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INTUITIONISTIC FUZZINESS OF STRONG HYPER
K-IDEALS AND HYPER K-SUBALGEBRAS
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ABSTRACT. Intuitionistic fuzzifications of strong hyper K-ideals and hy-
per K-subalgebras in hyper K-algebras are discussed, and related prop-
erties are investigated. Relations between intuitionistic fuzzy hyper K-
subalgebras, intuitionistic fuzzy weak hyper K-ideals and intuitionistic
fuzzy strong hyper K-ideals are provided.
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1. Introduction

‘The study of BCK-algebras was initiated by K. Iséki in 1966 as a generaliza-
tion of the concept of set-theoretic difference and propositional calculus. Since
then many researches worked in this area. The hyperstructure theory (called
also multialgebras) is introduced in 1934 by F. Marty [10] at the 8th congress
of Scandinavian Mathematiciens. Around the 40’s, several authors worked on
hypergroups, especially in France and in the United States, but also in Italy,
Russia, Japan and Iran.

Hyperstructures have many applications to several sectors of both pure and
applied sciences. Recently in [9] Y. B. Jun et al. introduced and studied
hyperBC K-algebra which is a generalization of a BCK-algebra. In [1] and [9]
R. A. Borzooei et al. constructed the hyper K-algebras, and studied (weak)
implicative hyper K-ideals in hyper K-algebras.

In [7] and [8] Y. B. Jun et al. studied the fuzzy (implicative) hyper K-
ideals in hyper K-algebras. Y. B. Jun et al. [6] introduced the notion of fuzzy
(weak) implicative hyper K-ideals, and investigated related properties. They
gave relations among fuzzy weak implicative hyper K-ideals, fuzzy implicative
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hyper K-ideals, and fuzzy hyper K-ideals. In [4], R. A. Borzooei and Y. B. Jun
studied intuitionistic fuzzy hyper BCK-ideals of hyper BCK-algebras.

In [2], R. A. Borzooei and Y. B. Jun discussed intuitionistic fuzzifications
of (weak) implicative hyper K-ideals in hyper K-algebras. They gave relations
among intuitionistic fuzzy hyper K-ideals, intuitionistic fuzzy weak hyper K-
ideals, intuitionistic fuzzy implicative hyper K-ideals and intuitionistic fuzzy
weak implicative hyper K-ideals. They provided conditions for an intuitionistic
fuzzy hyper K-ideal to be an intuitionistic fuzzy implicative hyper K-ideal, and
also discussed conditions for an intuitionistic fuzzy weak hyper K-ideal to be
an intuitionistic fuzzy weak implicative hyper K-ideal.

In this paper we consider the intuitionistic fuzzifications of strong hyper K-
ideals and hyper K-subalgebras in hyper K-algebras. We give relations between
intuitionistic fuzzy hyper K-subalgebras, intuitionistic fuzzy strong hyper K-
ideals and intuitionistic fuzzy weak hyper K-ideals.

2. Preliminaries

We include some elementary aspects of hyper K-algebras that are necessary
for this paper, and for more details we refer to [3] and [11]. Let H be a non-
empty set endowed with a hyper operation “o”, that is, o is a function from
H x H to P*(H) = P(H) \ {0}. For two subsets A and B of H, denote by

AoBtheset |J aob.
acAbeB
By a hyper I-algebra we mean a non-empty set H endowed with a hyper

operation “o” and a constant 0 satisfying the following axioms:

(H1) (zoz)o(yoz) <zoy,

(H2) (zoy)oz=(z0z)0y,

(H3) z <z,

(H4) r<yand y <z implyz =y
for all z,y, z € H, where z < y is defined by 0 € z oy and for every A, B C H,
A < B is defined by Jda € A and 3b € B such that a < b. If a hyper I-algebra
(H,0,0) satisfies an additional condition:

(H5) 0 <z for all z € H,
then (H,o,0) is called a hyper K-algebra (see [3]).

In a hyper I-algebra H, the following hold (see [Proposition 3.4]):

(al) (AoB)oC=(AoC)oB. (a2) zo(zoy) <y.

(a3) zoy<z& 202 <Y (ad) Ao B<C & AoC < B.
(aB) (zoz)o(zoy) <yoz. (a6) (AoC)o(BoC)< Ao B.
(a7) Ao (Ao B) < B. (a8) A < A.

(a9) A C B implies A < B.

for all z,y, 2 € H and for all nonempty subsets A, B and C of H.
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A nonempty subset I of a hyper K-algebra H is called a weak hyper K-ideal
of H (see [3]) if it satisfies

(I1) 0el,

(12) (Vz,ye H) (zoyCIl,yel = zel).

A nonempty subset I of a hyper K-algebra H is called a hyper K-ideal of H
(see [3]) if it satisfies (I1) and

(Vz,ye HY(zoy =<1, yel = z€l). (2.1)

A nonermpty subset I of a hyper K-algebra H is called a strong hyper K-ideal

of H (see [5]) if it satisfies (I1) and

(Vz,ye H)((oy)NI#£0, yecI = zel). (2.2)

3. Intuitionistic fuzzy strong hyper K-ideals

In what follows let H denote a hyper K-algebra unless otherwise specified.
An intuitionistic fuzzy set (IFS, for short) in H is an expression « given by

a = {(z, pa(2), 1a(z)) | = € H}
where the functions pq : H — [0,1] and v, : H — [0,1] denote the degree of
membership (namely uq(z)) and the degree of nonmembership (namely v, (z})
of each element z € H to a, respectively, and
0 < pa(z) +7a(2) <1

for all z € H. For the sake of simplicity, we shall use the notation o =
(H, pas Vo) instead of o = {{z, pa(z), Ya(z)) | ¢ € H}. Let a = (H, fia, Vo) be
an IFS in H and let m,n € [0, 1] with m 4+ n < 1. Then the IFS C(, »y in H is
defined by C(mn) () = (m,n), ie.,

KCpn,my () =m and VYComimy (x)=n
for all z € H. The representation “a(z) > (m,n)” means that pq(z) > m and
Ya(z) < n. Then the set

O = {:1: e H|alz)> c(m,,,)(x)} = {r e H | pafz) 2 m, 1(e) < n}

is called an intuitionistic level set of o in H.

Definition 3.1, AnIFS o = (H, to,7e) in H is called an intustionistic fuzzy
strong hyper K-ideal of H if it satisfies

inf (@) 2 pa(z) 2 min {ua(y), sup Ma(b)},
a€zox bexoy

(3.1)
sup Ya(c) < Ya(z) < max {Wa(y), dggy Ya(d)

cexox

for all z,y € H.
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Example 3.2. Let H = {0,a,b} be a hyper K-algebra with the following
Cayley table:

olO a b

o] {o} {o} {0}
a|{a} {0} {a}
b {6}y {b} {0,0}

Define an IFS o = (H, po, o) in H by

_{y 0 a b 0 a b
*=\"\0603 06/ \008°05°008//

Then a = (H, fia, Vo) is an intuitionistic fuzzy strong hyper K-ideal of H.

Proposition 3.3. Every intuitionistic fuzzy strong hyper K-ideal o = (H, i, Vo)
of H satisfies the following assertions.

(1) (Vo € H) (5a(0) > a(2) & 7a(0) < 7a(2))-

(i) (va,y € H) (¢ <y = al®) 2 halt) & 7a(2) < 7%())-
(iii) For all z,y € H and a € z 0y, we have

pa(z) 2 min{pa(a), ha(y)} & Ya(z) < max{ya(a), va(y)}-
Proof. (i) Since 0 € z oz for all z € H, we get
pa(0) 2 inf ia(a) 2 pa(2),
72(0) < sup 7a(a) < 7a(@)

a€ETOT
for all x € H. Thus (i) is valid.
(ii) Let z,y € H be such that z < y. Then 0 € z oy, and so

sup fia(u) > pa(0) & U'g;ﬁy Yo (V) £ 72(0).

ucroy

It follows from (3.1) and (i) that

fa(z) > min {ua (y), sup fq (U)} > min{pq(y), ta(0)} = pa(y),

uEroy

o) < max oo 0), ot 200)} < mex(ra )12 (0)) = 70(0)

(iii) For any z,y € H and a € z o y, we obtain

bexoy

fia(z) > min {ua(y), sup ua(b)} > min{a(y), ta(a)},

Yo (z) < max {% (), dérgy 7a(d)} < max{¥a(¥), Ya(a)}-

Hence (iii) is valid. O
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Corollary 3.4. For every intuitionistic fuzzy strong hyper K-ideal a = (H, oy, Yo )
of H, we have

pa(e) 2 i a0, 1 a(@) .

7a($) < max {'Ya(y)a Sup Ya (b)}

bezoy
for all z,y € H.

Proof. Since pq(a) > inf pe(u) and y4(a) < sup v4(v) for alla € zoy, the
uezroy vEzoy

result follows from Proposition 3.3. ]

Theorem 3.5. If a = (H, o, Ya) 18 an intuitionistic fuzzy strong hyper K-

ideal of H, then the nonempty intustionistic level set Hém’n) is a strong hyper

K-ideal of H for all m,n € [0,1] withm+n < 1.

Proof. Let m,n € [0,1] be such that m +n < 1 and H™™ # 0. Then there
exists £ € HI™™ and so

az) > Cimm)(x), e, pa(z)>m and vu(x) < n.
Using Proposition 3.3(i), we get
pa(0) > pia(x) 2 m and 74(0) < 7afz) <,

which imply that 0 € H{™™. Let z,y € H be such that y € H{™™ and
(oy)NH™™ £ (. Then there exists b € (zoy) N H{™™, and hence b € oy

and a(b) > Cim,n(b), that is, pe(b) > m and 7,(b) < n. It follows from (3.1)
that

lial) > min {uaw), —_— (u>} > min{ia(y), Ha(b)} > m,

u€xoy

0(@) < mox {1000, Jnf 0)| < mexCra(0) 700} <7

so that z € H{™™. Therefore H™™ is a strong hyper K-ideal of H. O

Definition 3.6. An IFS a = (H, ua,7s) in H is called an intustionistic fuzzy
hyper K-subalgebra of H if it satisfies:

aélgl}f‘;y ta(a) > min{pa(z), pa(y)}

sup Y (b) < max{va(z), 7a(y)}
bezoy

(3.2)

for all z,y € H.
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Lemma 3.7. [3] Let S be a nonempty subset of H. Then S is a hyper K-
subalgebra of H if and only ifzoy C 8 for all z,y € S.

Theorem 3.8. An IFS o = (H, pa,Va) 0 H is an intuitionistic fuzzy hyper

K-subalgebra of H if and only if the nonempty intuitionistic level set Hém’”) 18
a hyper K-subalgebra of H for all m,n € [0,1] withm+n < 1.

Proof. Suppose that a = (H, o, Vo) is an intuitionistic fuzzy hyper K-subalgebra
of H and let m,n € [0,1] be such that m +n < 1 and HY™™ # 0. Let
z,Yy € H&m’n). For any a € x oy, we have

Hala) 2 nf po(u) 2 min{iso(w), po(t)} 2 m,

Yala) < S Ya(v) < max{7a(z), %(y)} < n.

Thus o € H{™™, which shows that z oy € H{™™. Hence H{™™ is a hyper
K-subalgebra of H by Lemma 3.7. Conversely suppose that H&m’")(# 0) is
a hyper K-subalgebra of H for all m,n € [0,1] with m +n < 1. Let k :=

min{uq(z), pa(y)} and ! := max{ya(z),Va(y)}. Then z,y € H | and so
zoy C HEY. It follows that pal(z) 2 k and v, (2) <1 for all z € z oy so that

inf ,U'a(a) 2 k= min{/‘a(l‘L Na(y)}y
a€xoy

sup Yo (b) <1 =max{7a(z), 7a(v)}-
bExoy

Hence o = (H, {4, Vo) is an intuitionistic fuzzy hyper K-subalgebra of H. [J
Lemma 3.9. [5] Every strong hyper K-ideal is a hyper K-subalgebra.

Theorem 3.10. Fuvery intuitionistic fuzzy strong hyper K-ideal is an intuition-
istic fuzzy hyper K-subalgebra.

Proof. Let a = (H, pta, 7o) be an intuitionistic fuzzy strong hyper K-ideal of
H. Then the nonempty intuitionistic level set Hém’n) is a strong hyper K-ideal
of H for all m,n € [0,1] with m +n < 1. By Lemma 3.9, H{™™ is a hyper
K-subalgebra of H. It follows from Theorem 3.8 that a = (H, pa,7,) is an
intuitionistic fuzzy hyper K-subalgebra of H. g

The converse of Theorem 3.10 is not true as seen in the following example.
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Example 3.11. Let H = {0,a,b} be a hyper K-algebra with the following
Cayley table:

) | 0 a b
op{o} {o} {0}
a|{a} {0,a} {0,a}

bl {b} {a,b} {0,a,b}
Define an IFS o = (H, pta, Ya) in H by

o=(m (2, 2 by (0 a b
~\"'\0.6’0.6"0.2/\0.08°0.08°0.7//"

Then o = (H, [ta, Vo) is an intuitionistic fuzzy hyper K-subalgebra of H. But
it is not an intuitionistic fuzzy strong hyper K-ideal of H since

pa(b) =0.2 < 0.6 = min{ua(a), sup ua(u)}

u€bhoa

and/or

e (b) = 0.7 > 0.08 = max {%(a), inf 'ya(v)} :

vEboa

Lemma 3.12. [2]| Every intuitionistic fuzzy hyper K-ideal is an intuitionistic
fuzzy weak hyper K-ideal.

Theorem 3.13. Every intuitionistic fuzzy strong hyper K-ideal is an intuition-
istic fuzzy weak hyper K-ideal.

Proof. Let a = (H, tio, Ya) be an intuitionistic fuzzy strong hyper K-ideal of
H.Let z,y € H besuch that z < y. Then 0 € zoy, and so sup pq(u) > pa(0)

u€roy

and ienf Yo (V) < 74(0). It follows from (3.1) and Proposition 3.3(i) that
vETOY

Halz) 2 min{ua(y),uséligy ua(U)}
> min{pa(y), pa(0)} = paly),
0@ < mox{rali) it 1000}
< ma'x{'Ya(y)a'Ya(O)} = Ya(y)-

Obviously, we have

pia(z) > min {ua(y), sup ua(a)}

acxoy

min {,ua(y), inf ua(a)},

acroy

Y%
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IA

Yo () max 3 Ya (), if Ya(b)
Exoy

IN

max ’Ya(y), sup 7a(b)
bezoy

Hence a = (H, itq, Vo) is an intuitionistic fuzzy hyper K-ideal of H, and thus
a = (H, o, Vo) s an intuitionistic fuzzy weak hyper K-ideal of H by Lemma
3.12. ]

Note that the IFS a = (H, tia, Vo) in Example 3.11 is also an intuitionistic

fuzzy weak hyper K-ideal of H. Hence the converse of Theorem 3.13 is not true
in general.
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