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STRONG CONVERGENCE FOR THREE CLASSES OF
UNIFORMLY EQUI-CONTINUOUS AND ASYMPTOTICALLY
QUASI-NONEXPANSIVE MAPPINGS

X1A0LoNG QIN, YONGFU Su, AND MEIJUAN SHANG

ABSTRACT. In this paper, we introduce a modified three-step iteration
scheme with errors for three classes of uniformly equi-continuous and
asymptotically quasi-nonexpansive mappings in the framework of uni-
formly convex Banach spaces. We then use this scheme to approximate a
common fixed point of these mappings. The results obtained in this paper
extend and improve the recent ones announced by Khan, Fukhar-ud-di,
Zhou, Cho, Noor and some others.

1. Introduction and preliminaries

Let E be a real Banach space, ' a nonempty subset of E. Throughout the
paper, N denotes the set of positive integers and F(T') := {z : Tx = x} the set of
fixed points of a mapping T'. A mapping T : C - C is said to be asymgptotically
nonezpansive if for a sequence {k,} C {1, 00) with lim,_, &, = 1, we have

IT"z — T y|l < kullz — yl|

for z,y € C and for all n € N.

This class of asymptotically nonexpansive mappings was introduced by Goe-
bel and Kirk [6] in 1972. They proved that, if C' is a nonempty bounded closed
convex subset of a uniformly convex Banach space E, then every asymptotically
nonexpansive self-mapping T of C has a fixed point. Moreover, the set F(T) of
fixed points of T is closed and convex. Since 1972, many authors have studied
weak and strong convergence problems of the iterative sequences (with errors)
for asymptotically nonexpansive mappings in Hilbert spaces and Banach spaces
(see [1, 6, 7, 11, 12, 17] and references therein).
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The mapping T is said to be asymptotically quasi-nonezpansive if F(T) #
and there exists a sequence {k,} C [0,00) with k, — 1 as n = oo such that

IT"z — pl| < knllz — pll

forallz € C, pe€ F(T) and n > 1.
The mapping T is said to be uniformly L-lipschitzian if there exists a positive
constant L such that
Tz — T"y|| < Lilz — yll
forall z,y € C and n > 1.
The mapping T is said to be uniformly Hélder continuous if there exists a
positive constants k and « such that

17"z — T y|| < kllz - yl|*

forallz,y€ C andn > 1.
The mapping T is said to be uniformly equi-continuous if, for any ¢ > 0,
there exists § > 0 such that

IT"z - T™y|| < e

whenever ||z —y|| < é for all z,y € C and n > 1 or, equivalently, T' is uniformly
equi-continuous if and only if ||T"x,, — T"y,|| — 0 whenever ||z, — y,|| = 0 as
n — o0.

Remark 1.1. (1) It is easy to see that, if T is asymptotically nonexpansive,
then it is uniformly L-lipschitzian.
(2) If T is uniformly L-lipschitzian, then it is uniformly Hélder continuous.
(3) If T is uniformly Holder continuous, then it is uniformly equi-continuous.

In recent years, Mann iterative scheme [10], Ishikawa iterative scheme [5]
and Noor iterative scheme [11] have been studied extensively by many authors.
In 1995, Liu [8] introduced iterative schemes with errors as follows.

The sequence {z,,} defined by

{33‘1:3760,

1.1
(L) Tat1 = (1 — an)Zn + @ T2y + Uy,

where {a,} is a sequence in [0,1] and {u,} a sequence in E satisfying

o0
D lunll < oo
n=1

is known as Mann iterative scheme with errors.
The sequence {z,} defined by
=2 €C,
(1.2) Tnt+1 = (1 — an)xn + anTypn + Un,
Yn = (1 - ﬂn)mn + ﬂnTxn + Un,
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where {a,,} and {8,} are sequences in [0, 1], {u,} and {v,} are sequences in £
satisfying Yoo | [Jun|| < coand Yoo |lva|| < oo is known as Ishikawa iterative
scheme with errors.

While it is clear that consideration of errors terms in iterative schemes is
an important part of the theory, it is also clear that the iterative scheme with
errors introduced by Liu [8], as in (1.1), (1.2) above, are not satisfactory. The
errors can occur in a random way. The conditions imposed on the error terms
in (1.1), (1.2) which say that they tend to zero as n tends to infinity are,
therefore, unreasonable. Xu [16] introduced a more satisfactory error term in
the following iterative schemes.

The sequence {z,} defined by

(13) Ty =€ C,
Tnt1 = onT2n + Brxy + TnUn,

where {a,}, {8.} and {7} are sequences in [0, 1] such that a, + Bn + 1 =1
and {u,} is a bounded sequence in C, is known as Mann iterative scheme with
errors. This scheme reduces to Mann iterative scheme if 7, = 0.

The sequence {z,} defined by

Ty =T € C',
(14) T e aﬂTyn + Bnmn + YnlUn,
Yn = ob Tz + BL2n + ¥} Un,

where {an}, {Bn}, {1}, {&}}, {B,} and {7/} are sequences in [0, 1} such that
n+ Bn+vn = al, + 85+, =1, {un} and {v,} are bounded sequences in C, is
known as Ishikawa iterative scheme with errors. This scheme becomes Ishikawa
iterative schemes if v, = 4}, = 0. Chidume and Moore [2] and Takahashi and
Tamura [14] studied the above schemes, respectively.

The sequence {z,} defined by

Zn = aZT-’L'n + ﬁgxn + ’ngna
(1.5) Yn = 0 T2p + BLTn + i Un,
Tn+l — anTyn + ann + YnUn,

where {an}, {Bn} {1}, {an}; {82}, {70}, {ain}, {8} and {~,} are sequences
in [0,1] such that an + Bn +vn = al, + 8, + 7, = an + 61+ =1, {un}, {vn}
and {w,} are bounded sequences in C, is known as Noor iterative scheme with
errors. This scheme reduces to Noor iterative schemes if v, = 7, = v = 0.

Recently Khan and Fukhar-ud-din [4] generalized iterative scheme (1.4) to
the one with errors as follows

rn=2€C,
Tntl = anSyn + ﬂnxn + Ynln,
Yn = ahTxp + BL2n + V) Un,
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where {a,}, {Bn}, {1}, {a,}, {B.} and {7} are sequences in [0,1] with
0<dé< om0, <1=06<1,an+Bn+vm=0a,+08,+7, =1, {u,} and {v,}
are bounded sequences in C.

Many authors starting from Das and Debeta [3] and including Takahashi
and Tamura [14] and Khan and Takahashi [7] have studied the two mappings
case of iterative schemes for different types of mappings. We now suggest an
iterative scheme with errors for three classes of uniformly equi-continuous and
asymptotically quasi-nonexpansive mappings. It worth mentioning that our
scheme can be viewed as an extension of all above schemes.

In this paper, we generalize scheme (1.5) to the one with errors as follows.

Zn = OCZT{an + ﬂgl‘n + ’YZwm
(1.6) Yn = &) T3 zn + BlTn + ViUn,
Tnt1 = anT3nyn + BnZn + Yniin,

where {an}, {Bn}, {1}, {an}, {8}, {1}, {on}, {8} and {1} are sequences
in [0,1] with o + Bn 4+ = o, + B+, = ah + B + i =1, {un}, {vs.} and
{w,} are bounded sequences in C.

The purpose of this paper is to construct this iterative scheme for approxi-
mating a common fixed point of three classes of uniformly equi-continuous and
asymptotically quasi-nonexpansive mappings and to prove strong convergence
result. Our results improve and extend Cho et al. [1], Khan, Fukhar-ud-di [4],
Zhou et al. [17], Noor [11] and some others.

Before we proceed further, we give the following definitions and lemmas
which we shall need in the sequel.

Lemma 1.1 (Schu [12]). Suppose that E is a uniformly convex Banach space
and 0 <p<t, <q<1forallne N. Suppose further that {z,} and {y,} are
sequences of E such that

limsup ||z,]| <7, limsup|ly.|| < r
n—00 n—o0

and
T [[tn@n + (1= t)yall =7
hold for some r > 0, then lim,_o0 ||Zn — ynl] = 0.

Lemma 1.2 (Tan and Xu [15]). Let {r,}, {sn} and {t,} be three nonnegative
sequences satisfying the following condition:

o1 S 1+ 8p)rn +t,, forall neN
If Y0 8n <00, 302 tn < 00, then lim, oo T exists.

Recall that a mapping T : C — C where C is a subset of E, is said to satisfy
Condition (A) [13] if there exists a nondecreasing function f : [0, 00) — [0, c0)
with f(0) =0, f(r) > 0 for all » € (0,00) such that ||z — Tz|| > f(d(, F(T)))
for all z € C where d(z, F(T)) = inf{||lz — p|| : p € F(T)}.
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Senter and Dotson [13] approximated fixed points of a nonexpansive map-
ping T' by Mann iterates, Later on, Maiti and Ghosh [9] and Tan and Xu [14]
studied the approximation of fixed points of a nonexpansive mapping 7' by
Ishikawa iterates under the same Condition (A) which is weaker than the re-
quirement that T is demicompact. we modify this condition for three mappings
T1,Ty and T3 : C — C as follows.

Three mappings 77,73 and T5 : C — C where C a subset of E, are said
to satisfy Condition (A') if there exists a nondecreasing function f : [0,00) —
[0,00) with f(0) = 0, f(r) > 0 for all » € (0,00) such that a||z — Tyz| +
bllx — Toz|| + cllz — Tzz|| > f(d(z, F(T)) for all z € C, where d(z, F(T)) =
inf{lle —p|l: p€ F(T1)NF(T>) N F(T3)} and a,b and c are three nonnegative
real numbers such that a +b+c= 1.

Remark 1.2. Condition (A') reduces to Condition (A) when T} = Ty = Tj.
Besides, in the sequel, we shall denote F(T1) N F(Ty) N F(T3) by F; that is,
F =F(T)NF(Ty) N F(Ty).

2. Main results

In this section, we shall prove the strong convergence of the iterative scheme
(1.6) to approximate a common fixed point of uniformly equi-continuous and
asymptotically quasi-nonexpansive mappings T1, T and T3. We first prove the
following lemmas.

Lemma 2.1. Let E be a normed space and C its nonempty convez subset. Let
T1,T73 and T3 : C — C be three mappings satisfying || T'z — p|| < kul|lz - pl|,
|77z — pl| < lullz — pll and |[T9'z — pl| < jallz — pl| for all n € N, where
{kn}, {ln} and {jn} C [1,00) such that 37> | (kp —1) < 00, Yoo (I, —1) < oo
and Y07 (jn — 1) < 00, respectively. Let {z,} be the sequence as defined in
(1.6) with 307 v < 00, Sooo  vh <ocand 300 v, < 0o. If F # {, then
Hmy, o0 ||@n — pll exists for all p € F.

Proof. Let p € F. Note that {w,}, {v.} and {u,} are bounded sequences in
C. Weset My = sup{|lup ~p|| : n > 1}, M,y = sup{|lv, —p|| : n > 1},
Mz = sup{|jlw, = p||:n > 1}, M =max{M;:i=1,2,3}.
It follows from (1.6) that
llzn = pll = lanTT 0 + Br2n + viwn — pl|

< ol TT'zn = pll + B llzn — pll + vy llwa — ]

< apkallzn — pll + Bullzn — pll + ynllwn — pll

< knllzn — pll + ’Y:fM-
That is,

(2'1) “zn “p” _<_ kn”xn _p” + FY'ZM
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From (1.6) and (2.1), we get
lyn = pll = 00,15 20 + Br2n + Yn¥n — Pl
< ap||T3 20 — pll + Brllzn — pll + 1o llva — pl]
< aplnllzn = pll + Brllzn — pll + Yollva — pll
< dplallzn = pll + (1 = ap)llzn — pll + Yallve — pli
< dpln(knllzn = pll + 7 M) + (1 = ap)llzn = pll + Ynllvn = pll
< knlnllzn — pll + Iy M + 1, M.
That is,
(2:2) lyn = pll < knlallzn = pll + lava M + 7, M.
Again, from (1.6) and (2.2) we have
lznt1 = pll = lenT5Yn + BnZn + Ynun — pl|
< anl|T3'yn = Pl + Bullzn — pll + Yallun — pll
< anjinllyn — pll + Bullzn = pll + Yallun — 2|
< anjallyn = pll + (1 = an)lizn = pll + Yallun — pll
< angn(knlallzn = pll + vy M + v, M)
+ (1 = an)llzn — pll + M
knlnjnllTn — pll + JnlaYn M + jnvnM + vn M.

A

IA

That is,
(2.3)
lZnt1 —pll S (14 (kn = D(ln = D(Gn — 1) + (kn — 1)(ln — 1)
+ (ln - 1)(.7n - 1) + (]n - 1)(kn - 1) + (k'n - 1)
+ (In = 1)+ (n = Dllzn — pll + Gnlnvs + dnyn + 1) M.

Note that since 300 | (kn—1) < 00, Yoo (ln—1) < 00 and > (jn—1) < 00,
it follows that Y- | A, < 00, where

A = (kn = D(ln = DG = 1) + (ko = Dlln = 1) + (b = D(n — 1)
+ (Jn - 1)(kn - 1) + (kn - 1) + (ln - 1) + (Jn - 1)'

Therefore, it is easy to get lim,,_, o ||z —pl|| exists for all p € F' by using Lemma
1.2. This completes the proof. ]

Lemma 2.2. Let E be a uniformly conver Banach space and C its nonempty
convez closed subset. Let Ty, T> and Tz : C — C be three mappings satisfying
177z — pll < kallz ~pll; 1732 = pll < lallz—pl| and [[T5'z — pl| < jnllz - pl| for
all n € N, where {k,}, {l,} and {j.} C [1,00) such that ¥ oo (k, — 1) < 00,
Sl —1) < o0 and 307 (ln — 1) < oo, respectively. Let T1,T> and T3

also be uniformly equi-continuous. Let {z,,} be the sequence as defined in (1.6)
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With Y or 1Y < 00, Yoo Yh <00 and Yoo Y < 0 and {a,}, {0} and
{al'} € q,p], for some q,p € (0,1). If F # 0, then

lim ||Tiz, — z,|] = lim ||[Tez, — 2] = lim ||T5z, — 2z, = 0.

n—o00 n— 0o n—oo
Proof. Take p € F. It follows from Lemma 2.1 that lim,—, ||z, — p|| exists.
Let lim, o0 [|2n — p|| = ¢ for some ¢ > 0. Since {u,}, {v.} and {w,} are

bounded, it follows that {u, — z,}, {v, —z,} and {w, —z,} are all bounded.
Now, we set

ry = sup{||un — znl| : n > 1}, 2 =sup{|lvn — za|| 1 n > 1},
r3 = sup{|lwn — x|l : n > 1}, r=max{r; :1<i <3}
Taking limsup on both the sides in the inequality (2.1), we have
(2.4) limsup |}z, — p|| < e

n—oQ0

Similarly, taking limsup on both the sides in the inequality (2.2), we have
(2.5) limsup [ly, — pl| < c.

n-—00
Observe that
1T5'Yn — P+ Yn(tn = Zo)|l < T3'Yn — Il + Valltn — 24]|

< Jn“yn - p“ + InT

Taking limsup on both the sides in the above inequality and using (2.5) we get
that
limsup [[T5'yn ~ P+ Yn(un — o)l < c

n—oo

Note that
e = p+ 7 (ttn = 20)l| < Il = pll + 7t = 2o
< ”1'71 - p“ + YnT,

which implies that

limsup [|Zn — P+ Yn(un — z4)|| < c

n—o0

Again, lim,— 00 [|Zn+1 — p|| = ¢ means that
Jim [lan(TFyn = P+ 3 (n = n)) + (1= @n)(Zn =D+ Jn(tn = 2a)ll = c.

An application of Lemma 1.1, we have
(2.6) nli_)ngo T3 yn — Znl| = 0.
On the other hand,

lzn = pll <NT5'yn — zall + [1T5'yn — pl|

<HT53Yn — 2all + Jullyn — pll,

which gives that

¢ < liminf |y, — p|| < limsup |Jy, —p!| < e
n—00 n—oo
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That is,

im {ly, —pl| = c.

n—oo
Observe that lim, . ||y — p|| = ¢ is equivalent to
(27) Tim_ ([0t (T3 20— p+ 7 (v — 20)) + (1= ) (@~ D+ o m — )| =
On the other hand, we have

T3 20 — p+ Y (0n — o)l < 11520 = pll + Vpllvn — 24|
< lnllzn = pll + yur-

Taking limsup on both the sides in the above inequality and using (2.4), we
have

(2.8) limsup ||T5' 2, — p+ 75 (vn — z0)|| < c.

n—oo

Notice that
|z — P+ 7 (Vn — 22)| < l[2n — DIl + Ypllvn — 24|
<z = pll +v5rs
which yields that
(2.9) limsup ||z — p+ 7, (vn — z)|| < e

n—o0

Applying Lemma 1.1, it follows from (2.7), (2.8) and (2.9) that
(2.10) nlg{.lo [|1T5'2n — Zn|] = 0.
Observe that
lzn = pll S 11520 — nll + (17220 — pl]
S T3 20 = zall + all2n — pll;
which yields that

¢ <liminf ||z, — p|| < limsup ||z, —p|| < e
n—oo n—o00

That is,
lim ||z, —pl|| = c.
n—>00

Again, lim,_, o ||2zn — P|| = ¢ can be expressible as
(2.11)
lim |lag (T7@n — p+ 7, (Wa — 2n)) + (1 — ) (@ — p+ 7, (wn —20)) — pll = c.

n—roo
Moreover,
IT7 20 = p + Yo (wn — @) | < 1TT@n = pll + Yallwn — @al]
< knll@n = pll + 7,
which implies that
(2.12) limsup || T7'Zn — P+ Vn(wn — T,)|| < e

n—oo
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It follows from
lzn —p+ 'Yg(wn = z,)|| < lzn — pl| +7;z’”wn — Zn]
Sz = pll + v

that

(2.13) lim sup ||z "'p+7;zl(wn —zo)|[ < e
—»00

Combine (2.11), (2.12) with (2.13) yields

(2.14) lim [|T'zs — 2nl| = 0.

On the other hand, we also have
120 = @ull = lan TV 20 + Bran + Yawn ~ ||

= lan(T1'n = n) + Vn (wn — 20)||

< apllTi'zn = zall + 7,1
Therefore, it follows from (2.14) and condition Y- ¥/ < co that

[lzn — zn]l = 0, asn — oo.
It follows from the uniform equi-continuity of T that
|15 2z — T3 zall = 0, asn — oc.

Now observe that

(2.15) lzn = T3 Tal| < |T5'2n — T3 2all + 115720 ~ za]|-
From (2.10) and (2.15), we can obtain
(2.16) lim || T3z, — .|| = 0.

n—o0

Similarly, we get
lyn = @nll = 100 T3 20 + Brn + YnUn = Zall

= o (T3'@n = a) + 70 (vn = 20)||

< allTzn — ol + Y1
Therefore, it follows from (2.16) and the condition Y~°~ /v, < oo that

lyn —zn]| = 0, asn — .
It follows from the uniform equi-continuity of 75 that
(2.17) 1T3yn — T3 xn]| = 0, asn — oo.
Now we consider that
len = T@all < 17520 — T3yall + 1 T5yn — 22l

From (2.6) and (2.17), we get that
(2.18) nll)n;o |15z, — xa]| = 0.
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Hence, we obtain that
Lm ||T)'%n — znll = lim [T, — 2ol = lim [|[T9@n — 2]} = 0.
n—o0 n—00 n—roo

Next, we show

lim ||Thz, — zy|| = lim || T2z — z4|| = lm ||Ts52, — z,]| = 0.

It follows from (2.6) and Y o ;n < oo that
lZnt1 = zall < @nllT3Yn — Tall + Wmllun — || = 0, asn — 0.

It follows from the uniform equi-continuity of T} that |77 zpyy — TPz, || —
0 as n — co. Again it follows from (2.14) that

Tz, — Tiz,|| = 0, as n — oco.
Therefore, we have
[Ty = @all < Momss = 2all + 2 = T | + [T s = T7
+ 1T 2 — Thzn]-
That is,
[[Th 2 — zn|| = 0, asn— cc.
Similarly, we can prove

lim ||T5%n — zp)| = lim ||T§%, — za|| = 0.
n—>0 n—oo

This completes the proof of the Lemma. O

Next we prove the strong convergence theorem.

Theorem 2.3. Let E be a uniformly conver Banach space and C, T1,T5,T5

and {z,} are as in Lemma 2.2. Further T\, T, and T3 satisfy Condition (A').

IfF #0, then {z,} converges strongly to a common fized point of T1,T» and

Ts.

Proof. Since Lemma 2.1, we know le l|zn. — p|| exists for all p € F. Let
n—oo

it be ¢ for some ¢ > 0. If ¢ = 0, there is nothing to prove. Next, Suppose
¢ > 0. By Lemma 2.2, we know lim,, ;o0 ||T1%5 — Znl| = iMoo || Tozn — 24| =
limy, oo ||[T32n — Zn|| = 0, and (2.3) gives that

inf [lene
< 1}22’[1 + (kn - 1)(ln - 1)(.7n - 1) + (kn - 1)(ln - 1) + (ln - 1)(.771 - 1)

+ (jn — D(kn —1) + (kn = 1) + (In = 1) + (n — D]llzn — pl|
+ (nln¥iy + Jn¥n + o) M.
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That is,
d(zns1, F)
S+ =D =D~ D+ k= Dlla =1+ (ln —D(n - 1)
+ (Gn = Dlkn = 1) + (kn = 1) + (ln = 1) + (Jn — D]d(@n, F)
+ (nlnVn + Jnvn + Yn) M.

gives that lim, e d(zn, F) exists by virtue of Lemma 1.2. Now by Condition
(A"), we obtain limy e f(d(zn, F)) = 0. It follows from the property of f that
limy oo d(xn, F) = 0. Indeed, since lim,_,o d(z,, F) exists, we can suppose
lim, ;o0 d(zn, F) = 19 > 0. Thus, there exists a natural number N, ¥n > N, we
have d(z,,, F) > 2. Since f is a nondecreasing function, f(0) = 0 and f(r) > 0
for Vr € (0,00), we can obtain f(d(z,,F)) > f(%) > 0 for Y¥n > N. On the
other hand, we have lim,,o f(d{z,, F)) = 0. This derives a contradiction.
Now we can take a subsequence {z,,} of {x,} and sequence {y;} C F' such
that ||zs, — y;|| < 277. Then following the method of Tan and Xu [15], we
get that y; is a Cauchy sequence in F and so it converges. Let y; — y. Since
F is closed, therefore y € F and then z,, = y. As lim, o0 ||Tn — p|| exists,
2z, = y € F thereby completing the proof.
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