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BLENDING INSTANTANEOUS AND CONTINUOUS
PHENOMENA IN FEYNMAN’S OPERATIONAL CALCULI:
THE CASE OF TIME DEPENDENT NONCOMMUTING
OPERATORS

ByuNG Moo AHN AND IL Yoo

ABSTRACT. Feynman’s operational calculus for noncommuting operators
was studied via measures on the time interval. We investigate some prop-
erties of Feynman’s operational calculi which include a variety of blends
of discrete and continuous measures in the time dependent setting.

1. Introduction

Feynman’s 1951 paper on the operational calculus for noncommuting op-
erators arose out of his ingenious work on quantum electrodynamics and was
inspired in part by his earlier work on the Feynman path integral. Much sur-
prisingly varied work on the subject has been done since by mathematicians
and physicists. References can be found in the recent books of Johnson and
Lapidus [8] and Nazaikinskii, Shatalov and Sternin [12].

A new approach to the mathematically rigorous theory of Feynman’s opera-
tional calculus was begun recently by Jefferies and Johnson [3]-[7]. Each of the
n operators involved has associated with it a measure on an appropriate time
interval, and the resulting n-vector of measures determines a particular oper-
ational calculus. Here we begin the study of a broader theory which includes
a variety of blends of discrete and continuous measure in the time dependent
setting.

We now introduce some notation and begin to our discussion more precise.
Let X be a separable Banach space over the complex numbers and let £(X)
denote the space of bounded linear operatorson X. Fix T > 0. Fori=1,...,n
let A; : [0,T] — £(X) be maps that are measurable in the sense that A;!(E)
is a Borel set in [0,T] for any strong operator open set E C L£(X). To each
A;(+) we associate a finite Borel measure A; on [0,7] and we require that, for
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each 1,
ri= [ Alleco il(ds) < .
(0,77

Given a positive integer n and n positive numbers 1, ..., 7y, let A(ry, ..., 7y)
be the space of complex-valued functions of n complex variables f(z1,...,2z,),
which are analytic at (0,...,0), and are such that their power series expansion

o0
(1) f(zla---,zn) = Z le,...,mnzin1 Z;nn
M sere T, =0

converges absolutely, at least on the closed polydisk |z1| < 71,..., |zn] < rp.
Such functions are analytic at least in the open polydisk |z1] < 71,. .., |zn| < Ts.

For f € A(rq,...,7,) given by (1), we let

o0

(2) WAL= 1 Ay = D ey [P

my,...,Mp =0

The function on A(ry,...,r,) defined by (2) makes A(rq,...,r,) into a com-
mutative Banach algebra [3].

To the algebra A(ry,...,7,) we associate a disentangling algebra by replac-
ing the z;’s with formal commuting objects (A;(-), A;J,¢ = 1,...,n. Consider
the collection D((A1(+), A\1);- .., (An(+), An)) of all expressions of the form

f((Al()v /\1;V’ SRR (An()7 )\n)‘)
= Z Cry ooy ((A1(), A ))™ - ((An (), An )™

where ¢, ..., € Cforall my,...,m, =0,1,..., and

F(CALC), AT (An (), A
. FCCALC) AT -5 (A (s A B ()T (A (), 20)
Z [Cmy i, |PT -t < 00,
mi,...,Myp=0
where 7; = f[O)T] | Ai(s)||ex)|Ail(ds) for i =1,2,... n.
Rather than using the notation (A4;(-), A;) below, we will often abbreviate to
A;(+); especially when carrying out calculations. We will often write D in place

of D(A1(-), .., An () or D((A1(4), A1), « ooy (An(e), An))-

Adding and scalar multiplying such expressions coordinatewise, we can easily
see that D((A1(:), A1), ..., (An(-), A\n)) is a vector space and that || - ||p defined
by (3) is a norm. The normed linear space (D((A1(-), A1)+, (An(:), An))s
[|'||p) can be identified with the weighted [;-space, where the weight at the index
(my,...,my) is r"t - It follows that D( (A1(-), A)s-. o, (An(5), An)7) is
a commutative Banach algebra with identity [7].
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We refer to D((A1(-), A1), -, (An(), A\n)) as the disentangling algebra as-
sociated with the n-tuple ((A1(-), A1) -+, (An(*), An))-
For m = 0,1,..., let S, denote the set of all permutations of the integers
{1,...,m}, and given 7 € S,,,, we let
A (m) ={(51,. ., 8m) €[0,T]" :0 < 5701y <+ < Snim) < T}

Now for nonnegative integers myq,...,m, and m = my + --- + m,,, we define

A]_(S), 1fz€{1,7m1}
AQ(S), ifie{m1+1,...,m1—|—m2}
Ci(s) =9 .
An(s), ifie{m+--+mp_1+1,...,m}

fori =1,...,m and for all 0 < s < T. Next, in order to accommodate the
use of discrete measures, we will need a refined version of the time-ordered
sets Ay, (m). Let 7,...,7, € [0,T] be such that 0 < 7, < -+ < 7, < T.
Given m € N and 7m € 5,,, and nonnegative integers ry,...,r,+1 such that
r1+ -+ rpe1 = m, we define
Am§rlv~--7Th+1 (ﬂ') = { (317 .- '78m) € [O’T]m (0< Sa(1) <00 < Sm(ry)

<71 < Sr(ri41) << Sq(ri+ra)

S T2 < Su(ritrat1) <00 < Sa(ritetrs)

<71 < Sﬂ—(rl_;,_.“_A,_Th_;,_l) < -0 < Sﬂ(m) < T}

Now let Ay,..., A\, be finite Borel measures on [0, 7] such that

AL = +m

for l =1,...,n where p; is a continuous measure and 7; is a finitely supported
discrete measure for each I. Let {r1,..., 75} be the set obtained by taking the
union of the supports of the discrete measures 7, ...,7, and write

h
m = Z plian
=1

for each I = 1,...,n. With this notation it may be that many of the py’s are
equal to zero.

Now we define the map T}, ..., which will take us from the commutative
framework of the disentangling algebra D(A1(-),..., An(-)) to the noncommu-
tative setting of £L(X).

Definition 1. Let Pt ™ (z1,...,2,) = 27" -+ 27, We define the action
of the disentangling map on this monomial by

7—)\1’.“’/\71Pm1,...,mn (Al()vy s An()v)
= Ty (AL ()™ - (An())™)
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= ¥ >y < , ,ml!,mgr.n.n.!qnlqu)

qi1+qi2=m1 g21+g22=m2 An1+qn2=mn N11:q12°921°922

2. 2.

TESqy1+as1+-+an M1 FTrhp1=q11+q21++qn1

Juit-t+Jin=qi2 o1+ +j2n=q22 Jnit - tinh=qn2

( q12!q22! - - - gna! )/
Jul e ginlgort e dont e dnal gl ) Ja

Cr(gri+ao1+++an1) (S(gur+asi+-+an)) "
Cor(rrttrn+1) (St 1) Prn A (7o) - - [D2n Az (Th)]2"
(P10 A ()17 Crary o) Sy o)) -~ Oy 1) (S 41))
[pnlA ()PP [1921142(71)]"21 (P11 AL (7)1 Corry) (S(ry)) -

1)(877 )( . X uf{"’l)(dsl, s ’dSQ11+Q21+---+qn1)'
Finally for f € D((A4(-), )\1T .+ (An(4), An)") given by

q11+a21++an1iT1s 41 ()

oo

AT A = D G (AL(D)™ - (A ()™

we set

Taian f(ALCTS 5 An(])

o0

= Z cml,-u,mn7—)\17~~>>\an17m7mn(Al(')vv'"?An('m'

my,...,my,=0
We will often use the alternative notation :
P (AL )y An () = Ty o P (A An())

and

Pagrena (A1) An () = Doy F(ALCT - AR ().

2. The time dependent disentangling map

In this section, we obtain basic properties of the time dependent disentan-
gling map which can be reduced to the time independent disentangling map
defined in [7]

Proposition 2.1. Suppose that each of the measures Ay, ..., A, is continuous
on [0,T). Then the expression of the disentangling map defined in Definition 1
is identical to that defined in Definition 2.3 of [7].

Proof. 1f each of the measures Aq,..., A, is continuous then all of the \’s have
0 discrete part. So q12 = -+ = gno = 0 and ¢;; = m; for ¢+ = 1,...,n. Thus
g+ F g =m1+--+my =mand so Sg, 4. 49,1 = Smittmn, = Om.
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Also, r; = -+ = rpy1 = 0 and all of the j's are 0. Further, both of the quotients
of products of factorials are equal to 1. Hence we have

Dayodn P70 (AT An())

- D ( ma!--my! )

| | | l... | |
gq11+q12=m1 g21+g22=m2 qn1tqn2=mn q11-912:921-922- Adn1-qn2-:

2.

TESq1+as1+ - +any T1H - Frhy1=q11+q21++qn1

Jiit-+i1n=q12 j21+-+i2n=q22 Jn1t - tinh=qn2
( q12'q22! - - - qn2! )

Jul - dlgart s dant s gnale e !
A

OTF(Q11+Q21+"'+qn1)(877(1111+Q21+-"+qn1)) e

a11+4921+ +dn1ir1s-- Thal ()

Oﬂ(r1+---+rh+1)(Sﬂ(r1+---+rh+1))[pnhAn(Th)}jnh tt [thAQ(Th)]th
[P1nA1 (Th)}thW(n-i-----i-rh)(SW(T1+--~+rh)) T Cﬂ(r1+1)(57r(r1+1))
[Pr1An (T1))" -+ [p21 Ao (1) 11 Ax (7)1 Crry) (S(ra)) -+
Cﬂ(l)(sﬂ'(l))(:u({ll X X H’gznl)(dsh ce 7d$qn+qz1+~“+qnl)

TESq 1 +an1+ +an1 Agyitazi+etan (7)

CTF(Q11+<]21+"'+qnl)(Sﬂ(q11+Q21+-"+qn1)) e
Cﬂ(l)(sﬂ(l))(/j{u XKoeee X M?Lﬂrl)(dsl’ ce 7d8q11+q21+"'+Qn1)

=) /A Crrm) (8x(m)) -+~ Cr(1) (87(1))

TESm m (77)

(A" X oo x AT (dsy, . dSim).
The last equation is the identical expression for the disentangling of

Pt (A (T, A ()
in Definition 2.3 of [7]. O

Theorem 2.2. The disentangling map Ty, .. x, 15 a bounded linear operator
from D((A1(-), M)+, (An(5), An)) to L(X). In fact, ||T,. ..l < 1.

Proof. The linearity of 7y, .

.....

is clear. We have

n

T A P (AT s An G
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Sy e Y (e )
q11!q12!g21'q22! - - - @n1lgno!

q11+q12=m1 g21+g22=m2 qn1+qn2=mn

by 2.

TESq 1 +ao1+4any "1 Frhr1=q11+q21++qn1

Jiit+Jin=q12 j21+-+Jj2n=q22 Jnit - tinh=qn2

< q12'q22! - - - qn2! )/
Junleedinlgont s gant o gnal o gnn! ) Ja

||C7T(‘111+q21+“‘+(In1)(sﬂ(q11+q21+"'+‘In1))|‘ e

a11+921+ - +An1iT1 rh+1(7f)

Cstrs ) (bt ) | Pl An ()97 -

[pan | A2 ()72 [pa [ AL TP o ot (S ot -+
[|Crrr41) Sr(r+ )| [Pra][An(T1)] [t par || A (11)]]]72

pall Ay ) oy (eI |Gty (5w 0)

o x :U’;]Lnl |(d517 s 7d5qn+"'+Qn1)

|
) DS ( ml- ! >

| | | l... | |
q11+qi2=m1 g21+g22=m2 qn1+qn2=mn q11°912°921°G22 In1*Gn2

Jiit - +Jin=4q12 j21++Ii2n=q22 Jnit+inh=qn2
( q12'q2! - - - gna! )
Junt-ginlgent - ganlgnal - dnn!

>

TE€Sq11+az1+++an1

AL (s - A1 (squ)I] [1A2(8g0 4011 - [[A2(5g114+g20)1] -
||An(5q11+--~+q(n_1)1+1)|| R | P P P —— 1 [Pn1||An(T1)\Hj”l T
21| A2 (r) 172 [paa ] |As () |7 - - [pan || An (i) [P - -

[p2n || Az (i) 11172 [pan || A () ||}

|pd™ x oo x o pdet|(dsy, ..y dSgyy+oetgny)

SO Y (e )
q11'q12!g21'g22! - - - gn1lgna!

q11+g12=m1 g21+g22=m2 gnit+gn2=mn

Jiitt+iin=q12 jo1+-+Jj2n=q22 Jnit o F+Inh=qn2

( q12'g22! - - - 2! >
Julgwlgen! - den! o dnal s dnn!

/[0 - [[A1(s1)|[ [[A1(s12)] - - - [[A1 (510 22T (d5115 - - - ds1g4,)

Agi1+ao1++an1 (m)
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[pua]|Ax ()]} ~~-[p1h||A1(Th)H]j1h/ [|A2(s20)]] - --

[0,T]921
|[A2(52g5, )| 2] (ds21, - - -, dS2gyy ) [P2r || A2(T0)[[7*]] - - -

[p2h||A2(Th)||]j2h o / o ||An(5n1)” ||An(5n2)” U ||An(5nqm)||

s

lpn| ™ (dsn1, - - - danm)[panAn(Tl)”]jnl T [pnhHAn(Tth]jnh

q11 h 1
v oom [ /[ EHE] |M1|(ds)] [Zp1i|A1<n>||]

12

1g1o!
g11+qia=m1 qd11:q912!
! dn1 h -
Mp:
> ||An(s)||ﬂn|(ds)] [mell Am)']
qnitqna=my dn1-dn2-: [0,7] 2

h m1
= _/[O’T ||A1(8)|Iull(d8)+;pullA1(n)I]

i

-/ ||A1<s>||xl|<ds>] [/ |An<s>||xn|<ds>] .
|/ [0,7] [0,T]

Hence, for f(A1(-T;. -, An(-T) € DI(AL(), ATy -+ s (An(-), AnT),
||7&1,..4,/\nf(‘41('jv7 s 7An()v)||

Tan A P (AT A G

E : [

m1,...,mp=0

h Mn
. [ An ()] |nl(ds) + mellAn(n)II]

=1

)

)

IN

oo

S el [ /[ ST |A1|<ds>]

mi,...,Myp=0

: / 14n(s)]] |An<ds>]
[0,7]

IN

s

F(CALC) A1) (An () M DDA () A Ty (An ()oAn ) -
This finishes the proof. O

Theorem 2.3. Suppose that A;(s)A;(t) = A;j(t)Ai(s) foriand j =1,...,n
whenever the products are defined, then we have

...,)\W,Pml""’mn (Al(jva s 7An(ﬂ

(4) . mi m,
— [/[O,T] Ai(s)Mi(ds)| -+ [/[Oﬂ An(S))\n(dS)] _




74 BYUNG MOO AHN AND IL YOO

Further, for all f(A1(), ..., An(-)) € D((A1(:), A1), (An (), An)),
7—)\1,...,/\nf(A1(.)~7 R An(ﬂ

=f (/[O’T] A1(s)A1(ds),. .., /[O}T] An(s))\n(ds)> ,

where [ given by

oo

f(zla"'azn) = Z le,...,mnzinl"'z»:?"

mMi,...,mMp =0

is an element of A(ry,...,r,) where
ri= [ Alleconi@s)
(0,7]

Proof. The operator

is given in terms of
Taydn P00 (AL An(T)
and so it suffices to show equation (4). We have

7;\1;-~'yAan17.“7mn (Al()v’ st 7ATL(.)V)

- Y Y Y ()
qi1!q12'q21'q22! - - - qn1lgn2

qi1+tgi12=m1 g21+g22=m2 qn1+gn2=mny

>

TESqy1+ao1++any T1H - Frhp1=q11+q21++qn1

Jii++J1n=q12 j21++ji2n=q22 Jn1t - tinh=qn2

( q12'q22! - - Gn2! ) /
guts s gintgal e gant - gl ! Aqir+azr+tan1iryse g (7)

CW(Q11+1121+"'+11711)(Sﬂ'(unrqzlJr---Jrqm)) e

Cw(r1+»--+rh+1)(Sw(r1+»--+rh+1))[pnhAn(Th)]j”h' e

[p2n A2 (70)172" [p11 A (T0)]7" Oy oepr) (S o))
Crry41) (Sr(r1 1)) [Pr1 An (1)1 - - [p21 A (1) ]2

(P11 A1 (7)) Cr ) (S(m)) - C1) (82(1))

(M({U X X :ugznl)(dslv M) d8q11+“'+Q711)
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- X Y o Y (e
q11'q12!g21!g22! - - - @1 !gna!

qi11+q12=m1 g21+g22=m2 dn1+tqn2=mnp

2. 2.

TESqy1+as1+-+any M1 Frhr1=q11+q21++qn1

Jiit-+Jjin=qi2 J21+--+Jj2n=q22 Jnit - tinh=4qn2

( q12!g22! - - - gna! >/
Jul-gntiarl - ganl e dnaldnnt ) Jag s gt ()

Ai(s1) - Ar(Sqry) A2(8qui+1) + A2(Sqrr+gan)
An(Sqittagm1y+1)  An(Sq1y 1ot gun ) [Pr1 An (1) - -

[p21 Aa ()12 [p11 Ar (7)1 -+ [pn A (7)) - - -

[pon Az ()12 [prn A (1) (™ - < pdrt) (s, -y dsgyy 4 otgn)

- >y ey ()
q11'q12!g21!g22! - - - qn1!gn2!

q11+gi12=m1 g21+q22=m2 dn1t+qn2=mn

Jrit+iin=q12 j21++Ji2n=q22 Jn1t o tIinh=qn2
< q12'q22! - - - Gn2! >
Jul- gty gl dnale o dna!
/ Al(sl)"'Al(sqn) AQ(SQ11+1)"'
[O,T]Q11+4121+-“+qn1
A2(8q11+q21) T ATL(SQ11+~'-+q<n—1)1+1) T AH(SQ11+---+qn1)
(P11 AL (T0)71 -+ [p1a AL (7)) [p21 A (1) - -

[thAZ (Th)]th e [pnlAn (Tl)]jnl e [pnhAn(Th)]jnh

(N’lfll XX M%ﬁl)(dsh ) dsqu+~-+qn1)

h q12

Z mq! [ o Al(s),ul(ds)] lZplix‘h(Ti)

| |
q11+q12=m1 d11-qr2: i=1
| dn1 h
my,!
_— A, (s ds PniAn (T
Z Qn1!Gn2! [ [0,7] (8 (d5) |Jz_; nidn(73)

gnit+gn2=mn

h
/[07T]A1 (S)Ml(dS)Jr;PuAl (7i)

= Ai(s)Ai(ds)| --- n(8)An(ds
[/M () (ds) V[O,T]A”“d)

We obtain the result. O

qn2

mi Mn

h
/{QT]An<s>un<ds>+;pmz4n<n>

Mn
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3. Stability properties

In this section, we obtain stability properties for the disentangling map
T}, ,....», which was introduced in the previous section. Let S be a metric space
and let {A;}72, be a sequence of finite Borel measures on S. We say that
A, converges weakly to a finite Borel measure A on S and write Ay, — A if for
every bounded continuous real-valued function f on S we have [¢ f(s) A\x(ds) —
J f(s) A(ds) as k — co. The following result is Lemma 3.1 of [13].

Lemma 3.1. Let n = Z?leién be a purely discrete probability measure on
[0,T] with finite support. Assume that 0 <7 < --- <7 <T. Let
Q; = min{n — Ti—1,Ti+1 — Ti}

fori=1,... h where we take 19 = 0 and 7,41 = T. In each interval (7; —
i, Tita;),i=1,..., h choose sequences {Tik}z‘;l. For eacht=1,...,h choose
a sequence {p;r}72, such that n, = Z?:l Dik0r,. 18 a probability measure for
each k. Then n, — n if and only if

Dik — P and T — T if pi #0,
pik — i and {7k}, bounded  if p; =0
fori=1,... h.
First we consider the disentangling map for P™>™n (A1 (-], ..., An(:)).

Theorem 3.2. Let A;:[0,T] — L(X) be continuous with respect to the norm
topology on L(X) for each 1 = 1,2,...,n. And let \1,..., N\, be finite Borel
measures on [0,T] such that

AL = +m
forl=1,...,n where p; is a continuous probability measure and n; is a finitely
supported discrete probability measure for each l. Let {ri,...,7} be the set
obtained by taking the union of the supports of the discrete measures 01, ...,y
and write
h
m = Zpliaﬁ
i=1
for each | = 1,...,n. Choose sequences {jur}pe,,l = 1,...,n of continuous
Borel probability measures on [0, T] such that pyr — p;. Also choose sequences
{52 .l = 1,...,n of discrete probability measures on [0,T] as in Lemma

3.1 such that py, — p; i.e., write

h
k
Mk = Zpli(sﬂ'k y
i=1

where, as in the Lemma 3.1, pﬁ — pi; and T, — T; as k — oo for all 4,1
assuming that for p;; # 0 for alli,l. Finally let \jp, = e +mi forl=1,...,n.
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Then for any nonnegative integers my, ..., my, and for any A € L(X)*

leII;O AP (A (4), .o An()))

A1k'7-<~7)\nk7

= AP (A, An())-
Proof. We see that for any A € £L(X)*

AP nr (ALC) s An () = AP (Aa (), -5 An())

Alkye s Ank

l... |
<Y Y Y ()
q11'q12'g21'q22! - - - @nilgna!

qi1+tgi12=m1 g21+g22=m2 qni+gn2=mny

2 D

TESqy 1 +ag1+ - +an, T1H - FHrhr1=qr1+q21++qn1

Jiit-+Jjin=qi2 jo1+-+j2n=q22 In1it o +Iinh=qn2
( q12'q22! - - - gna! )
Julgnlgert - gan! o gnal e dnn!

A

A(Cr(gir+g21+-+an1) (Sm(@rrtaz+-tann))

Crn(ratortrnt1) (Sn(rstootrn+1)) [P An (Tar) 77 - - [P5y A (T ) 172"
[P A1 (i) 7 Con oy o) (S 1 o))+ Conry 1) (S 1))
[Pl A (T1e) 7 -+ D5y Ao (1) P2 [P A1 (1) Corr) (Smry)) <+

C’w(l)(871'(1)))(/1'(1121 X X M?;i;l)(dsla teey dsq11+Q21+“'+qn1)

g

A(CW(Q11+1121+"'+qn1)(57r(q11+qzl+"'+lIn1)) T

Cor(ryttrnt1) (Sn(rrtotrn+1)) [Prn An ()77 - - [pon Ao (1) 172"
P1a AL (T Corry o) (S bt Oy 1) (S 41))
[Pr1An (10 -+ [p21 Ao (7)) [p11 A1 (7)1 Cr ) (Sry)) -
Cry (e ) (1™ X X ) (dss o, dSgyygor oot )|

a11+921+ Fan1iT1 Tha1 ()

q11+a21+ +an1iT1 o Th41 (7")

Foreachl=1,...,n,0=1,...,h, pfi — pi; and T, — T; as k — 0o. Hence
since A; is continuous we have

P A(Tik) — piAi(Ti)
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as k — oo. Therefore, we have, for any A € £(X)*

XAqyq+agt+otan1irg s rhﬂ(77)A(Cﬂ(q11+q21+~~+qn1)(sw(q11+q21+-~+qn1)) T

Corrytotrat)) Sxirrtotr 1) Pn An (Tai) 7" - - [y, Ao (T )2

1 A1 (T )P o) (S otra)) - Gy 41 (S 1))

[Ph1 An ()1 -+ D5 A2 (711) 72 [P AL (T10) 171 Conryy (Sm(r)) -+

Cray(srn)))  —

XAgyy+any 4o +an1iryes rh,+1(W)A(Cﬂ(tIquqzlJr---Jrqnl)(Sﬂ(q11+q21+---+qn1)> e

Cﬂ(r1+~~+rh+1)(sw(r1+~~+rh+1))[PnhAn(Th)]j”h T [p%A?(Th)]j%

P1r AL (TR) Cr ey 1) (Smra4trn)) * Corra41) (S 41))

1 An ()l - - P21 Az (1) P2 P11 A1 (7)) Cr ) (Sm(r)) -+

Cr1) (82(1)))
uniformly on [0, T]9+Fant - {580 x o x pn1} is a sequence of continuous
probability measures on [0,7]% 1+ Tdn1 gince each term in the product is a
continuous probability measure. And [0, T]911 7+t ig gseparable. By Theorem

3.2 of [1] pft x -+ x pdnt — pd** x - x pdnt since pig — p; for each 4. Hence
we have, using Lemma 3.2 of [13],

lim
k=00 JA g1 tani b tansirns sy (7)

A(Cr(gr1+a1+-+an1) (Sr(gur+aa+-+an1)) "
Cor(rstotrn41) (St +1) [P A (Thr) 7 - - [phy, Ag (s )2
[P AL (Thi) Corry o) (Smerbootrn)) - Conra41) (S 1))
[Ph1 An ()l -+ P51 Aa (7)1 [pF1 As (T10) 7 Cre(r) (Sm(ra)) -+

Cor () (Sr(1))) (B X oo x pdm Y (dsy, . .., dSgyy 4 +-+an1)

-,

A(Cﬂ'(unrqur'“Jrqnl)(Sﬂ(q11+q21+“'+qn1)) T

Crrytotrn+1) (Sn(ryttrnt 1) [PrnAn (T0) 7 - - [pan Az ()2

ar1+a2i+ -t an1irtorp g (7)

P1a AL (TR)1 Cr(ry o) (S trn)) - Oy 41y (S 41))
[Pr1An(m)" - [p21 Ao (1) [pr1 A1 (7)1 Crir ) (S (ry) - -
Cw(l)(sw(l)))(:u’lin X X M{rzzm)(dsh Tt dsqu+qz1+~-+qn1)'

Hence the conclusion follows. O

The following results can be obtained easily.
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Lemma 3.3. Let A1,..., An, Aky---5 Ank, k= 1,2, ... be finite Borel measures.
Suppose forl =1,2,....n

T =sup{r, T, .o, Vs ...} < 00,

where rl:f[QT] [|1A;(s)|| [\i](ds) and rlk:f[o,T] [|A:(s)|| | \ik|(ds). Then for any

fe Ay, 7), f((ALC), AT (An (), An)) € D((AL(), A1) - (An(),
?nyl) anz f((lA%()a )‘Ucy/a ceey (An()a )\nkﬂ S ]D)( (Al()v )\116)‘; ey (An()v )\nkn
orany k=1,2,....

Theorem 3.4. Let the hypotheses of Theorem 3.1 be satisfied. Further suppose
that for each 1 =1,2,...,n and k = 1,2,..., 7,7, T are given as in Lemma
3.3. Let Ty, ...x,,. denote the disentangling map corresponding to the k" term
of sequences of measures. Then for any f € A(T1,...,Tn), and for any A €
L(X)*

kli_)n;oA<7;\1k;~w/\nk f((A1<)7 )‘lk)v? B (An()? )‘nk)v))
= A(Izj\l,...,)\,Lf((Al(')7 AIYa ey (An()a )‘n)v))
Proof. We have

|A(’T>\1k,<-.7x\nk f((Al()7 AlkY) R (An()7 Anky))
- A(Izdkl,...)\nf((Al(')v )\1)Va EERE (An()a )\n)"))|

o0

< ) lemma AP (AL, - An()

mi,...,mp=0

S AP (AL, A (D)

ey

Note that

> lemm,

— AP (AL (), A ()]

AP (Ar()s 5 An())

.....

< S femum AP (A, An ()]
miy,...,my,=0
B (A A O]
<IAL S e [I / ENBIEAICEIE

miy,...,mpy=0 ’

[/[O,T] [1An ()l Anl (@)™ +1 / A (@)™

)

[/[O,T] [1An(s)l] |/\n|(ds)]mn]
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(oo}
=IAIL D lempmal [F1R - e -]
mi,...,Mp, =0
oo
< 2[[A] Z |Cma e | T TR

M yneeyMyy =0

Since 3% o _olCmy,m, [F1" - T < 00, by Theorem 3.2 and the Lebes-
gue Dominated Convergence Theorem, we obtain a result. O
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