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1. Introduction

In 1938, A. Ostrowski [4] proved the following interesting integral inequality:

Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable in
(a,b) and its derivative f' : (a,b) — R is bounded in (a,b), that is, ||f'|leo :=

sup |f'(z)| < co. Then for any z € [a,b], we have the inequality:
te(a,b)

(o — 2y

o) = 5= [ ) < [i+~(—b—;—-)———} G-aifle ()

The inequality is sharp in the sense that the constant 1/4 cannot be replaced by
a smaller one.

In the past few years inequality (1) has received considerable attention from
many researchers and a number of papers have appeared in the literature, which
deal with alternative proofs, various generalizations, numerous variants and ap-
plications. In [2}, Dragomir gave a generalization of Ostrowski integral inequality
for mappings whose derivatives belong to LP[a,b], p > 1.
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Theorem 2. Let f : [a,b] — R be continuous in [a,b] and differentiable on
(a,b) and its derivative f' : (a,b) — R is bounded in (a,b), that is, ||f'e =
sup |f'(z)| < co. Then for any z € [a,b], we have the inequality:

te(a,b)

< L@ llp- (2)

b
@)= 5= | oy

where
1/q

L) = [(”ZZ " (:ZZ)M] b-ae. @

Recently, B. G. Pachpatte [5] established a new Ostrowski type inequality
involving two functions and their derivatives.

Theorem 3. Let f,g : [a,b] — R be continuous on [a,b] and differentiable in
(a,b), whose derivatives f', g’ : (a,b) — R are bounded in (a,b), i.e., || f'||o < 00,
19’ |loc < o00. Then

1 b b
£@)9(0) - 55 {gm [ roa+ sto) [ g(t)dt]

_ atby2
= % B + %} (b~ a){g@)|f'lloo + F(@)lg' oo}

for all z € [a,b].

Motivated by the result of B. G. Pachpatte and Dragomir, in this paper we
establish new inequalities of Ostrowski type involving two functions and their
derivatives for mapping whose derivations belong to LP[a, b], p > 1. The analysis
used in the proofs is based on an integral identity and provide new estimates
on these types of inequalities. Our result in special case yield Theorem 2, the
inequalities given by Theorem 2 in [1] and Theorem 3.1 in [6].

2. Main results

Our main result is given in the following theorem.

Theorem 4. Let f,g : [a,b] — R be continuous in [a,b] and differentiable on
(a,b), f',g' € LP[a,b] for somep > 1 and1/p+1/q=1. Then

b b
(@) [b—f—- | stet| +4(@ [b% / f(t)dt}
b

b
it o] [ o




New Ostrowski type inequalities involving two functions 293

L ko1 [f(a);‘f(b)/bg(t)dt+9_@gm€@/bf(t)dt

l1-hb-a

; : (@)
< Ln(@) [Hf’llp (ﬁ / zg(tndt) +1g'lh (b = [ e } .
where h € (0,1}, a+ h(b—a)/2 <z <b—h(b—a)/2 and
1 h g+1
L) = Tohgr o [2 (5>
1/q (5)

r—a R\ b—z A\ )
= _ = —g)/e
+<b—a 2) +(b—a 2) (b=a)™e.

And the equality holds if and only if

(1) sgnf'(t) =sgnr(z,t) =sgng'(t), t € [a,b].

@) 1P/ |r(z, t)|* = const, |¢'(t)|P/|r(z,t)|9 = const with r(z,t) defined by
(6).

Proof. Let 7 : [a,b]> — R be given by

t—[a+h(b—a)/2], t € a,],
r@;t { t—[b—h(b—a)/2), t€ [z,b] (6)
Integrating by parts, we have
1 h f (a) + f(b)
B st S
b
g(m)_i—%ﬁbia/ S(0)dt+ hhg(a);g( )
. : ®)
= i—_hm/a r(z,t)g' (t)dt.
b
Multiplying both sides of (7) and (8) by E)—-}E / g(t)dt and 3 i . / b f(t)dt

respectively and adding we get

f(z)[b—f—;/ab(dt]w [ [ s dt}
e
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L b1 [f(a)+f(b)/"g(t)dHﬂ‘i}g@/bf(t)dt]

1-hb—a 2

b b
= ﬁ{ [ﬁ /a 7(x,t) f/(t)dt] [5{—& /a g(t)dt} (9)
+ [ﬁ /a r(z,t)g’(t)dt] [b—i—a /; f(t)dt]}.

From (9) and using the properties of modulus and Hélder integral inequality,
the absolute value of the right-hand side becomes

b
RHES. O)] < 15 7l {Ilf’llp (;—f— / |g<t)|dt)

+ gl (b—ﬁ— [ lf(t)ldt) } ,
where [l = /

l/q
|r(z, t)|th) , 1/p+1/¢ =1, and the equality holds if and
a

only if (1) and (2) in Theorem 4 hold.
Notice that forc < d <e,

(10)

b

e d e
/|t—d|"dt=/ |t—d|"dt+/ It — dlidt = —— [(d— )™ + (e — )],
c c d Q+1 (11)

We have

Irlly = [/: [r(ac,t)|th+/xb |7'($,t)|th] 1/q
G +11)1/q [(h(bz_ a))m + (z Cal h(bz_ a))m
¥ (b -z ﬂgz_—@)q“ + (ﬁ_(_b_é—_ﬂ)wl} 1/q 2
= _(q_+_1m [2 (g>q+1

1/q
z—a h\"! b—z A\ 141
—_— —— — /9
+(b—a 2) +(b—a 2) (b-q) )

From (10) and (12), we obtain
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[
IR.H.S. (9)] < La(z) [Hf > ( Ig(t)ldt>

a

b
Hlg'ly (ﬁ / lf(t)ldt” .
al

Remark 1. We note that in the special cases, if we take g(z) =1and h=0in
Theorem 4, we get Theorem 2. If we choose g(z) = 1 or f(z) = g(z) in Theorem
4, we obtain Theorem 3.1 in [6].

(13)

Corollary 5. Under the assumptions of Theorem 4 and with h = 0, we have
the inequality

b
f(x)[ 1a/ ()dt}+g [ /f dt}
-9 [b_ /f dtH / (t)dt}
1]
< Lo(a) [Hf’llp (b—}— A Jg(t)ldt>+llg’llp (-b——i—a / If(t)ldt)}-

where a <z <b and

bl =7 +11)1/q [<: = Z>q+1 ¥ (%}Z)M] h (b—a)e.

Let p — 00,¢ — 1 in Theorem 4, we have

Corollary 6. Let f,g : [a,b] — R be continuous on [a,b] and differentiable
in (a,b), and its derivative f',g' : (a,b) — R are bounded in (a,b), that is
f oo < 400 and ||g'||ec < +00 . Then

b
i) [b—i—a / odt| + gz [ / £t dt]
_2_h [b_i_a / f(t)dt} [ﬁ / g(t)dt}

b b
+1ﬁhb.1_a[f(a);'f(b)‘/a g(t)dt_*_w‘/a f(t)dt}

b b
< I () [uf'nm (b—é—- / |g(t>1dt)+ng'||m (b—i— / |f<t)|dt)]-

where h € [0,1], a+ h(b—a)/2 <z < b—h(b—a)/2 and




296 Wen-jun Liu, Qiao-ling Xue and Jian-wei Dong

T e I

2
- u——'fr;@"—“as[3(b‘“)2[h2+(h‘1’2]+(x”%‘lz) ]

Remark 2. In the special cases, if we take g(z) = 1 and in Corollary 6, we get
Theorem 2 in [1].

Take h = 0 in Corollary 6, we have

Corollary 7. Let f,g : [a,b] — R be continuous on [a,b] and differentiable
in (a,b), and its derivative f',¢' : (a,b) — R are bounded in (a,b), that is
[If oo < 400 and ||g'lloc < 400 . Then

b b
(@) [ﬁ [ st| +9(2) {bia / f(t)dt}
b b
) [ﬁ / f(t)dt} [ﬁ / g(t)dt}
b b
< I$() {nf'n°° (b—}— [ oot + 191 (b% / If(t)ldt)}-

where a <z <b and

- 1 1 a+b\?] 1
L3 (m):b_a[z(b—a)2+<x—- 5 > =2(b_a)[(x—a)2+(b—x)2].
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