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RUIN PROBABILITIES IN THE RISK MODEL WITH TWO
COMPOUND BINOMIAL PROCESSES
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ABSTRACT. In this paper, we consider an insurance risk model governed by
a compound Binomial arrival claim process and by a compound Binomial
arrival premium process. Some formulas for the probabilities of ruin and
the distribution of ruin time are given, we also prove the integral equation
of the ultimate ruin probability and obtain the Lundberg inequality by the
discrete martingale approach.
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1. Introduction

Insurance companies are in the business of risk because they must pool to-
gether risks faced by individuals or companies, who in the event of a loss are
compensated by the insurer to reduce the financial burden. In its simplest form,
when certain events occur, an insurance contract will provide the policyholder
the right to claim all or a portion of the loss. In exchange for this entitlement,
the policyholder pays a specified amount called the premium and the insurer is
obligated to honor its promises when events come out.

In order to ensure that it will be able to pay its promised obligations. The
company generally accumulate surplus from possible excesses of premiums col-
lected over claim amounts paid during long periods of time. The surplus process
studied in classical risk theory is a very important stochastic framework for un-
derstanding the company’s capital or surplus over time.The company’s surplus
at time ¢ is given by

U(t) = o+t - s(t), 1)
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where v is an initial surplus, ¢ is the constant premium rate and s(t) is the
aggregate claims paid up to the time ¢, which is a compound poisson process.

A quantity of interest here is usually the so-called probability of ruin which
provides a measure of how certain the company will be able to support its book
of business. The time to ruin is defined to be the first time surplus in (1) becomes
negative and is therefore

T =inf{t:U(t) <0},
if U(t) > 0forall t > 0, that is the surplus never reaches zero, then we define T’ =
oo. This enable us to define ruin probabilities. The finite-horizon probability of
ruin is
P(uo,t) = P(T < t|Ug = uo),
and the infinite-horizon probability of ruin is
P(uo) = P(T < 0o|Up = ugp),

this is more often called the ultimate probability of ruin. The surplus process
with probabilities of ruin have been extensively studied in the actuarial litera-
ture. See Gerber(1979). Dufresne and Gerber(1988) gave rise to the compound
binomial risk model, in which the claim process is assumed be a compound
Binomial process as follows

N(n)

Upo=u+cn-— Z X,
1=1

where u is an initial surplus, c is the constant premium rate, and N(n) follows a
Binomial process which expresses the number of claims. In the present studies,
many people focus exclusively on generalization which the occurrence of the
claims may be described by a more general point process than a poisson process,
such as a renewal process and a Cox process and a stationary process. See
Grandell(1991)and Asmussen(2000). But there are so many kinds of premium
policies in the insurance company that the constant premium rate is not satisfied
with the actual situation of the company. So we consider the fact that the process
of premiums received is also a compound binomial process. As we shall point
out below.

The remainder of this paper is organized as follows. Our model is given in
section 2, and main results which composed of the probability of eventual ruin,
the finite-horizon probability of ruin, the distribution of ruin time, the distrib-
ution of surplus immediately before ruin and Lundlerg Inequality are presented
in section 3.

2. Model

Let (2, R, P) be a complete probability space, we consider a discrete-time risk
model which composed of two stochastic processes.

2.1. The premium process
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Supposed that the number of insurance policies is governed by a Binomial process
{M(n),n=0,1,2,-}. In any time period, the probability of a insurance policy
is p; and the probability of no insurance policy is 1 — p;. The occurrences of
a insurance policy in different periods are independent events. The individual
premium amounts {¥,,n = 0,1,2,---} are independent, identically distributed
and positive value random variables, which are independent of the Binomial
process {M(n),n = 0,1,2,---}. Let Y = Y1, G(y) = PY < y)and v =
E(Y) < 00. so that the premium process is expressed as
Crn=Y1+ Yo+ ..+ Yynmy,

forn=20,1,2,---.

2.2. The claim process
By a similar approach, the aggregate claims process is represented as
Sn =X1+X2+"'+XN(7L);

forn=0,1,2,---, where N(n) is the number of insurance claims over the period
n. In any time period, the probability of a claim is py and the probability of
no claim is 1 — ps. And the individual claim amount {X,,n = 0,1,2---} are
commonly assumed to be independent and identically distributed and positive
value random variables. Let X = X, F(z) = P(X < z) and u = E(X) < c0.
So the insurance company’s surplus at time n is given by

Un=t+Cn — S, (2)

forn=0,1,2,---, where u is an initial surplus in the company.

2.3. Assumptions
Assumptions in the paper is given as follows

(1) Up = u— V,, where V, = S, — Cp,

(2) E[Cn] > E[Snl,

(3) S, is independent of Cy, and N(n) is independent of M (n),

(4) there exists a positive solution of equation E[r*1] = 1, the solution is
defined as the adjustment coeflicient.

3. Main results
3.1 The probability of eventual ruin

We define the probability of eventual ruin as
P(w) = P{T < ool = u},

where u is an initial surplus and T is the time to ruin, which is the first time
that the surplus in (2) becomes negative and is therefore

T =inf{n > 0,U, < 0}.
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Theorem 1. Let ¢(u) be the probability of eventual ruin. Then for any u > 0,
it follows the equation

u

bip(n) = e(u) + pay / b(u - 2)dF(z) + pras / Blu+ y)dG(y)

+52(//x Yty xdF(w)Gy)+//z . )(3>

where e(u) = paqi (1 — F(u)), 61 =1 - qiq2, 62 = p1pa2.

Proof. There exists the four possible cases for Uy in a small time interval [0, A]
as follows

A;. neither claim or premium occurs in [0, A],

As. one premium occurs, but no claim occurs in [0, 4],

As. no premium occurs, but one claim occurs in [0, A,

Ay4. both premium and claim occur in [0, A].

Since N(n) is independent of M(n), we have

P(A1)=qq2, P(A2) =p1g2, P(43) = qip2, P(A4) = p1p2.
By the law of total probability, we get

4
¥(w) = P(T <o) =) P(T < ool Ai)P(4)). @

i==]
Moreover, one has

P(T < 00]A;)P(A;1) = P(T < 00)|Up = w)P(A1) = ¥(u)q1 42, (5)

P(T < o0|A2)P(Az) = E{P(T <o)|(U; =u+ Y)I(yzo)}P(Ag)
= E{Y(u+Y)[(y>0)} P(Az)

=Dpi1q2 /0°° Y(u + y)dG(y), (6)

Let B = {0 < X < u} and B~ = {X > u} be random events. Then
P(T < 00|A3B~) =1, As is independent of B and B~. So we have
P(T < 00|A3)P(A3) = P(T < o0|A3B)P(AB) + P(T < oo|A3B~)P(A3B™)

= E[l(r<c0)(as8)] + P(A3B7)
= E{E[l(r<o0)| X} (45} + P(A3B™)
= B{P(T < oo|Us = u— X)I(a,5)} + P(A3B~)
= E{¢(u — X)L a,8)} + P(A3B7) (7)
= P(A3)E{(u — X)I(p)} + P(A3)P(B")

~an{ [ vtu-alar@) + 1 - F)).
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Let @ = {X~-Y < u}and @~ = {X -Y > u} be random events. Then
P(T < 00|A4Q7) =1, Ay is independent of Q and @~. So we have

P(T < 0|Ag)P(A1) = P(T < 00|A4Q)P(A4Q) + P(T < 00]AsQ™)P(A4Q™)
= E{P(T <oolUs=u+Y — X)I(a,0)} + P(A:Q")
= P(A))E{$(u+Y — X))o} + P(A)P(Q™)

= pom / / Mty a)dFE)c) )
; / dF()G()}.

T-y>u
From (4) to (8), we have

PY(u) = Pu)ag +pig ;- ¥(u+y)dGy)
. { [ vtw-2ar@) + - F(u»}

o [ [ vt y-e)r@ac

+ / / _y>udF(z)dG(y)},

the above equation can be written as
u

(1~ qg)¥(u) =pqr(l~F(u))+ q1p2/0 P(u — z)dF(z)
+p1a2 fy (u+y)dG(y)

+101P2{ //x_y@ Y(u+y - 2)dF(z)dG(y) (10)
/] | dF@ac).

Example: Both exponential premium-size distribution and
exponential claim-size distribution

This section presents a differential equation for (u) under the assumptions
on both premium-size distributions and claim-size distributions.

Let F(z) be the exponential distribution function of premium-sizes, G(y) be
the exponential distribution of claim-sizes. Then we have the following theorem.

Theorem 2. Assume F'(z) = ae®® (z > 0,a > 0), G'(y) = Be®¥ (y > 0,8 >
0), and let ¥(u) be differential, and p;, p2 and ¥(0) be given. Then ¥ (u) is the
only solution of the following differential equation

a1y (u) + a9y (u) + ag®h (u) + aa(u) + as = 0, (11)

where a1 = (1 — q1q2), a2 = (ap1 — Bp2), as = —a’paq1, a4 = [0*Pp2q1 —
11020%(a + B)], as = —Ppaqra?.
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Proof. Substituting F' (z) = ae®® and G’ (y) = Be?Y into (10), and we have
ap(u) = pagre (1 +a f; P(t)edt) + prgafBel™ [ p(m "’"dm
.-.au u+y ah ol (2.4 ﬁ

+pip2Be(a J5 Jo ¥ w(h)e*te (ot )ydhdy+ ﬁ)’ (12)

where a; = (1 — q1¢2), differentiate (12) with respect to u, and we get

ay (u) = —apaqie™® — qupzole™ [ Y(t)etdt
+ap2q17,/)(u) + p1gafieP [ (m)e P dm — Bp1gay(u)
—pipacBem o [ [TV p(h)eche(c+udhdy

_ afp oo
+p1p20f fo P(u+y)eP¥dy — p; - ;

differentiate (13) with respect to u, and we therefore get

(13)

k]

w’ (v) = a?paqre™® — qip20? + (apaqi — P1g2B)Y (u)
— (710282 + prg2Ba)p(u) + prg2Biel [ p(m)e=Pmdm
+afpipav [y Y(u+ y)e PVdy + qipao® [ PY(t)ext-wdt

2 \(14)
+p1pafe (a3 I3 I3 w()esem e+ hdy + — ﬂ)

where 1) = § — a.
By (13)xa+ (12), we have

'’ (u) + (ap1 + Bep)¥ (u) = —qup2e? + (1p20? — B2qap1 — efpr )¥(u)
+32qop1 (o + B)eP* [ y(z)e Pedx
+B%apap1 f;° Y(u+ y)e Pdy,

differentiate (15) with respect to u, we get

(15)

III

o (W) + Y (u) = (qip20? — Baap1 — afp1)Y (u)
+B8%qapr (o + B)ePH [T p(z)e Podx
—p1p2aBR(P(u) — B [ w(u + y)e~Pvay), (16)
where v2 = ap; + Bg2p1- By (16)-(15)x 3, we obtain (11). O

3.2 The finite-horizon probability of ruin

The probability of ruin within infinite time is considered above, however,
Some insurance companies may be bankrupt in the finite time, we consider the
ruin probability of the finite time.

Let a time n be given and T denote the time of ruin. Then the finite-time
ruin probability 1, (u) is defined by

Yn(u) = P(T < n).



Ruin probabilities in the risk model with two compound Binomial processes 197

It is somewhat easier to work with the non-ruin distribution until the time n
¢n =1—9Yn(u)=P(T > n),

for u < 0, ¢ = 0.

We prove that {V,,n = 0,1, -} has stationary and independent incre-
ment, in which V, is a continuous random variable when n is given. Let
Wret = Vg1 — Vi Then Wy, Wy, Ws, -+ W, are independent and identi-
cally distributed random variables, which have the same distribution as ;. Let
H(z) be the distribution of W,, i..,

H(z) = P(W, < z),

forn=0,1,2...
On the basis of the above discuss, we have

¢n=P(T >n)=P{U; 20,Uz>0,..,U, > 0) =PV} <u,Va < u,...,V,, <),

and the following recursive formulas are given by

$1{v)=P(T>1)=PWV <u)=H(u),
$(u)=P(T>2) =P(Vi<u,Va<u)=PVi<uVi+W<u)
=P(Vi Su,Wp <u—-Wi) = [*_ H(u-—y)dH(y)
= [l t1(u—y)dH(y), (17)
$a(u) = P(T'>3) =P(Vi <,V <u,Va <u)
=PV <u,Vi+Wa Su, Vi + Wo+ W3 <)
= [ PWa<u—y,Wa+ Ws <u-—y)dH(y)
= [Z o $2(u ~y)dH(y),

by this way to recurse, and we have

P(T >n)= / " s (u— y)dF (). (19)

(18)

So the recursive formula of the probability of the finite-horizon ruin is given as
follows

Yi(u) =1—¢1,
Yo(u) =1—¢p=1-[" é1(u—y)dH(y)
=1- [0 1—t1(u—y)dH(y) (20)

=1-H(u)+ [ ¥1(u—y)dH(y),

for the time n, we have

() = 1— H(w)+ / " Ynos(u - p)H(). (21)
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From the recursive formula and an initial condition, if we know the distribution
of premium and claim, then the recursive formula of the probability of the finite-
horizon ruin can be computed.

3.3. The distribution of ruin time

This section presents the recursive formula for the ruin time by making the
best use of the finite-time probability of ruin,
Let T be ruin time.Then its distribution is expressed as

¢n(u) = P(T =n).

By using above the probability of finite-time ruin, we can obtain the recursive
formula of the ruin time distribution as follows:

cpl(u}zP(Tzl):P(u—Vl <0},

pa(u) =P(T=2)=PWV <u,Vi + W2 >u)
= [2 o P(We > u~y)dH(y) (22)
= [*_oi1(u—y)dH(y).
For n = 3 we have
p3(u) = P(T =3)

=PWVi <u,Vi + Wo < u, Vi + Wy + W3 > u)

=[* PW;<u-—y,..,Wo+Ws>u—y)dH(y)

= [ p2(u—y)dH(y),

and when T = n, the distribution of ruin time is

(23)

U

on(u) = P(T = n) = / on1(u — V)AH ().

-0

3.4. The distribution of surplus immediately before ruin

The distribution of surplus immediately before ruin in the insurance company
is very important for the insurer and the policyholder. It has become a interest-
ing research object in the risk theory since Dufresne and Gerber (1988) firstly
gave rise to the distribution. we will consider the case in our model

Let Uz_ be the surplus immediately before ruin and 7- be the time immedi-
ately before ruin. Then distribution of Ur_ is given by

PUr. <z,T < oo|Up =u) =9¢(u) — P(Ur_ > z,T < oolUp = u),

where z is a positive real value and v (u) is the distribution of eventual ruin. Let
P(Ur_ > z,T < oo|Uy = u) = F(u,z).
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Since T is a discrete integral random variable, we have

o0
F(u,g) =P{Ur. >z,T<o0)=)» P{Ur >z,T=n)

n=1

PVa>u, Vi <u—z,Voga <u,.., Vi <u)

!
8

"o (24)
=an(u,w),
n=1
wherefi(u,z) = PVt >u,Vo <u—z)=1—-H(@u)= { H((;,ﬁ), xxfuif
fo(u,z) =—“P(Vz>u Viu—z)=PWVi+W2>u, Vi <u-—2)
= 2o P(W2>u—s)dH(s) = [* 7 H(u— s)dH(s)
= fﬁmH u—s)dH(s) - [ H(u— s)dH(s), (25)

fa(u,z) =PVa>u,Va<u—z,V; <u)
=PWVi+Wo+Ws>u,Vi+Wa<u—z,V; <u)
= [ PWo+Ws>u—sWa<u—z—sV <u)dH(s)
=ff°°f2(u—s,x)dH(s),
for n > 4, we have
fa(u,z) =PVa>u, Vo1 <u—2,Vaog <u,..,V1 <u)

(26)

u 27
:'f_oofn—l(u_‘sfx)dF(s)' ( )
Since
anux P(Ur-1 > z,T <oolUp =u) L1, (28)
=1
we know that Z fn(u,z) is convergent, and
n=1
Flu,z) = 21 fa(u,z) = fi(u,2) + falu,x) + Z_:an(u’ z)

= fi(u,2) + falu,z) + zjs 2 faci(u — s,2)dH(s). (29)

We consider the case that £ > v and z < u.
For = > u,

Flu,z) = § falr3) = folu,7) + i o facr(u—s,2)dH(s)

=[* H(u—s)dH(s)+ [*_ Efn( — s,z)dH(s)

(30)
= [* Hu-s)dH(s)+ [* F(u—s z)dH(s),
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and for z < u,

= 1u,:c)+ff;f u—s)dH(s +f an(u—s z)dH(s)

= H(u,z)— [ H(u—-s)dH(s) + [ an (u—s,z)dH(s)(31)
=H(u,z) - [, H(u-s)dF(s)+ [* Fu—s:c)dH()

So we get (30) and (31) which are the formulas for computing the distribution
of surplus immediately before ruin.

3.5. Lundlerg inequality
Theorem 3. Let R > 1 be a positive solution to E[rV'] = 1. Then {R=V» n >
0} is a positive martingale.
Proof. Let An, = {Ux,k < n} be a o-algebra and Un41 = Un — Wny1, where
Whn41 = —Vat1+ V, is independent of {Uy, U, ...Ur} and identically distributed
with V;.

According to the assumption of the model, it is easy to know that {V,,,n > 0}
has stationary and independent increments. By its condition, we have

E[RYU"] = E[R™**"»] = R™E[R""] = R™*{E[R"]}" = R™* < o0,
and
B{R"Y=+|F,} = B{R"V»"W-+1|F,} = R"U"ER" = R™V,

such that {R~YUn;n > 0} is a positive martingale.

Theorem 4. If R is a adjustment coefficient, then

R—u
vlu) = E{R-Ur|Uy = u,T < oo}’

Proof. Since {V,,,n > 0} has stationary and independent increments,

EVi] = p1y — p2ps < 00,
according to the strong law of large numbers, we have Uy, = ll'n;o Up = >, a5,
and thus lim R~U» =0, a.s i

n—oo

On the other hand, T An is a stop-time because T is a stop-time; by stop-time
theorem, we have

R™v = E[R™Urm|Up = 4]
= E{R~YUram|Uy = u,T < n}P{T < n|Up = u}
+E{R~Urm|Uy = u,T > n}P{T > n|Uy = u} (32)
= E{R7UT|{Uy =u, T < n}P{T < n|Up = u}
+E{R"YU»|Up = u,T > n}P{T > n|Up = u}.
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y the monotone convergence theorem and the control convergence theorem, we

have

E{R7Y=|Uy, T = 00} P(T = o0|Up) = 0.

So (32) satisfies

R = E{e™RUT|T < 00} P(T < o0|Up = ).

ie.,

R—U
Y) = SR T <o)

Corollary: Lundberg inequality. ¥(u) < R7%, (R > 1).

1
2

3.

4.
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