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Abstract

The adaptive symbol selection scheme(ASSS) is popular in reducing peak to average power ratio(PAPR) for ortho-
gonal frequency division multiplexing(OFDM) signals. The probability density function(pdf) of the samples’ ampli-
tudes of the adaptively selected OFDM signal without over-sampling has been considered to be approximately equal
to the Rayleigh pdf. In this paper, we derive a more precise pdf which shows the relationship between the probability
distribution of the samples’ amplitudes and the number of the candidate symbols for ASSS. Using the newly derived

- pdf in the theoretical analysis, more accurate calculation results can be obtained.
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[ . Introduction

Orthogonal frequency division multiplexing(OFDM) is
considered to be a promising technique for wireless mo-
bile communications. However, OFDM has a serious peak
to average power ratio(PAPR) problem. There are many
PAPR reduction techniques which are currently used to
solve the PAPR problem'!. For example, clipping
technique'! is the typical distortion technique, while the
selected mapping(SLM) technique and the interleaving
technique''! are the typical distortionless techniques. Both
SLM and interleaving technique use an adaptive symbol
selection scheme(ASSS) in which one OFDM symbol with
the smallest PAPR is selected from a number of sta-
tistically independent reference OFDM symbols'. In the
previous works, for the adaptively selected OFDM sig-
nal without over-sampling, the probability distribution of
the samples’ amplitudes is considered as the Rayleigh
distribution®”, and the exact probability density function
(pdf) is derived in [3]. However, the computer simulation
shows that the exact pdf significantly increases the
calculation difficulty. Therefore, in this paper, we derive
an approximated pdf for the samples’ amplitudes of the
adaptively selected OFDM signal. The newly derived
pdf shows the effect of ASSS on the probability
distribution of the samples’ amplitudes. By using the
derived pdf in the analysis of bit error rate (BER)
performance for the adaptively selected OFDM signal,
we can obtain more accurate calculation results than

using Raleigh pdf and less calculation difficulty than the
exact pdf.

: Adaptive Symbol Selection Scheme, Clipping, PAPR Reduction, OFDM.

Il . Backgrounds

An OFDM symbol can be expressed as the sum of
many independent symbols modulated onto subchannels
of equal bandwidth. Let X«(k=0, 1, ---, N—1) denote the
input data symbols whose period i1s 7. Then the complex
representation of an OFDM symbol 1s given as

x(t):EXk-eﬁ”k“ﬁ, 0<t<NT

P (1)
where N is the number of subcarriers, and Af~1/NT
is the subcarrier spacing. The samples are denoted by
x,(n=0, 1, -+, N—1) for the OFDM symbols with the
Nyquist rate. The amplitude of the nth sample of an
OFDM symbol is given as r, =|x,|. If N is a sufficiently
large number, r, is considered to be approximately equal
to a Rayleigh random variable with pdf*.

xn

2r, _,2p

e I m
P, 120 )
where P;,=2¢7 is the input power of the OFDM signal.
The PAPR of the OFDM symbol is defined as the ratio

of the peak power and the average power.

2 2
mEax[r;n :| = ma;[rn :|, ne(0,N-1]

[F ] in (3)
where E[ + ] denotes the statistical expectation function
and max[ - ] gives the peak amplitude among the sam-
ples. For one OFDM symbol, the probability of the peak
amplitude being smaller than a given threshold W can

fR(rn) =

PAPR =
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be obtained by [4]

JL;}(I’V)=P1‘(ntlax v, <W)=--Pr(r0 < W)-Pr(rl < W)

0<n<N

, N
_{y_ -wp,
Pr(rN_l<W)—(l e ) . (4)
Thus, the cumulative distribution and the complemen-
tary cumulative distribution of the peak amplitude can be
respectively given as

R()=(1-e"") (5)

and

F () 21-F(1)=1-(1-¢""" )" 6)

One of the simplest methods to reduce PAPR might
be deliberate clipping. Deliberate clipping limits the sam-
ples’ amplitudes of the input OFDM signal to a prede-
termined value. The amplitude of the nth output sample
of the clipped OFDM signal is given as

. Al forr <W
y =
AW, forr, 2W (7)

and the power of the clipped OFDM signal therefore
becomes

Pu=E[7 |= [ RSy, (®)

Equation (7) shows that deliberate clipping is a me-
moryless nonlinear transformation. The output of the me-
moryless nonlinear transformation of OFDM signal x,
can be expressed as [2]

X, =ax, + dn (9)

where d, is the distortion term uncorrelated with x,, and
@ 1s an attenuation factor, is expressed as

_E, , |r.cosg,F cosg,]
2

o

- 2, 1
| (Y, [ cos’ g, -~ d,

o’ (10)
where ¢, 1s a random variable which has uniformly distri-
bution on [0,27). As derived in [2], the signal-to-noise-
plus-distortion-ratio(SNDR) of the clipped OFDM signal
X,can be presented as

2
a’P,

SNDR = -
P,—-a'P +N, (11)

ot

where N is the total variance of the AWGN. Therefore,

the BER of QPSK OFDM signal after deliberate clipp-
ing can be given as
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R, = 0(VSNDR) (12)
where O(%) = (1 2)erfe(x/N2)=(UN2r) [ at

[II. pdf of the Amplitudes of the Adaptively Selected
OFDM Signal Samples

Deliberate clipping can be used with ASSS to obtain
effective PAPR reduction and moderate system comple-
xity' ). The clipped-adaptively-selected(CAS) OFDM sig-
nal is the output of clipping an adaptively selected OFDM
signal with ASSS. In ASSS, one OFDM symbol with the
smallest PAPR is selected from M statistically indepen-
dent OFDM symbols. In the previous work”, the pdf of
the peak amplitude of the selected OFDM signal sam-
ples was considered to be same as that of the non-selec-
ted OFDM signal. However, we found this consideration
is not very precise. In the simulation test, we randomly
generated 1 million non-selected OFDM symbols and 1
million adaptively selected OFDM symbols, then the pro-
bability distributions of their samples amplitudes were
observed. Fig. 1 shows that the probability distribution
for the non-selected OFDM signal can be approximated
as the Rayleigh distribution, and the probability distribu-
tion for the adaptively selected OFDM signal has little
difference from the Rayleigh distribution. |

As given in [2], the probability of the peak amplitude
of the selected OFDM symbol exceeding the given thre-
shold W can be given as

Fy (W) =Pr( min 1, > W )=Pe(, > W)Pr(l, >W)--

1€m=M

Pr(l, > W)=(1—F,,ml(W))M | (13)

where [, is the peak amplitude of the mth OFDM sym-
bol and F, (/) is the complementary cumulative distri-
bution of /. Therefore the cumulative distribution of the
peak amplitude of the selected OFDM symbol can be
given as

F(1)=1-F (1)=1-(1-F,_ (1)) (14)

For the adaptively selected OFDM symbol without over-
sampling, there are N statistically independent samples
for one OFDM symbol period. Just as in (5), equation
(14) can be also expressed by multiplying N cumulative
density functions. Since these cumulative density func-
tions are considered to be same for all samples of one
OFDM symbol, the cumulative density function of the
amplitude of the nth sample can be calculated from (5)
and (14) as

Pr(r, < )= (RO = (1-(1-F, ()" -

/N

{1—(1—(1—8”“%" )N ]M} . (15)
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Fig. 1. Probability distribution of samples’ amplitudes(QPSK
modulation, 64 subcarriers).

By calculating the derivative of the function (15) and
substituting », for /, we obtain the pdf of », as

\ ) P,

( 2.0 \V Y- 2r 2,
—z(1-(1-ewn) ) Zegin

\ y, P

.2’__P NTACO e
Z=M-(l—(l~(1—e’*’m) ) ] .(1_6—1; P) (16)

To verify the validity of the pdf expression in (16),

we confirmed that the integral [ /(%) becomes 1. From
(16), we can see the relationship between the probability
distribution of the samples’ amplitudes and the number
of the candidate OFDM symbols for ASSS. Computer si-
mulation shows the calculation of equation (16) with
large value of N is difficult by using conventional per-
sonal computer. For example, when N=64 and r,<1, we
can get

A =(1—(1—(1-e-rﬁfa )"" ]M Jml = +00 (1

and

B=(i-e?n) " 5 0 "
Because 4 is a very large number which 1s over the
memory limit of computer, the computer cannot show
the value of 4, and approximates 4 as an infinitely large
number. Therefore, Z=M-4-B is approximated as an in-
finitely large number. Consequently, f,(~,) is considered
as an infinitely large number for 7, <1. Obviously, this
result is not correct. To overcome the problem caused
by the approximation of computer for 4, we try to find
a new expression for equation (16). Observing the distri-

bution of f.(r,) with a smaller N, we find that the shape
of fx(r,) is very slightly affected by Z, and Z mainly

changes the scale of f.(r.). Therefore, we can presume
Z 1s a constant number and approximate equation (16) as

_ = 2/p A 2’;, -r.2/P,
];(r,,)zﬂz(’"n)=a'(l_(1“e_r" m) ) -?e o (19)

e WY 28 e
where azl/(f(l—(l—e ”KPM) ] 1: ° nﬂ?ﬂaﬁ;}.

in

Computer calculation shows that when N is a large
number and 7 <1, g is not over the computer’s memory

limit. Therefore, we can obtain a limited value of fr(7,)
for 7, <1,

IV. Simulation Result

We verify the validity of the presumption and mea-
sure the error of derived pdf by a computer simulation.
We randomly generated 1 million adaptively selected
OFDM symbols with M=2, 4, and 8, respectively. The
exact probability distributions of their samples’ ampli-
tudes were observed, where the sampling rate 1s 10. We
sampled the Rayleigh pdf and corresponding derived
pdf, and calculated the mean square errors(MSE) of the
pdf to the exact probability distributions. In Table 1, we
can see the MSE of derived pdf to the exact probability
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distribution 1s obviously smaller than the MSE of
Rayleigh pdf to the exact probability distribution. As the
candidate symbols for ASSS increases, the difference
between exact probability distribution and the Rayleigh
pdf becomes larger. From the table, we can see MSE of
Rayleigh pdf increases as M increases. But the diffe-
rence between the derived pdf and the exact probability
distribution always maintains at a smaller level, regard-
less of changes of M.

Fig. 2 shows the normalized pdf f3(%,) and f,(r,)
with N=64 and M=4, and compares them with the
probability distribution of samples’ amplitudes for adap-
tively selected OFDM symbols given in Fig.1(a). We
can see that the derived pdf is more close to the real
probability distribution than the Rayleigh pdf. We app-
lied the derived pdf in the BER analysis for CAS OFDM
signal. Substituting (19) into (8), (10)~(12), we can calcu-
late more accurate BER performance for CAS OFDM
signal. Fig. 3 shows the theoretical BER performance of
the CAS OFDM signal obtained by using the derived
pdf and Rayleigh pdf, respectively. The clipping ratio(CR)
1s given as the ratio of the maximum permissible am-
plitude and rms power of the OFDM signal for
deliberate clipping. Because the selected OFDM signal

Table 1. MSE of pdf to real probability distribution.

MSE of MSE of
presumed pdf Rayleigh pdf
M=2 1.1536x10~* 2.1401x10~*
M=4 1.1535x10~* 4.3697x10*
M=8 1.1223x107* 7.9880x10 *
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Fig. 2. pdf of the samples’ amplitudes of adaptively selectd
OFDM signal N=64.
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Fig. 3. Theoretical BER performance calculated by using
derived pdf and Rayleigh pdf, N=64 and M=4.

has smaller PAPR than non-selected OFDM signal, the
distortion caused by deliberate clipping is less serious
for selected OFDM signal. We can see that the BER
performance obtained by derived pdf is better than that
obtained by the Rayleigh pdf, and the difference of BER
performances becomes larger as CR increases.

V. Conclusion

In this paper, the probability distribution of the ampli-
tudes of the adaptively selected OFDM signal samples
has been approximately derived. The newly derived pdf
shows the relationship between the probability distribu-
tion of the samples’ amplitudes and the number of candi-
date OFDM symbols for ASSS. By using the derived
pdf in the analysis of the error performance of the adap-
tively selected OFDM signal, more accurate calculation
can be achieved than using Rayleigh pdf. In addition,
the calculation difficulty is significantly reduced com-
paring with using the exact pdf.
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