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ON DIAMETER PRESERVING LINEAR MAPS

ANTONIO AIZPURU AND MONTSERRAT TAMAYO

ABSTRACT. We study diameter preserving linear maps from C(X) into
C(Y) where X and Y are compact Hausdorff spaces. By using the extreme
points of C(X)* and C(Y)* and a linear condition on them, we obtain
that there exists a diameter preserving linear map from C(X) into C(Y)
if and only if X is homeomorphic to a subspace of Y. We also consider
the case when X and Y are noncompact but locally compact spaces.

1. Introduction

A problem related to Banach-Stone theorem is the study of linear bijections
between function spaces which preserve the diameter of the range. Such maps
are called diameter preserving linear bijections.

The study of this problem begins with Gyory and Molnér [6] and Gonzalez
and Uspenkij [5]. These authors in [5] and Cabello in [3] obtain the next result:

Let X be a compact Hausdorff space, then there exists a diameter preserving
linear bijection T : C(X) — C(X) if and only if there exist a homeomorphism
¢ : X — X, a linear functional g : C(X) — K, where K is the scalar field, a
scalar z with {z] =1 and p(lx) + 2 # 0 such that T'f = 2f o o + u(f)1x for
each f € C(X).

Recently, there have been new results about diameter preserving linear bi-
jections ([1], [2], [4]).

The diameter preserving linear bijections from a subspace of Co(X) onto a
subspace of Cy(Y) are studied in [4].

2. Main result

In this section X,Y are compact, Hausdorff topological spaces. We denote
by C(X) the space of scalar continuous functions endowed with the supremum
norm. If f € C(X) we define the diameter of f by:

p(f) = sup{|f(z1) = f(z2)| : 1,22 € X}
The next lemma is similar to the proposition 2 of [8].
Lemma 1. Let T : C(X) — C(Y) be o linear map such that there exist:
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(i) YoCY and a map ¢ : Yo — X
(i) A linear map L:C(X) — K
(i) o € K, with |a| =1
such that for every f € C(X) and y € Yo we have T f(y) = a(f(¢(y))) + L(f)-
Then @ is a continuous map.

Proof. If ¢ is not continuous there exists a net (y;);c4 in Yo such that limy; =
k3
yo € Yo but lim ¢(y;) = zo € X where z¢ # ©(yo). Let U be an open neigh-
?

borhood of z¢ such that ¢(yo) ¢ U. Let f € C(X) such that f(zo) = 1 and
F(X\U) = 0. There exists 49 € I such that if i > 4o is | f(e(y:)) — f(yo)| =
|f((y:)) = 1| < 3 and we deduce that |T'f(y;) — Tf(yo)| = |Tf(y:)| > 3 if
1 > 19 which contradicts the continuity of T f. a

We will denote by C the subspace of constant maps of C(X); p([f]) is a
well-defined, complete norm in C(X)/C and the extreme points of the unit ball
of the dual space (C(X)/C, p)* are precisely a(d,, — 0,,), where o € Sk and
z1, 29 € X (21 # 22). (see [1])

Let M be a subspace of C(X). Then the extreme points of the unit ball of
M* are restriction to M of some extreme points of the unit ball of (C'(X)/C, p)*,
so they are some (8, — 0z,) With @ € Sk and z1,z2 € X, 71 # 2.

In this paper we obtain a characterization of the diameter preserving linear
injections T' : C'(X) —» C(Y) such that {§, : y € Y} is linearly independent
in M*, where M = T(C(X)).

Theorem 1. Let X,Y be compact, Hausdorff spaces. The next conditions are
equivalent:

(1) There exists a diameter preserving linear map T : C(X) — C(Y) such
that {8, : y € Y} is linearly independent in M* where M = T(C(X)).

(2) X is homeomorphic to a subspace Yo CY and there exists a diameter
preserving linear extension H : C(Yo) — C(Y) such that {6, : y € Y}
is linearly independent in Mg where My = H(C(Yy)).

Proof. f T : C(X) — C(Y) is a diameter preserving linear map such that
{6y : y € Y} is linearly independent in T(C(X)) we can define the map:
T:(C(X)/C,p) — (C(Y)/C,p)

by T([f]) = [Tf]. It will be an isometry if we consider the diameter norm.
We will denote by M the subspace Im(T) and we consider the dual map:

T* . M* — (C(X)/C, p)*.

The extreme points of the unit ball of M* are some a(d,, — dy,) where
y1,¥2 € Y and a € Sk.
Given z; € X we have that, for each € X\{z1} there exists a € Sk and

{y,11} C Y, y # y1 such that T\*_l(&gc —8ay) = a8y — by,)-
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Consider &' ¢ {z,z;}, there exists 8 € Sk and {y2,y3} C Y, y2 # y3 such
that T* ™ (6 — 82,) = B(By, — Oys)-

Let us study the cardinal of the set {y, 11} N {y2,y3} (we will denote it by
1)

If [ = 0, then T* (8, — 8u) = (8, — b,,) — B(8y, — by,) and it must be
an extreme point, so there exist v € Sg and {ys,y5} C Y such that a(d, —
0y1) — B(8y, — 8ys) = ¥(dy, — &y,) which contradicts the fact that {6, : y € Y}
is linearly independent in M*.

If | = 2, then T* (8, —ba,) = a8, —by,) and T* (80 — 85,) = (8, — by,)
1

where v = § or v = —f and we have that: f*(5y —0y,) = a(dx — dz,) and
- 1 R
T*(8y — 0y,) = — (62 — 6, ) which is a contradiction because T* is a one-to-one
map. 7
So that [ = 1 and we have the next possibilities:

a) y1=1ys

b) y1 =y

¢) Yy=uys

d) y=uy

We will study a) (in the other cases we obtain a similar conclusion analogously).
In this case, 7% (8, — 6x) = (0, — 8,,) — B(8,, — 6,,) and we have that
o = f because 7! (6 — 0,) must be an extreme point. So we obtain that:

f*—l((s:t - 6m’) - a((sy - (syz)
T (62 = 82,) = a(dy — 8y)
T (8o = 02y) = aly, — 8y,).

If 2" € X and z" ¢ {z,2',2,} there exists v € Sk and {yo,y} C Y such
that 77" (8ar — 8a,) = {8y, — by )-

The sets {yo,y0} N {y;¥1} , {yo.¥0} N {y2, 91} are unitary.

If yo = y and y, = y2 we have that: 7 (0z ~02n) = a8y —by;) —v(6y —by,)
so that a = v and T*7 (6, — 8,v) = by, — 8y,) = T* (8 — 65,) which is a
contradiction.

Analogously, if yo = y2 and y{ = y we obtain a contradiction, so we deduce
that yo = y1 or y§ = y1.-

Suppose then that y§ =y (I yo = y: we obtain a similar result).

In this case we have that 7% (6,1 =84, ) = (8o — 08y, ) and T* ' (8pr —6z0) =
a(6yy — 0y.) — ¥(6y — 8y,) S0 @ = B and we have that T* (6,0 — 8y,) =
by, ~ by,)-

We deduce that given z; € X we obtain y; € Y, and a € Sk such that if
z € X\{z,} there exists y € Y\{y1} such that

f*ﬁl(‘sx = 6zy) = ady ~ by,)
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so we have a one-to-one map ¢, : X — Y defined by ¢;(z;) = 1 and
o1(z) =y for z # = if and only if T (8, — 6s,) = a(dy — by,).

We will prove that the result does not depend on z;.

Given zo € X, there exist yo € Y, § € Sk, and a one-to-one map s :
X — Y, such that @s(x2) = y2 and @a(z) = y for £ # zo if and only if

1

T\*_ (62: - 52:2) = ﬂ/(\(sy 1'_ 63}2)
We have that: T* (82, — 0oy) = B(0py(ey) — Oya) = —(0py(ap) — Oyy) =
a(6yl - 64/51(:62))'
We deduce that either § = —a or § = a.
If B = —a we have that p3(z1) = @1(z2) and y; = ya, but if z ¢ {z1,z2}
then
PO
T (02 = 00y) = a(0p,(2) — 0y,)

T*™ (8e = b20) = =alBpa(a) = b0),
where ¢1(z) # 11, p2(x) # y1 and we obtain that:
T (8e — 8ay) = @By () + 8y — 20y,)
which is a contradiction.

SoAthat, necessarily 8 = a and pa(21) = y1 = 1{x1), p2(22) = y2 = a(z1),
and T* (02y = 001) = (b4, (o) — Oyy — Oipy(z) +0y,) and since y; # y2 we obtain
that ¢1(x) = pa(x).

Then there exists a one-to-one map ¢ : X — Y. We denote ¢(X) by Yy
and we consider t = ¢!, t : Yo — X. We have that ¢ is a bijection and if
Y1,Y2 € Yo then T*(6y, — dy,) = B(dy(y,) — O4(y,)) Where g =

We will prove that if f € C(X) then [T fly,] = [g] where g : Yo — K is
defined by g(y) = B (t(y)).

If [Tfly,] # lg] then po(T fly, — g) # 0 so that, there exist y1,y2 € Yo
such that Tf(y1) — Tf(y2) # B(f(t(y1)) — f(t(y2))) which is not possible.
So, if f € C(X) there exists z € K (we will denote it by L(f)) such that
Tf(y)=Bf(ty)+L(f),ify € Yoy, and we obtain a linear map L : C(X) — K

L is continuous if and only if T is.

By lemma 1 we deduce that ¢ is continuous, so that if we prove that Yy is a
closed subspace of Y we will have that ¢ is a homeomorphism.

Let (y-)rcr be a net in Yq such that liqgn Yr = Yo, With yp € Y. We consider

Q|+

the net (z,)rer in X defined by z, = t(y,) if r € I. There exists a subnet (z,)per
of (z,)rer such that lim z, = zg, so that, given z; € X, w*lim T*_1(5$P —0z,) =
2 p
T* " (84 — 04, ) and we have that w* lim a(dy, — bp(zr)) = T* " (62, — 6a,)-
P
Since limy, = y we have that w" lizr)n(éyp = 0p(z1)) = Oyo — Oy(z,) SO that

a1

T* (0zp — 0z,) = a(dy, — 0,(z,)) and we obtain that yo = ¢(zo), so that
Yo € Yo.
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Consider now the map [ : C(Yy) — C(X) defined by I(g)(z) = ag(e(z)).
We have that [ is a diameter preserving surjective isometry.

Let Tp : C(X) — C(Y) the map defined by (Tof)(y) = Tf(y) — L(f). Ty
preserves the diameter.

Let H : C(Yo) — C(Y) be defined by H = Tyl. Obviously H preserves the
diameter and if g € C(Yy), y € Yo we have: (Hg)(y) = Tolg(y) = T(lg)(y) —
L(lg) = Blag(e(t(y)))) + L(lg) — L(lg) = 9(y).

Let Mo = H(C(Yy)), if we prove that M = M, we will have that {J, : y €
Y} is linearly independent in M¢.

Let f € C(X), since T(1x) is a constant map we have that there exists
B € Ksuch that T(1x)(y) =+ L(1x) if y € Y, so that Tp(1x) = B.

L(f)

Consider g € C(Yy) such that I(g) = f — —ﬂ———lx, we have that H(g) =

L
To(lg) = To(f) — —%QTO(IX) = Tf, so that M C My and it is clear that

My C M and we obtain that M = Af,.

Conversely, if there exists a homeomorphism ¢ : Yo — X where Yy is
a subspace of Y and there exists a diameter preserving linear extension H :
C(Yo) — C(Y) such that {6, : y € Y} is linearly independent in M where
My = H(C(Yo)), we can consider [ : C(X) — C(Y,) defined by [f(y) =
f(t(y))-

Let T : C(X) — C(Y) be defined by T = HI.

It is clear that T is a diameter preserving linear map and M = T(C(X)) =
H(C(Yo)) = Moy, so that {J, : y € Y} is linearly independent in M*. ]

Remark 1.

1) Let us consider I = [0,1] and let C C I be the Cantor set.
It is well known that there exists a sequence ((ay,, b,)). of open and
disjoint intervals such that C = I\ J(an, b,,).

If f € C(C) we can define f:[0,1] — R by f(z) =z if z € C and
by f(z) = Aan + (1 = N)by, if © € (an,b,) and = = Aa, + (1 — A)by, for
A€ (0,1).

It is easily seen that the map T' : C(C) — C([0,1]) defined by
Tf = f is a diameter preserving and non surjective isometry; and if
M =T(C(C)) then {4, : y € [0,1]} is linearly independent in M*.

2) Let us suppose that for f € C(X) we have that f # 0 but Tf = 0,

then if y € Yo, Sf(t(y)) = =L(f), so [ = ——;—L(f)lx, so that, T is

one-to-one if and only if the restriction of T to the constant maps is
one-to-one.

3) In the last theorem we could consider in 1) that {d, : y € Y\{yo}}
is linearly independent in Af* but §,, = 0. In this case, the extreme
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points of the unit ball of M* would be some a(dy, — dy,) and ad,, (if
Y2 = Yo)-

We could use the same procedure but in 2) we would obtain that
{6y : ¥ € Y\{yo}} is linearly independent in Mg and dé,, = 0, where
Mg = H(C(Yo))-

3. Locally compact case

In this section X,Y are two locally compact, noncompact spaces and we will
denote by vX,~vY the corresponding Alexandroff compactifications of X and
Y. We will study the diameter preserving linear maps in this situation.

Theorem 2. Let X,Y be locally compact, noncompact Hausdorff topological
spaces. The next conditions are equivalent:

1) There exists a diameter preserving linear map T : Co(X) — Co(Y)
such that {6y : y € Y} is linearly independent in M* where M =
T(Co(X)).

2) There exists a homeomorphism ¢ : vX — Y, where Yo is a subspace
of Y satisfying that there exists a diameter preserving linear extension
H:A— C(vY) where A= {g € C(Yo) : g(yo) = 0} and yo = ¢(0)
and {6y : y € YY\{yo}} is linearly independent in Mg where M, =
H(A).

Proof. If f € Cy(X) we will denote by f the map of C(yX) defined by f(z) =
f(z) if z € X and f(co0) = 0.

Consider the map ¢; : (Co(X), p) — (C(¥X)/C, p) defined by q¢1(f) = [f]-
q1 is a surjective linear isometry.

Analogously we can define g; : (Co(Y),p) — (C(7Y)/C,p) by a2(g) = [g],
where g(y) = g(y) if y € Y and g(o0) = 0.
_ We define now T : (C(yX)/C,p) — (C(YY)/C,p) by T([f] = [TF), then
T(af)=aTf). .

The subspace Im(T') will be Qo = {[T'f] : f € Co(X)} and we can consider
the dual map: T* : Q3 — (C(vX)/C, p)*

The extreme points of the unit ball of @ are included in {a(dy, —6,,) : @ €
Sk 5 y1y2 €YY, y1 # Y2}

We can now proceed analogously to the proof of the last theorem and we
obtain that there exists a subspace Yo C 7Y, a homeomorphism ¢ : Yo — X
and 8 € Sk such that if y1,y2 € Yo then: Tf(y1) — Tf(y2) = B(f(#(y1)) —

f(t(y2))).

Let yo € Yo be such that tye = oo, then for each y € Yo\{yo} we have that

Tf(y) —Tf(yo) = Bf(t(y)).
Let A = {g € C(yo) : g(yo) = 0}.

Consider the map @ : A — Co(X) defined by (Qg)(z) = %g(g@(a})) where

¢ =171, @Q is well defined and preserves the diameter.
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Consider now the map 7" : Co(X) — C(vY) defined by T'h(y) = Th(y) —
Th(yo) if y € Y and T'h(c0) = —Th(ye). T is a diameter preserving linear
map.

Let H: A — C(7Y) be defined by H =T1'Q.

H is a diameter preserving linear map and if ¢ € Y, y € Yy, we have

that: (Hg)(y) = T'Qa(y) = TQa(y) — TQg(yo) = ﬁ(%g«p(t(y)))) +TQg(yo) -

TQg(yo) = g(yo), so that, Hg is an extension map of g.

We will prove now that {d, : ¥y € YY\{yo}} is linearly independent in M,
where My = H(A).

Let us suppose that there exist a set {y,...,yn, 00} C YY\{yo} and a set

{ai,...,an+1} C K such that 3 aidy, + apt10ec = 0, then if f € Cp(X),

i=1
we can consider g € C(Y,) defined by g(y) = B(f(t())) if ¥ € Yo\{yo}
and g(yo) = 0; it is clear that ¢ € A and Qg = f. If y € Y we have
that T'Qg(y) = Tf(y) — Tf(yo) and T'f(00) = =T f(yo), so we deduce that
ar(Tf(y) = Tf(yo)) + -+ + an(Tf(yn) — T f(yo)) + on-1(~Tf(y0)) = 0 and
we obtain that a1 = as = -+ = ap4+1 = 0.

Conversely, let us suppose that we have a homeomorphism ¢ : Yo — vX
where Yo C vY and let yo € Y be such that ¢(yo) = oo and let us suppose that
if A= {g€ C(yo): g(yo) = 0} then there exists a diameter preserving linear
extension H : A — C(vY).

We can define:

@1 Co(X) — C(¥X) by @1(f) = f, where f(z) = f(z) if z € X and
f(oo) =0.

@2 : C(7X) — C(Yo) by w2 f(y) = f(t(y))-

w3 : C(YY) — Co(Y) by w3g(y) = g(y) — g(c0).

We have that (0, 2, @3 are diameter preserving linear maps, then we can
define T : Co(X) — Co{Y) by T = wsHypap1.

Let M = T(Co(X)), we will prove that {6, : y € Y} is linearly indepen-
dent in M*. Let {yo,¥1,---,Un} C Y and {ao,1,...,an} C K be such that
S by, =0in M*.
=0

Then if f € Co(X) and g = a1 f we have that g(yo) = 0 and g € 4, so
that Tf = @gHg, so that ao(Hg(yo) — Hg(co)) + a1 (Hg(y1) — Hg(o0)) +--- +
an(Hg(ya) — Hg(oo)) = 0 and then a1 Hg(y1) + -+ + anHg(yn) — (@0 + -+ +
an)Hg(oc) = 0, but {4, : y € YY\{yo}} is linearly independent in M7 where
Mo =H(C(yo)) sothat ap = a1 = --- =a, =0. O

Holsztynski in {7] studied a version of Banach-Stone theorem for non-surject-
ive linear isometries. Recently, a bilinear version of Holsztynski theorem has
been obtained [9]. We study the case of diameter preserving linear maps and we
think that it is more complicated than the non-surjective case of Banach-Stone
problem.
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To study this problem we could define a set similar to the Choquet boundary
for a diameter preserving linear map:

If X is a compact topological space and M is a subspace of (C{X)/C,p)
we define the diametral boundary of M by deh(M) = {(zy,22) : 0z, — 0, €
EzBj+} where ExByy- is the set of extreme points of the unit ball of M*.

IT: CX) — C(X)is a diameter preserving linear map, then there
is some relations between the properties of T and the properties of dch{M),
where M = T(C(X)/C).
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