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Abstract

In this paper, we consider concepts of subsethood measure introduced by Fan et al. [2]. Based on this, we give various
subsethood measure defined by Choquet integral with respect to a fuzzy measure on fuzzy sets which is often used in
information fusion and data mining as a nonlinear aggregation tool and discuss some properties of them. Furthermore, we

introduce simple examples.
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1. Introduction

Fuzzy sets were suggested for the first time by
Zadeh[13]. In fuzzy set theory, fuzzy entropy, distance
measure, and similarity measure are three basic concepts.
Xuechang [11] had systematically studied these three con-
cepts. Fuzzy implication operator is another basic concept
in fuzzy set theory. Various fuzzy implication operators
have been proposed [8]. A concept that closely relates to
the above concepts is subsethood measure. Fan[3] com-
mented on the subsethood measure and weak subsethood
measure defined by Young[12] and gave some new defi-
nition of subsethood measure. They also presented some
subsethood measure formulas from the point of set theo-
retic approach, and from fuzzy implication operator.

In this paper, we give various subsethood measure de-
fined by Choquet integral with respect to a fuzzy measure
and discuss some properties of them. The Choquet integral
with respect to a fuzzy measure is often used in information
fusion and data mining as a nonlinear aggregation tool(see
[1,6,10]). The nonadditivity of fuzzy measures can effec-
tively describe the interaction among the contribution from
each attribute toward some target(see Example 3.14 (1) and
(2)).

In section 2, the elementary definitions and some no-
tations are introduced. In section 3, we introduce Choquet
integral and their properties. Based on this, we give vari-
ous subsethood measures defined by Choquet integral with
respect to a fuzzy measure on fuzzy sets, and discuss some
properties of them. Furthermore, we introduce simple ex-
amples which compare Choquet subsethood measures with
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Fan’s subsethood measures.

2. Definitions and Notations

The way to study the definition of subsethood measure
is roughly divided into two as follows:

(1) Subsethood measure must be two-valued
for crisp sets: Subsethood measure must
be consistent with the contained relation
between crisp sets. That is ¢(A, B) €
{0,1} whenever A and B are crisp sets,
¢ 18 a subsethood measure.

(11) Subsethood measure is the degree of
membership in power set : In ordinary
crisp set theory, a crisp set A is called
a subset of another crisp set B, if A be-
longs to the power set of B. Thus, the
fuzzification is immediate: the degree to
which A is a subset of B is the degree of
membership of A in the power set p(B)
of B. We can formalize all this as fol-
lows: c(A, B) = myp)(4).

Throughout this paper, we write X to denote the uni-
versal set,

F(X)={A|A: X — [0,1] is a function}

stands for the set of fuzzy sets in X, p(X) stands for the
set of crisp subsets in X. m 4 expresses the membership



function of a fuzzy set A, A€ is the complement of A,
that is, mac(z) = 1 — ma(z) for all x € X. We write
A C B tomean that m(x) < mp(x) forall z € X. For
fuzzy set A, define [A] = {z € X|ma(z) > 0}, n(A)
is the cardinal number of crisp set [A] (we note that n is
called a cardinality measure), and M (A)is the fuzzy car-
dinal number of a fuzzy set A in a finite universal set X,
that is, M(A) = > .5 ma(z) (we note that M is called
a fuzzy cardinality measure).

We note that subsethood measure has been applied to
image processing[9], neural network architecture[5], fea-
ture selection[4], and defuzzification [7]. Now, we intro-
duce various subsethood measures in Fan [3].

Definition 2.1 A real function ¢ : F(X) x F(X) —

0, 1] is called a strong subsethood measure if ¢ has the fol-
lowing properties :

(C7) if A C B, thenc(A, B) = 1;

(C3) if A# Qand AN B = (), then ¢c(A, B)
0;

(C3) ifAC B CC,thenc(C,A) < ¢(B,A)
and ¢(C, A) < ¢(C, B).

|

Definition 2.2 A real function ¢ : F(X) x F(X) —
0, 1] is called a subsethood measure if ¢ has the following

properties :
(C1) if AC B,thenc(A,B) =1,
(Cg) C(X, @) = 0;

(Cs) if A C B C C, then ¢(C, A) < ¢(B, A)
and ¢(C, A) < ¢(C, B).

Definition 2.3 A real function ¢ : F(X) x F(X) —
0, 1] is called a weak subsethood measure if ¢ has the fol-
lowing properties :

(CY) c(0,0) = 1, ¢®,X) = 1 and
(X, X)=1;

(Cy) if A# @and ANB = {, then ¢(A, B) =
0;

(C¥) if AC B C C, thenc(C, A) < ¢(B, A)
and ¢(C, A) < ¢(C, B).

Subsethood Measures Definedby Choquet Integrals
3. Choquet Subsethood Measures

Choquet integral with respect to a classical measure
was first introduced in capacity theory by Choquet[1].
Fuzzy measure and Choquet integral with respect to a fuzzy
measure was then proposed by Sugeno and et. al([6]). We
introduce fuzzy measure and Choquet integrals(see [6,10]).

Definition 3.1 Let (X, {)) be a measurable space. A
fuzzy measure on X is a real-valued function p : 2 —
0, 1] satisfying

@ u@) =0, p(X)=1

(i) p(A4) <
A C B.

u(B), whenever A, B € () and

Definition 3.2 (1) The Choquet integral of a measur-

able function f with respect to a fuzzy measure p is defined
by

cun= [ " s (r)dr

where ps(r) = pu({z € X|f(x) > r}) and the integral on
the right-hand side 1s an ordinary one.

(2) If X is a finite set, thatis, X = {x1, -, z,}, then
the Choquet integral of f on X is defined by

O;u(f) = Zx(i) [ﬂ(A(»z:)) — P/(A(i-l—l))]

where (-) indicates a permutation on {1,2,.---,n} such
that Z(1) < - < Z(n)- Also A(,,;) = {(Z), IR (n)} and

A(n—l—l) = 0.
(3) A measurable functions f is said to be c-integrable
if C,(f) exists.

We introduce the concept of comonotonic between two
functions and some characterizations of Choquet integral
which are used to define Choquet subsethood measure. We
recall that Choquet integral has comonotonically additiv-
ity(see Theorem 3.5(ii1)).

Definition 3.3 Let f,g : X — I be measurable func-
tions. We say that f and g are comonotonic, the symbol
f ~ gif and only if

f(z) < f(&') = g(z) < g(z') forallz,z’ € X.

Theorem 3.4 Let f,g,h : X —— I be measurable
functions. Then we have the followings:

i f~yg,
i) f~g=g~J,
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(iii) f~aforallael,
(iv) f~gand f ~h=> f ~ (g+h).

Theorem 3.5 Let f,g : X — I be measurable func-
tions.

@) If f < g,then C,(f) < Cu(g).
() If f ~ganda,b € I, then

Culaf +bg) = aCL(f) +bCL(g).

(iii) If we define (f V g)(z) = f(x) V g(z)
for all z € X, then

Cu(fVg) > ulf)vCug).

(iv) If we define (f A g)(z) = f(x) A g(z)
for all z € X, then

Ou(f /\9) < Cu(f) A Cu(g)-

We give the following formulas to calculate various
subsethood measures on fuzzy sets.

Remark 3.6 If we let

F*(X)={A € F(X)|A has c-integrable membership
function m 4 }

and if X is a finite set, then m 4 is measurable and hence
F(X)=F*(X).

Theorem 3.7 Let X be an universal set. If we define a
function as the followings: for A, B € F*(X),

1, A=B=1{
ci(4, B) = Culmp) elsewhere
C“(?TLAVmB) ?

then c; is a subsethood measure on F*( X ), we note that it
is called a Choquet subsethood measure.

. Proof. (C1)If A= B =, then ¢;(A,B) =1. And
if A C B,thenmg < mpg. Thus,

) __ Culmp) _ Cu(mg)

(4, B) = G ) = Come) = -
(C2)
. _ Cu(m@) _ Cu{0) _1__ =
1(X,0) Culmx Vimg)  Cu(l) ~ m(X)

(Cs) IfTAC BC C,thenmyg < mp < mc. Hence,
by Theorem 3.5 (ii1), we have

<
Cu(ma) N
C’u (mc V mA)

Cu{ma)

C A =
«(C,4) Cu(mp V my)

= Cl(B,A)
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and

Cu(ma)
C“ (mc Vmy)

__ Cu(ma)
- Cu(mc V mB)

Cl(C,A) - :cl(C, B)

Therefore ¢; 1s a subsethood measure.

Theorem 3.8 Let X be an universal set. If we define a
function as followings: for A, B € F*(X),

(4. B) 1, A=49
Col A, = C.(mamp)
Cp(lmA)B ’ A ?é @

then c5, is a strong subsethood measure on F**(X'), we note
that it is called a Choquet strong subsethood measure.

Proof. (C$)Let A C B. If A = (,then (0, B) = 1.
If A +# 0, then mg < mp and hence C,,(mg A mp) =
Cu(ma). Thus

CM(mA)

— =1

Cu(mA) -

(C5HIf A+#(pand AN B = {, then

C2 (A, B) =

0=mang = ma Amp
and hence C,,(ma A mg) = 0. Thus

C’ﬁ(mA AN mB)
Cu(ma)

(CHUEAC BCC,thenma <mp < mg. Thus, we
obtain

CQ(A,B) = = 0.

( 1, C=90

C“(mc/\mA)
C”(mA) ? C# 0

1, B=§

Cu(mpAma)
Cu(i‘A)A ’ B?é@

= c3(B, A).

I

CQ(C, A)

>
<

C=90

1,
CQ(Cv A) { CulmcAma)
Cu((;'nA)A ’ O#@

A=1

1,
< Cu(mpAm_a)
{ CLL(?”C)A ’ A#@

— CQ(B,A).

Therefore c5 is a strong subsethood measure.

Theorem 3.9 Let X be an universal set. If we define a
function as followings: for A, B € F*(X),

CM(mAc) V C‘#(mB)

A B)=
c3(4, B) Cu(maVmaeVmpVmpge)’




then the real function c3 is a weak subsethood measure, we

note that it 1s called a Choquet weak subsethood measure.
Proof. (C7)

Culmge)VCyu(mge)
Cu(mgVmgeVmgVmege)

Cg(@, @) —

Cplmx)VC(mx)
Cp(mx)

= 1.

Similarly, we obtain c3(@, X) = 1 and ¢3(X, X) = 1.
(C3")

63(X3 Q)) —

Culmx)V Culmg) 0 _
' o

C,_L(mx VmxeVmgV m@c) -

(CHUH AcC BCC,thenmy < mp < me. We note
that mce < mpge and hence

Cu(mc\/mcc\/mA\/mAc) > Cﬂ(mB\/ch\/mA\/mAc).
Thus, we obtain

Cp{mee)VCyu(ma)
Cu(mcVmeoeVmaVm ac)

03(0, A) =

< _ Culmpe)VCy(ma)
— Cu(mpVmpeVmaVmac)

— Cg(B, A)

Similarly, ¢3(C, A) < ¢3(C, B). Therefore c3 is a weak
subsethood measure.

Theorem 3.10 If i is a cardinality measure 7, then
C,, is a fuzzy cardinality measure on F*(X), that is,
Cu(ma) = M(A)forall A € F*(X).

Proof. Let A € F*(X) and m4 be the c-integrable
membership function of A. Then by Definition 3.2(2), we
have

Culma) =2 i malzm)n(dae) — plAain))
= Z%rl ma(T(;))
= 2 i1 malzi) = M(A).
Therefore C, is a fuzzy cardinality measure on F*(X).

Theorem 3.11 If 1 is a cardinality measure on a finite
set X, then we have the followings: for all A, B € F(X),

c1(A,B) =cr(A,B),c2(A, B) = cx(A, B), and c3(A, B) :clc(@{,‘%)@:

Proof. Theorem 3.10 implies
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C.(maVmyeVmpVmpe)=MAUA“UBUB").
Thus, clearly, we obtain
Cu(m
Cl(AJ B) — O#(m(AviiB)
__MB) _ .
= wrcaum = (4 B);
{ 1’ @
CQ(A,B) =
C (mA/\mB)
ahms) 4o
=
= = CK(A,B);
AF#0(
- Cu(m c)VC,(m )
c3(A,B) = Cu(mAv%ACVvaanc)
_ M(A)VM(B)
- M(AuAcuBuBzc) = cr(4, B).

For a finite set X, we give a simple example of C),
which is not a fuzzy cardinality measure on F'(X).

Example 3.12 Let n be a cardinality measure, X be
a finite set and 1 = n?. It is easily to see that u is a

fuzzy measure, but C, is not a fuzzy cardinality measure
on F(X).

It is easily to know that Choquet strong subsethood
measure = Choquet subsethood measure = Choquet weak
subsethood measure. But in order to prove that the con-
verses do not hold, we give the following examples.

Example 3.13 (1) Let X = {z1,z2} and 4 = n. If
A = {(z1,0.2), (z2,0.6)} and B = {(x;,0.3), (x2,0.8)},
then ¢ (A, B) = 1‘21\f(31'1 = (0.75 # 1. Thus c3 is not Cho-
quet subsethood measure.

2) Let X = {zy,20,2z3} and p =
If A = {(z,0),(x2,0.5),(x3,0.6)} and B
{(21,0.5), (z2,0), (x3,0)}, then clearly we have A
and A N B = (). But we can obtain

40

O0x(3-2)+0x(2-1)+05x1 5

0.5x(3-2)+05x(2—-1)+06x1 16

Thus, ¢; is not Choquet strong subsethood measure.

Cu(ma) =M(A),C,(ma) = M(A°)and C,(mp) = M(B),
B In order to compare various Choquet subsethood mea-
Culma Vmp) = M(AU B), sures and Fan’s subsethood measures, we give the follow-
Cu(ma Amp) = M(AN B), ing examples.
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"Example 3.14 (1) Let X = {x;,22} and pp = n?. If
A= {(xla 02): (3727 06)} and B = {(351, 01)3 (3327 09)}’
then by Theorem 3.2(2), we can have the followings:

_0.1x(2°-1)40.9x1 _ 4

c1(4,B) = 0.2x(22—1)+0.9x1 ~_ 5
10 __ 0.1409 _ :
<11 = 52300 = ¢L(4, B);
_0.1x(2%°-1)40.6x1 _ 3
C2(A7 B) T 0.2x(22=-1)+0.6x1 — 4
7 _ 0.140.6 _
<5 = o3+06 = k(A B);
_ [0.4x(2%°—1)+0.8x1]v[0.1x(2°~1)40.9%x1] _ 1
cs(A,B) = 0.9x(22-1)+0.9x1) 18
2 _ [0.840.4]V[0.14+0.9] _
<3= 0.940.9 = cr(4, B).

2) Let X = {z1,z2} and p = n?% I A =
{(3?1,0.2), (152,0.6)} and B = {(5131,0.1), (322,09)} and
V2 = 1.4, then by Theorem 3.2(2), we can have the fol-
lowings:

_ 0.1x(v2-1)40.9x1 __ 48
0.2x(v/2-1)40.9x1 ~~ 49

C1 (A, B)

> i_g — CL(AvB);

_ 0.1x(v2-1)+0.6x1 __ 16
c2(4,B) = 0.2x(v/2—1)+0.6x1 17
> & = cx (4, B);
c3(A,B) = [0.4%(v/2-1)+0.8x1]V[0.1x (v2-1) +0.9x1] _1__(1_5

0.9%x(v/2-1)+0.9x1

(0.8+0.4]v[0.14+0.9] _ CF(A B).

2 _
> 3= 0.910.9

Remark 3.15 Example 3.14 (1) means that the degree |

of Choquet subsethood measure is less than the degree of
Fan’s subsethood measure, but Example 3.14 (2) means
that the degree of Choquet subsethood measure is larger
than the degree of Fan’s subsethood measure, because of
fuzzy measure’s effect. These are very interesting facts for
Choquet subsethood measures on fuzzy sets.
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