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Abstract

This paper presents a technique for estimating discharge rating curve parameters. In typical
practical applications, the original non-linear rating curve 1is transformed into a simple linear
regression model by log-transforming the measurement without examining the effect of log
transformation. The model of pseudo-likelihood estimation is developed in this study to deal with
heteroscedasticity of residuals in the original non-linear model. The parameters of rating curves and
variance functions of errors are simultaneously estimated by the pseudo-likelihood estimation(P-LE)
method. Simulated annealing, a global optimization technique, is adapted to minimize the log likelihood
of the weighted residuals. The P-LE model was then applied to a hypothetical site where
stage-discharge data were generated by incorporating various errors. Results of the P-LE model show
reduced error values and narrower confidence intervals than those of the common log-transform linear
least squares(LT-LR) model. Also, the limit of water levels for segmentation of discharge rating
curve 1s estimated in the process of P-LE using the Heaviside function. Finally, model performance of
the conventional log-transformed linear regression and the developed model, P-LE are computed and
compared. After statistical simulation, the developed method is then applied to the real data sets from
5 gauge stations in the Geum River basin. It can be suggested that this developed strategy is applied
to real sites to successfully determine weights taking into account error distributions from the
observed discharge data.

keywords : Discharge rating curve, Heteroscedasticity, Pseudo-likelihood estimation, Non-linear
regression, Simulated annealing, Segmentation of discharge rating curve
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Table 1. The scenarios for the Generation of Errors in Rating Curve

Case Scenarios o, o, 4 6, 0,
1 0.0 0.1 0.90 0.0000 1.0000
2 0.0 0.1 0.95 0.0000 1.0000
3 0.0 0.1 1.00 0.0000 1.0000
None 4 0.0 0.1 1.05 0.0000 1.0000
Segmented
Case 5 0.0 0.1 1.10 0.0000 1.0000
6 1.0 0.1 1.00 0.9901 0.0099
7 2.5 0.1 1.00 0.9984 0.0016
8 5.0 0.1 1.00 0.9996 0.0004
Segmented Case 2.0 0.1 1.00 0.9975 0.0025
Table 2. The Results of LT-LR Model
Scenarios Set B E P Calibration Verification
RMSE PEE RMSE PEE
1 305.79 0.40 1.4938 119.19 0.0564 106.01 0.0689
1 2 299.19 0.40 1.5009 105.61 0.0470 110.69 0.0654
3 302.13 0.40 1.4969 128.40 0.0627 108.79 0.0643
average - - - 117.73 0.0554 108.50 0.0662
1 306.30 0.40 1.5000 182.89 0.0702 159.99 0.0847
9 2 298.44 0.40 1.5000 158.75 0.0650 169.69 0.0813
3 302.37 0.40 1.4967 195.67 0.0815 165.49 0.0810
average - - - 179.10 0.0722 165.06 0.0823
1 307.00 0.40 1.4973 280.92 0.0908 242.93 0.1098
3 2 297.29 0.40 1.5007 238.91 0.0919 261.35 0.1058
3 302.46 0.40 1.4961 297.90 0.1089 253.28 0.1065
average - - - 272.58 0.0972 252.52 0.1074
1 307.83 0.40 1.4992 431.90 0.1219 370.91 0.1518
4 2 295.33 0.40 1.4991 360.18 0.1324 404.50 0.1451
3 302.06 0.40 1.4944 453.12 0.1499 390.53 0.1475
average - - - 415.07 0.1347 388.64 0.1482
1 308.58 0.40 1.5009 664.93 0.1693 569.05 0.2330
5 2 295.42 0.40 1.4835 545.73 0.1957 642.22 0.2186
3 300.23 0.40 1.4896 688.75 0.8771 609.31 0.2231
average - - - 633.14 0.4140 606.86 0.2249
1 322.35 0.42 1.4628 285.37 0.0861 259.64 0.2947
6 2 296.14 0.40 1.5037 239.29 0.1366 258.92 0.7089
3 324.63 0.41 1.4411 292.67 0.1831 300.47 0.3913
average - - - 272.44 0.1353 273.01 0.4650
1 335.74 0.43 1.4338 295.71 0.1279 280.13 0.5819
7 2 300.03 0.41 1.5042 243.41 0.5449 248.71 1.5457
3 352.25 0.43 1.3691 337.16 0.4440 399.81 0.8257
average - - - 292.09 0.3723 309.55 0.9844
1 310.24 0.43 1.5133 297.17 0.1900 243.69 0.4029
3 2 303.64 0.41 1.4919 239.72 0.7654 259.09 2.0108
3 350.43 0.43 1.3689 344.11 0.6316 409.65 0.8468
average - - - 293.67 0.5290 304.14 1.0868
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Table 3. The Results of P-LE Model: CASE 1

Scenarios | Set él éz 5 & B ; P Calibration Verification
RMSE | PEE | RMSE | PEE
1 0.7000 | 0.3000 | 0.88 0.17 | 30663 | 040 | 1.4924 | 119.25 |0.0565| 106.19 |0.0685
) 2 0.0004 | 0.9996 | 1.00 0.05 |299.82 | 040 | 1.5001 | 105.87 |0.0476| 110.19 |0.0650
3 0.0002 | 0.9998 | 0.89 0.12 | 30358 | 040 | 1.4941 | 127.66 |0.0656| 109.47 |0.0660
average| 0.2335 | 0.7665 | 0.92 0.11 - - - 117.59 [0.0566| 108.62 |0.0665
1 0.7310 | 0.2690 | 0.933 | 0.19 |307.70 | 041 | 1.4932 | 182.99 |0.0709| 160.20 |0.0876
) 2 0.0000 | 1.0000 | 1.054 | 0.05 |299.11 | 040 | 15018 | 159.8 [0.0664| 166.39 |0.0811
3 0.0000 | 1.0000 | 0.939 | 0.11 |304.34| 040 | 1.4935| 19552 |0.0863| 165.49 |0.0830
average| 0.2437 | 0.7563 | 0.98 0.12 - - - 179.43 [0.0745| 164.03 |0.0839
1 0.7573 | 0.2427 | 0.98 0.20 | 30897 | 041 | 1.4951 | 281,27 |0.0923| 242.45 |0.1125
5 2 0.0001 | 0.9999 | 1.10 0.05 | 29832 | 040 | 1.5039 | 241.24 |0.0960| 252.19 |{0.1059
3 0.0001 | 0.9999 | 0.99 0.12 | 30538 | 040 | 1.4931 | 298.34 |0.1106| 250.69 |0.1071
average| 0.2525 | 0.7475 | 1.02 0.12 - - - 179.86 [0.0996 | 248.45 |0.1085
1 0.7690 | 0.2310 | 1.03 0.20 | 31061 | 041 | 1.4989 | 432.58 |0.1252| 367.68 |0.1554
A 2 0.0001 | 1.0000 | 1.15 0.05 | 29734 | 040 | 1.5066 | 365.26 |0.1464| 383.48 |0.1463
3 0.0001 | 0.9999 | 1.04 0.11 | 30665 | 040 | 1.4931 | 457.77 |0.1727| 380.51 |0.1496
average| 0.2564 | 0.7436 | 1.07 0.12 - - - 41854 10.1481| 377.23 [0.1505
1 0.7734 | 0.2266 | 1.07 021 |31285| 040 | 15055 | 665.99 |0.1794| 558.70 |0.2401
. 2 0.0001 | 0.9999 | 1.20 0.05 | 29634 | 040 | 15104 | 552.65 |0.2497| 583.34 |0.2231
3 0.0000 | 1.0000 | 1.09 0.11 | 30840 | 040 | 1.4933 | 699.82 |0.2813| 579.24 |0.2311
average| 0.2578 | 0.7422 | 1.12 0.12 - - - 639.49 [0.2368| 573.76 |0.2314
1 0.4623 | 0.5377 | 1.00 011 |321.10 | 042 | 14691 | 202.80 |0.0870| 252.63 |0.3123
6 2 0.9980 | 0.0020 | 1.13 0.84 |299.23 | 040 | 1.4985| 239.39 |0.1630| 25852 |0.7723
3 0.9552 | 0.0448 | 0.95 0.74 | 30695 | 040 | 1.4898 | 297.89 |0.2767| 252.23 |0.6590
average| 0.8052 | 0.1948 | 1.03 0.56 - - - 246.69 |0.1756| 254.46 |0.5812
1 0.8860 | 0.1140 | 1.00 0.24 | 32803 | 042 | 1.4562 | 284.77 |0.2835| 257.90 |0.7830
2 0.9996 | 0.0004 | 1.11 221 29209 | 039 | 15137 | 241.36 [4.4939| 251.62 |3.7465
! 3 0.9914 | 0.0086 | 0.94 1.84 |309.20 | 0.41 | 1.4858 | 296.72 |1.7096| 253.45 [2.1738
average| 0.9590 | 0.0410 | 1.02 143 274.28 [2.1623| 254.32 |2.2344
1 0.9445 | 0.0555 | 0.93 062 | 33512 | 043 | 1.4447 | 285.79 |0.6160| 261.59 |0.3970
g 2 0.9998 | 0.0002 | 1.08 445 | 286.19 | 0.38 | 1.5251 | 242.72 |5.6370| 248.42 |5.3987
3 0.9978 | 0.0022 | 0.93 3.82 | 31786 | 042 | 1.4690 | 292.76 |0.8507| 260.74 |1.4239
average| 0.9807 | 0.0193 | 0.98 2.96 - - - 27376 |2.3679| 256.92 |2.4065
PEES ol &3 wajgie] naol Al 7pe] 02 23 Al 7b 2wl w8 Bl E @e ekl 2

Sl o8 48 Avel BEge
Sk Al 7H FAel g %

71 %k Table 2 ~ 4o YERASATE
|

A8, 2 2

g7Nel AuE] e sl F4AE B s walst
7] $iste] Z4zte] Mﬂg% E—Xgoﬂ uet F4AE

59 Table 62 2+2} H*“‘?J o] Wl mE

816

AO=Z
Gl eI o3 yol F7Hel
o)

A At A
w2} RMSE$}F PEE7F 25 Z71H0] Ax= AL &
ALk b= T2 HAEY] il ogte]l 71l

%= RMSE7} B #opAl= 495 st a4 e
= ofkol 57k o) RMSEZF ¥ 71A3L 9laL, H%o]
PEE= ogkel 57k o S7bskaL glof Rge] Avk=

epdatrtar s

BEKAERSERNE



Table 4. The Results of P-LE Model: CASE 2

Scenarios Set }; &, P 5 2 Calibration Verification
RMSE PEE RMSE PEE
1 0.87 0.11 | 30578 | 0.40 | 1.4941 119.23 0.0567 105.75 0.0690
2 1.00 0.05 | 299.81 | 0.40 | 1.5001 105.93 0.0476 110.22 0.0650
3 0.89 0.12 | 30358 | 0.40 | 1.4941 127.76 0.0656 109.49 0.0660
average| 0.92 0.09 - - - 117.64 0.0566 108.49 0.0666
1 0.91 0.11 306.46 0.40 1.4958 183.01 0.0711 159.48 0.0848
2 1.05 0.05 | 299.13 | 040 | 15017 | 159.74 0.0665 166.49 0.0811
3 0.94 0.11 | 30435 | 040 | 14935 | 19558 0.0864 165.48 0.0830
average| 0.97 0.09 - - - 179.44 0.0747 163.82 0.0830
1 0.96 0.11 | 307.18 | 040 | 1.4992 | 281.45 0.0925 241.19 0.1086
2 1.10 0.05 | 29827 | 040 | 15039 | 241.20 0.0960 252.31 0.1059
3 0.99 0.12 | 30534 | 040 | 14930 | 299.21 0.1184 250.93 0.1071
average| 1.02 0.09 - - - 273.95 0.1023 248.15 0.1072
1 1.01 011 | 30827 | 0.40 | 15046 | 433.08 0.1254 365.89 0.1527
2 1.15 0.05 | 29736 | 040 | 15067 | 364.86 0.1463 383.27 0.1464
3 1.04 0.12 | 306.64 | 0.40 | 1.4930 | 457.49 0.1729 380.69 0.1496
average| 1.07 0.09 - - - 418.48 0.1482 376.62 0.1496
1 1.06 0.12 | 309.92 | 040 | 15129 | 667.07 0.1802 556.39 0.2392
2 1.20 0.05 | 296.28 | 0.40 | 15101 | 55244 0.2496 584.00 0.2230
3 1.09 0.11 | 308.40 | 0.40 | 14932 | 700.33 0.2817 579.39 0.2311
average| 1.12 0.09 - - - 639.95 0.2372 573.26 0.2311
1 0.98 0.09 | 32222 | 042 | 14665 | 283.26 0.0860 254.14 0.2904
2 0.89 023 | 29519 | 040 | 15067 | 240.03 0.1720 255.72 0.8154
3 0.86 030 | 308.12 | 0.40 | 1.4867 | 296.75 0.2624 254.38 0.6310
average| 091 0.21 - - - 273.35 0.1735 254.74 0.5789
1 0.87 022 | 331.03 | 042 | 14512 | 285.23 0.1491 259.37 0.6566
2 0.79 049 | 29090 | 039 | 15126 | 239.85 4.8177 256.87 4.0137
3 0.80 0.48 | 303.11 | 0.40 | 1.4960 | 298.45 2.4382 251.53 3.0229
average| 0.82 0.40 - - - 274.51 2.4683 255.93 2.5644
1 0.83 033 | 32653 | 043 | 14631 | 28225 0.6940 251.84 0.4640
2 0.75 0.67 | 28436 | 037 | 15229 | 239.76 6.9438 256.19 6.7213
3 0.76 070 | 299.36 | 0.39 | 15019 | 298.49 3.2535 251.01 4.2404
average| 0.78 0.56 - - - 273.50 3.6304 253.01 3.8086
Table 5. Comparison with Model Performances with the Various 7
RMSE PEE
4 P-LE(CASE 1) | P-LE(CASE 2) | LT-LR P-LE(CASE 1) P-LE(CASE 2) LT-LR
0.90 108.62 108.49 108.50 0.0665 0.0666 0.0662
0.95 164.03 163.82 165.06 0.0839 0.0830 0.0823
1.00 248.45 248.15 252.52 0.1085 0.1072 0.1074
1.05 37723 376.62 388.64 0.1505 0.1496 0.1482
1.10 573.76 573.26 606.86 0.2314 0.2311 0.2249
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LT-LR
0.1074
0.4650
0.9844
1.0868

0.1072
0.5789
2.5644
3.8086

PEE
P-LE(CASE 2)

P-LE(CASE 1)
0.1085
0.5812
2.2344
2.4065

252.52
273.01
309.55
304.14

LT-LR

P-LE(CASE 2)
248.15
254.74
255.93
253.01

RMSE

248.45
254.46
254.32
256.92

P-LE(CASE 1)

O-l
0.0
1.0
2.5
5.0
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Table 7. Results of Parameters and Performances with Segment Number K
Set| K| 6, 6, | 7| 6. |h| a b ¢ | n |RMSE| PEE | AIC | BIC | Selection
1] 0.8977( 0.1023[1.17) 0.1569| —| 291.33| 0.41]| 1.2660 | 45| 485.98 0.1399| 375.6| 384.6
A 259.99] 042 1.1613 | 17
21 0.0002] 0.9998]1.03| 0.0673]1.92 s1m3l 0771 21166 |23 213.00[ 0.0799| 329.3| 345.5| Preferred
1| 1.0000[ 0.0000{1.37[ 2.3500[ —| 251.40f 0.37| 1.3355 [ 45| 419.94| 0.2422| 372.8| 381.8
B 241.64| 0.40]| 1.1615 | 15
21 0.9994] 0.0006]1.13| 1.5688|1.66 il o34l 19072 120 176.53] 0.1488| 353.9| 370.2| Preferred
1] 0.9961| 0.0039(1.02| 2.0820 - 252.06| 0.37| 1.3773 | 45| 315.36] 0.3524| 391.5| 400.5
C 275.99] 0.39| 1.3068 | 15
2 .9921( 0. . 1.6015|1.22 234.1 234 1. .6| Pref
0.99 0.0079(0.96( 1.6015 52531 068l 2.0575 130 34.17| 0.2346| 371.3| 387.6| Preferred
4. JuE 2Eo| M2 g S8ARE darAdEAtelA Fagh 20009
il O gk = XAIE 0] a3}od 5 2=z}o] 3L
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Table 8. Results of Parameter Estimation by P-LE Model at 6 Stations in Gum River Basin
. A A & A o ~ n Water level .
Stations| K| 6, 0, 4 o, a b c n range RMSE| PEE | AIC | BIC | Selection
1] 05162 0.48380.60| 1.0621| 50.51| 2.44| 2.0279| 42[2.44<h=<6.17| 13.04| 0.3649| 154.5| 163.1
Cheon= 26.69| 2.20] 2.7902| 33[2.44= b= 116 - Not=
Cheon | 20.0011] 0.9989]0.54| 0.8333 11.23| 0.2969| 152.3| 167.9| segmented
23.43| 1.75| 2.2805| 9|4.16<7<6.17
Cheong | 1| 0:0001] 0.9999]1.50] 0.0110] 59.38] 0.06| 1.7564] 27|0.25< h=4.86| 15321] 0.2973| 195.8| 2023
- ) 53.42[-0.02 2.2059| 6]0.25<n<2.13| Segmented
seong | 2 0.0063| 0.9937|1.33| 0.0212 62.30] 0.1227| 182.6| 194.3
63.24|-1.61| 1.1630[ 21| 2.13<n<4.86
o 1]0.9999( 0.0001|1.22| 2.8331| 118.64| 0.06| 1.7315| 29{0.28 < ~#=<7.39| 186.85| 0.1805| 194.5| 201.3 ot
_ . ot
13.22]-0.46| 0.7057| 5[0.28<4=0.33
cheon | 21{0.9997| 0.0003|1.17| 2.3613 180.98| 0.1615| 200.4| 212.7| segmented
91.27[-0.11| 1.7051| 24 0.33<4=<7.39 #
b 1]0.9986( 0.0014|1.25( 1.3469| 23.63| 1.74| 2.0847| 43[1.86<4=6.05| 36.26| 0.3071| 131.2| 140.0
ong 9.61] 1.39] 3.9997] 23[1.86 < ~=2.59 | Segmented
hyang | 20.9999| 0.0001|1.49| 1.2771 - 26.04| 0.2523| 120.7| 1365
3.79] 0.87| 3.0507| 20| 2.59<72<6.05
o 1]0.9999 0.0001]1.04| 3.3324 114.60] 0.33| 1.5571] 29[0.33<A=<4.69] 20.95| 0.3476| 132.4] 139.2
ong-— = P <
83.25( 0.17] 2.0127| 16/0.33<A<1.77 Segmented
cheon | 210.9999] 0.0001|1.01| 2.6251 9.48 0.3600| 120.5| 132.8
126.50| 0.33| 1.4560| 13| 1.77<A4=4.69
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Fig. 4. Rating Curves and Residuals by P-LE Model at 5 Stations in Gum River Basin
Table 9. Rating Curves Developed by Hydrological Data
Stations Water level range Rating curves Year
2.35< h<2.43 Q=29.816423(4-2.324)° 2005
Cheoncheon I
0.00<h<4.86 Q=41.678523(/1-2.324)~"" 2005
Cheongseong 0.00< h<4.86 Q=48.0196804"" 2005
Okcheon 0.10<A<7.39 Q=100.4207034"%* 2005
1.83< /<259 Q=1.533693(/-1.000)>"" 2005
Donghyang 3012
2.59< h<6.05 Q=4.516623(A-0.983)™ 2005
Songcheon 0.17<h<549 Q=41.553#4" 2006
TE vty 344 EFYoie FEAENY A S5 B2l s ES gl aesh]
PL-E 7ol & A3 1% dAsiglon o 44 ARE Adsh S 1 Fade] o4 ate] Hoix
T RS LS e eI AHF FoE AT ARE At Ho] o] Ed AAKeR Ay
AT FAAE VR d9s AS FeAEHY gk uj7j e o] o] FolR A Hr) gk S - wl
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