V1. By asimilar way as above, we can show that a,,—1b;—1, Gmbi—2 € V1. Con-
tinuing this process, we can prove a;b; € VT for each 4, j. Therefore I is weak

Armendariz.
Since I has the IFP, hence by Lemma 2.10, /T is an ideal of R and has the
IFP. Thus VT is weak Armendariz. a

Corollary 2.12 ([9, Corollary 3.4]). Semicommutative rings are weak Armen-
dariz.

Lemma 2.13. Let I,I;; are ideals of R such that I C I;; C Ijs for 1 <14 <
J<s<n,and Ipg C Iy forq=3,...,n,2<L€<p<n. Then

a aiz ‘v Qin
0 a o a2n
J = . . . . |a€[,aij€Iij
0 0O a
is an ideal of R,(R).
Proof. It is straightforward. 0

In Propositions 2.14, 2.17, and Theorem 2.15, I and J are ideals that men-
tioned in Lemma 2.13.
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Proposition 2.14. Let

a Q2 - Qip
0 a - aom

A=1. . . . | € Ra(R)
0 0 -« a

such that a* € I for some integer k. Then A™ € J.

Proof. We proceed by induction on n. Let n = 2. For a positive integer k,

k 2% _k k .
AF = ( @ ’;13) and that A2%F = (ao @"b1z2 thiza ) Hence A% ¢ J, since a%*,
a

a®bis + biaa® € I. Now, let

a G2 -+ Qin
0 a s a2,

A= € R,(R)
o o .- a

such that a* € I for some integer k. Consider

o Cl,? . Cim a{n—Dk (g}lz)k bin
n-1
Ak‘ _ 0 a et Cop and A(n—l)k - 0 a bzn
0 0 - aF 0 0 e alnTDR

By the induction hypothesis all b;;’s, except b1, are in I. Let z = atbin +
cizban + -+ + c1na™ Dk, Hence

nk

@t oy o oz
P P
0 0 .. o
since a™*,  and all y;;’s are in I. O

Theorem 2.15. I is weak Armendariz if and only if J is weak Armendariz.

Proof. (=) Let f(x) = Ao+ A1z +-- -+ Anz™, g(z) = Bo+Biz+-- -+ Bzt €
R, (R}, such that f(z)g(z) € Jz]. Let

a a12 s al'l’l
% (3
O a “ee azn

0 0 -
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fori=0,1,...,m and
Vol o b,
0 v - ¥
B; = A
o 0 ... b

forj=0,1,...,t. Let fo =a®+a'z+---4+a™z™ and gy = b0 +-blz+- .-+ bzt
Then fogo € I[z]. Since I is weak Armendariz, there exists & > 0 such that
(a'b?)* € I for each i,5. Then (4;B;)** € J for all 4, j, by Proposition 2.14.
Therefore J is weak Armendariz.

(<) It is clear. O

Corollary 2.16 ([9, Example 2.4]). A ring R is weak Armendariz if and only
if, for any positive integer n, Rp(R) is weak Armendariz.

Proof. It follows from Theorem 2.15. g
Proposition 2.17. I has the weakly IFP if and only if J has the weakly IFP.
Proof. It follows from Proposition 2.14. O

Corollary 2.18. A ring R is weakly semicommutative if and only if, for any
positive integer n, the ring R, (R) is a weakly semicommutative ring.

Clearly, if an ideal T has the IFP, then it has the weakly IFP. The following
is an another example to show that the converse is not true.

Example 2.19. Let

0 a1z a3z 04
_ 0 0 a3 an Ny
J=910 o o . | aij € 2pZ

0 0 0 O

be an ideal of B4(Z) where 2 # p is a prime number and Z is the set of integers.
Then

0 p 10 00600 0060 2
6 0 0 O 0001 000 O 7
0000jlooop| looo0 ofF”
0 0 00 0 0 0 0 0 0 0 0O
but
0 p 1 0\Y/0 00O /0000 0 0 0 3p°
0 000 0 0 3 0 0001} }00O0 O ¢J
0 0 0 0 0000 000 p] 00O O )
0 0 0 0 0 0 O 0 0 0 0 0 6 0 O
Hence J has not the IFP, but J has the weakly IFP, by Proposition 2.17.

By a similar way as used in Example 2.19, we can construct numerous ideals
of R, (R) such that have the weakly IFP, but haven’t the IFP for each n > 2.
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Proposition 2.20. Let R be a ring and I,J be ideals of R. If I C VJ and
LEL s weak Armendariz, then J is weak Armendariz.

Proof. Let f(z) = Yit) izt g(z) = ¥j¢ bja’ € Rlz] such that f(z)g(z) €
J[z]. Then (YCiko@a') (X0 b;a?) € HLla]. Thus (a;b;)™ € &L for some
positive integer n;;. Hence (a;b;)™5 € I+J, and so (a;h;)™ € J,since I C v/J.
Therefore J is weak Armendariz. ad

Corollary 2.21 ([9, Proposition 2.9]). Let R be a ring and I an ideal of R
such that & is weak Armendariz. If I C nil(R), then R is weak Armendariz.

Lemma 2.22. Let I;; be ideals of R such that I;; C L, for 1<i<j<s<n
and Ing C Iy forq=2,...,n, 1 <L <p<n. Then

211 @12 ' Qin
0 ax -+ an o
J= . . .| lai €Ly, 1<4,5<n
0 0 - anm
is an ideal of Ty (R).
Proof. 1t is straightforward. a

In Propositions 2.23, 2.26, and Theorem 2.24, I;;’s are ideals that mentioned
in Lemma 2.22. By a similar way as used in the proof of Proposition 2.3 and
Theorem 2.4, one can prove Proposition 2.23 and Theorem 2.24.

Proposition 2.23. Let

ail a2 - Gin
0 a2 - aom
A= . . . € Tn(R)
0 0 e Ann
such that af. € I; for some positive integer k andi=1,...,n. Then (A*+1)"

eJ.

Theorem 2.24. J is weak Armendariz if and only if all I;; are weak Armen-
dariz fori=1,...,n.

Corollary 2.25 ([9, Proposition 2.2]). A ring R is weak Armendariz if and
only if To(R), for any positive integer n, is weak Armendariz.

Proposition 2.26. J has the weakly IFP if and only if all I;; has the weakly
IFP fori=1,...,n.

Proof. It follows from Proposition 2.23. O
Corollary 2.27 ([8, Claim 2.1]). A ring R is a weakly semicommutative ring

if and only if, for any n, the n-by-n upper triangular matriz ring T,(R) is a
weakly semicommutative ring.



342 EBRAHIM HASHEMI

Acknowledgement. The author thank the referee for his/her helpful sugges-
tions. This research is supported by the Shahrood University of Technology of
Iran.

References

[1] D. D. Anderson and V. Camillo, Armendariz rings and Gaussian rings, Comm. Algebra
26 (1998), no. 7, 2265-2272.

[2] E. P. Armendariz, A note on extensions of Baer and P.P.-rings, J. Austral. Math. Soc.
18 (1974), 470-473.

[3] C.Y. Hong, N. K. Kim, and T. K. Kwak, On skew Armendariz rings, Comm. Algebra
31 (2003), no. 1, 103-122.

[4] C. Huh, H. K. Kim, and Y. Lee, P.P.-rings and generalized P.P.-rings, J. Pure Appl.
Algebra 167 (2002), no. 1, 37-52.

[5] C. Huh, Y. Lee, and A. Smoktunowicz, Armendariz rings and semicommutative rings,
Comm. Algebra 30 (2002), no. 2, 751-76L.

[6] N. K. Kim and Y. Lee, Armendariz rings and reduced rings, J. Algebra 223 (2000), no.
2, 477-488.

[7] T. K. Lee and T. L. Wong, On Armendariz rings, Houston J. Math. 29 (2003), no. 3,
583-593.

{8] L. Liang, L. Wang, and Z. Liu, On a generalization of semicommutative rings, Taiwanese
J. Math. 11 (2007), no. 5, 1359-1368.

[9] Z. Liu and R. Zhao, On weak Armendariz rings, Comm. Algebra 34 (2006), no. 7,
2607-2616.

[10] G. Mason, Reflexive ideals, Comm. Algebra 9 (1981), no. 17, 1709-1724.
[11] M. B. Rege and S. Chhawchharia, Armendariz rings, Proc. Japan Acad. Ser. A Math.

Sci. 73 (1997), no. 1, 14-17.

DEPARTMENT OF MATHEMATICS

SHAHROOD UNIVERSITY OF TECHNOLOGY

SHAHROOD, IRAN, P.O.Box: 316-3619995161

E-mail address: eb_hashemi@yahoo.com or eb_hashemi@shahroodut.ac.ir



