o

2 x|

ofr

MAHSEE] =2 X 2008, Vol. 18, No. 3, pp. 406—411

Fuzzy (r, s)-pre-semicontinuous mappings

Seok Jong Lee, Jin Tae Kim, and Youn Suk Eoum

Department of Mathematics, Chungbuk National University, Cheongju 361-763, Korea

Abstract

In this paper, we introduce the concept of fuzzy (r, s)-pre-semicontinuous mappings on intuitionistic fuzzy topological
spaces in Sostak’s sense. The concepts of fuzzy (r, s)-pre-semineighborhood and fuzzy (r, s)-quasi-pre-semineighborhood
are given. The characterizations for the fuzzy (r, s)-pre-semicontinuous mappings are obtained. Also, we introduce the
notions of fuzzy (r, s)-pre-semiopen and fuzzy (r, s)-pre-semiclosed mappings, and then we investigate some of their

characteristic properties.
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1. Introduction

Chang [4] defined fuzzy topological spaces. These
spaces and its generalizations are later studied by several
authors, one of which, developed by Sostak [17], used the
idea of degree of openness. This type of generalization of
fuzzy topological spaces was later rephrased by Chattopad-
hyay and his colleagues [5], and by Ramadan [16].

As a generalization of fuzzy sets, the concept of intu-
itionistic fuzzy sets was introduced by Atanassov [1]. Re-
cently, Coker [6] introduced intuitionistic fuzzy topologi-
cal spaces using intuitionistic fuzzy sets. Using the idea of
degree of openness and degree of nonopenness, Coker and
Demirci [8] defined intuitionistic fuzzy topological spaces
in Sostak’s sense as a generalization of smooth topologi-
cal spaces and intuitionistic fuzzy topological spaces. S. Z.
Bai [2] introduced the concepts of fuzzy pre-semiopen sets
and fuzzy pre-semicontinuous mappings, and S. Z. Bai and
W. L. Wang [3] established some other properties of fuzzy
pre-semicontinuous mappings on Chang’s fuzzy toplogical
spaces. S. J. Lee and Y. S. Eoum [11] considered these
concepts on smooth topological spaces.

In this paper, we introduce the concept of fuzzy
(r, s)-pre-semicontinuous mappings on intuitionistic fuzzy
topological spaces in Sostak’s sense. The concepts of
fuzzy (r, s)-pre-semineighborhood and fuzzy (r, s)-quasi-
pre-semineighborhood are given. The characterizations
for the fuzzy (r, s)-pre-semicontinuous mappings are ob-
tained. Also, we introduce the notions of fuzzy (r, s)-pre-
semiopen and fuzzy (r, s)-pre-semiclosed mappings, and
then we investigate some of their characteristic properties.
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2. Preliminaries

For the nonstandard definitions and notations we refer
to [10, 12, 14, 15].

Definition 2.1. ([8]) Let X be a nonempty set. An infu-
itionistic fuzzy topology in Sostak’s sense(SolFT for short)
T = (T1,72) on X isamapping 7 : I(X) — I ® I which
satisfies the following properties:

(1) T:(0) = Ti(1) = 1 and T(0) = T(1) = 0.

2) T,(AN B) > T1(A) A Ti(B) and T,(AN B) <
T2(A) vV T2(B).

3) T1(UAi) 2 ATi(Ay) and T2 (U Ai) <V T2(4).

The (X,7) = (X,71,73) is said to be an intuitionis-
tic fuzzy topological space in Sostak’s sense(SoIFTS for
short). Also, we call 73 (A) a gradation of openness of A
and 75(A) a gradation of nonopenness of A.

Definition 2.2. ([7, 9]) Let (X, 7;,73) be a SoIFTS and
(r,s) € I ®I. Then

(1) an intuitionistic fuzzy point z(, gy in X 1s said to be
quasi-coincident with the intuitionistic fuzzy set A in
X, denoted by (4 5)qA4, if and only if pa(x) > 3
or ya(z) < a.



(2) two intuitionistic fuzzy sets A and B in X are said
to be quasi-coincident, denoted by AqB, if and only
if there exists an element x € X such that p4(x) >

vB(T) or va(z) < pg(x).

The word "not quasi-coincident’ will be abbreviated as
g-

Definition 2.3. ([13]) Let A be an intuitionistic fuzzy set
in a SOIFTS (X,77,75) and (r,s) € I ® I. Then A is said
to be |

(1) fuzzy (r, s)-pre-semiopenif A C sint(cl(A,r, s),r,s),

(2) fuzzy (r, s)-pre-&emiclosed if scl(int(A, 7, s), 7, s) C
A.

Definition 2.4. ([13]) Let (X,7;,75) be a SoIFTS. For
each (r,s) € I ® I and for each A € I(X), the fuzzy
(r, 8)-pre-semiinterior is defined by
psint(A,r,s) = {B € I(X)| B C A,

B is fuzzy (r,s)-pre-semiopen}
and the fuzzy (r, s)-pre-semiclosure is defined by
pscl(A,r,s) =({Be€I(X)| ACB,

B is fuzzy (r,s)-pre-semiclosed}.

Theorem 2.5. ([13]) Let A be an intuitionistic fuzzy set in
a SoIFTS (X,7;,7;5) and (r,s) € I ® I. Then we have

(1) psint(A,r, s)¢ = pscl(A°,r, s),

(2) pscl(A,r, s)¢ = psint(A°, r, s).

3. Fuzzy (r, s)-pre-semicontinuous mappings

We define the notions of fuzzy (r,s)-pre-
semicontinuous, fuzzy (r,s)-pre-semiopen, and fuzzy
(r, s)-pre-semiclosed mappings on intuitionistic fuzzy
topological spaces in Sostak’s sense, and then we inves-
tigate some of their characteristic properties.

Definition 3.1. Let A be an intuitionistic fuzzy set and
T(a,3) an intuitionistic fuzzy point in a SoIFTS (X, 71, 73)
and (r,s) € I ® I. Then A is called

(1) a fuzzy (r,s)-pre-semineighborhood of z(, gy if
there is a fuzzy (r, s)-pre-semiopen set B in X such
that z(, gy € B C A,

(2) afuzzy (r, s)-quasi-pre-semineighborhood of T(a,B)
if there is a fuzzy (r, s)-pre-semiopen set B in X
such that z(, 5qB C A.

Fuzzy(r,s)—pre—semicontinuous mappings

Theorem 3.2. Let (X,7;,75) be a SoIFTS and (r,s) €
I ® I. Then an intuitionistic fuzzy set A in X is fuzzy
(r, s)-pre-semiopen if and only if A is a fuzzy (r, s)-pre-
semineighborhood of x(, gy for each intuitionistic fuzzy
point x(, g in A.

Proof. Let A be a fuzzy (r, s)-pre-semiopen set in X and
T(ap € A Put B = A. Then B is fuzzy (r, s)-pre-
semiopen in X and x(, 3y € B C A. Thus A is a fuzzy
(r, s)-pre-semineighborhood of z (4 g)-

Conversely, let £(,,5) € A. Since A is a fuzzy (7, s)-
pre-semineighborhood of z(,, gy, there is a fuzzy (r, s)-pre-
semiopen set B in X suchthatx(, g) € B C A.
Thus we have

A

T(ex,B) Tla,B)

| Hz (0. | Z(a,9) € A}

g U{Bm(a,ﬁ) | .’E(a”@) € A}

C A
Hence A = \J{Bz(, 4 | T(a,p) € A}. Therefore A is a
fuzzy (r, s)-pre-semiopen set. ]

Theorem 3.3. Let 1, ) be an intuitionistic fuzzy point in
a SolFTS (X,771,73) and (r,s) € I ® I. Then x4 8y €
pscl(A, r, s) if and only if BqA for any fuzzy (r, s)-quasi-
pre-semineighborhood B of x4 g)-

Proof Suppose that there is a fuzzy (r,s)-quasi-pre-
semineighborhood B of z(, ) such that BqA. Since Bis a
fuzzy (r, s)-quasi-pre-semineighborhood of x(, gy, there is
a fuzzy (r, s)-pre-semiopen set C' such that x(, 5qC C B.
Thus CGA and hence A C C° Since C° is fuzzy
(r, s)-pre-semiclosed, we have z(, gy € pscl(A,r,s) C
pscl(C¢,r,s) = C° However x(, 3 ¢ C°, because
T(a,3)qC. This is a contradiction.

Conversely, suppose Z(, 3) & pscl(A,r,s). Then there
is a fuzzy (r, s)-pre-semiclosed set D such that A C D
and (4 gy ¢ D. Thus D¢ is fuzzy (r, s)-pre-semiopen
and x(,,3)qD°, and hence D is a fuzzy (r, s)-quasi-pre-
semineighborhood of z(, 3. By hypothesis, D°qA and
hence A € (D°)° = D. This is a contradiction. ]

Definition 3.4. Let f : (X,71,75) — (Y,Ui,Us) be a
mapping from a SoIFTS X to a SoIFTS Y and (r,s) €
I ® I. Then f is called

(1) a fuzzy (r,s)-pre-semicontinuous mapping if
f~Y(B) is a fuzzy (r, s)-pre-semiopen set in X for
each fuzzy (r, s)-open set Bin Y,

(2) a fuzzy (r,s)-pre-semiopen mapping if f(A) is a
fuzzy (r,s)-pre-semiopen set in Y for each fuzzy
(r,s)-open set Ain X,

(3) a fuzzy (r, s)-pre-semiclosed mapping if f(A) is a
fuzzy (r, s)-pre-semiclosed set in Y for each fuzzy
(r, s)-closed set A in X.
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Remark 3.5. It is clear that every fuzzy (r,s)-
precontinuous and every fuzzy (r, s)-semicontinuous map-
ping is fuzzy (r, s)-pre-semicontinuous for each (r,s) €
I @ I. Also, every fuzzy (r,s)-preopen(resp. fuzzy
(r,s)-preclosed) and every fuzzy (r,s)-semiopen(resp.
fuzzy (r,s)-semiclosed) mapping is fuzzy (r,s)-pre-
semiopen(resp. fuzzy (r, s)-pre-semiclosed). However, the
following example shows that all of the converses need not
be true.

Example 3.6. Let X = {x} and let 4; and A, be intu-
itionistic fuzzy sets in X defined as

Ai(z) =(0.2,0.7), Ax(x) = (0.3,0.5).
Define7 : I(X) - I®IandU : I(X) - I ® by

((1,0) if A=0,1,
T(A) = (Ti(A), T(4) = (3, 1) if A=A,
| (0,1)  otherwise;
and
((1,0) if A=0,1,
UA) = U (A),Us(A) = { (3, 1) if A= 4,
| (0,1) otherwise.

Then clearly 7 and U are SolFTs on X. Consider a
mapping f : (X,7) — (X,U) defined by f(x) = =.
Since A, C sint(cl(4s, 3,3),3,5) = A in (X,7),
f~HAz) = Ay is fuzzy )-pre-semiopen in (X, 7).
Thus f is a fuzzy ( -semicontinuous mapping.
However, f is not a fuzzy

, 3 )-precontinuous mapping,
because Ay Z int(cl(Asg, 5

%) 5,3) = Ay in (X, 7).
Since A; C sint(cl(Ay, L l),%,%) = AS in (X,U),
f(A1) = Apis fuzzy (2% ?%) -pre-semiopen in (X, ).
Thus f is a fuzzy (— +)-pre-semiopen mapping. How-
ever, f is not a fuzzy (3%, %)-semiopen mapping, because
cl(int{(Ay, 3,%),5.5) = 0 2 Ay in (X,U). On the other
hand, consider a mapping g : (X U) — (X, T) defined by
g(x) = z. Then g is fuzzy (3, 3 )-pre-semicontinuous and
not fuzzy (3, 3)- semlcontmuous Also, g is fuzzy (3, %)-

pre-semiopen and not fuzzy (3, £ )-preopen.

p—
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Theorem 3.7. Let f : (X,71,73) — (Y,U;,U>) be a map-
ping from a SoIFTS X to a SoIFTS Y and (r,s) € I ® I.
Then the following statements are equivalent:

(1) fis fuzzy (r, s)-pre-semicontinuous.

(2) For each fuzzy (r, s)-closed set BinY, f~1
fuzzy (r, s)-pre-semiclosed set in X .

(B)isa

(3) For each intuitionistic fuzzy point z(, ) in X
and each fuzzy (r,s)-open set B in Y such that
f(z(apy) € B, there is a fuzzy (r, s)-pre-semiopen
set Ain X such thatx(, g) € Aand f(A) C B.
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(4) For each intuitionistic fuzzy point z(, g In X
and each fuzzy (r, s)-neighborhood B of f(z(a,3)).
f~Y(B) is a fuzzy (r, s)-pre-semineighborhood of

L(a,B)

(5) For each intuitionistic fuzzy point x(, gy in X and
each fuzzy (r, s)-neighborhood B of f (x4, 3)), there
is a fuzzy (r, s)-pre-semineighborhood A of z(, g
such that f(A) C B.

(6) f(pscl(A,r,s)) € cl(f(A),r,
istic fuzzy set A in X.

s) for each intuition-

(7) pscl{(f~1(B),r,s) C f~(cl(B,r,s)) for each intu-
itionistic fuzzy set Bin Y.

(8) f~Y(int(B,r,s)) C psint(f1(B),r,s) for each in-

tuitionistic fuzzy set Bin Y.

Proof. (1) < (2) It 1s obvious.

(1) = (3) Let x(, ) be an intuitionistic fuzzy point
in X and B a fuzzy (r,s)-open set in Y such that
f(%(ap) € B. Thenz(, 5 € f1(B). Put A= f~(B).
Then by (1), A is a fuzzy (r, s)-pre-semiopen set in X such
that z(, ) € A and f(A) = f(f'(B)) C B.

(3) = (1) Let B be a fuzzy (r, s)-open set in Y and

Tiap € f7U(B). Then f(x(,g) € B. By (3), there
is a fuzzy (r, s)-pre-semiopen set A, , in X such that
T(a,8) € Az and f(Az, ;) © B. Thus z(a,9) €
A ©FHf(Az, ) € f1(B). So we have
71B) = | Jz@s | T@s € FH(B)}
C U{Am(a,ﬁ) | L(,3) € fﬂl(B)}
C f7H(B).
Thus f_l(B) = U{Am(a,ﬁ) | ZL(a,8) € fdl(B)} and
hence f~1(B) is fuzzy (r, s)-pre-semiopen in X. There-

fore f is a fuzzy (r, s)-pre-semicontinuous mapping.

(1) = (4) Let z(,, gy be an intuitionistic fuzzy point in
X and B a fuzzy (r, s)-neighborhood of f(z(, g)). Then
there is a fuzzy (r, s)-openset C'inY such that f(z (4 5)) €
C C Bandhence z(, 5y € f~1(C) C f~1(B). Since f is
fuzzy (r, s)-pre-semicontinuous, f~1(C) is a fuzzy (r, s)-
pre-semiopen set in X . Thus f~1(B) is a fuzzy (r, s)-pre-
semineighborhood of z(, g.

(4) = (5) Let z(4,3) be an intuitionistic fuzzy point in
X and B a fuzzy (r, s)-neighborhood of f (x4, 4)). By (4),
A = f~1(B) is a fuzzy (r, s)-pre-semineighborhood of
Z(a,p) and f(A) = f(f~1(B)) C B.



(3) = (3) Let z(4,3) be an intuitionistic fuzzy point in
X and B afuzzy (r, s)-open setin Y such that f(z(, g)) €
B. Then B is a fuzzy (r, s)-neighborhood of f(z(, gz)).
By (5), there is a fuzzy (r, s)-pre-semineighborhood A of
T(q,3) In X such that z(, 3y € A and f(A) C B. Thus
there is a fuzzy (r, s)-pre-semiopen set C in X such that
T(a,8) € C € Aand hence f(C) C f(A) C B.

(2) = (6) Let A be an intuitionistic fuzzy set in
X. Since cl(f(A),r, s) is a fuzzy (r, s)-closed set in Y,
FHCe)(f(A),r,s)) is a fuzzy (r, s)-pre-semiclosed set in
X. Thus we have

pscl(A,r, s)

M 1M

pscl(f 1 (f(A)), 7, s)
pscl(f ' (cl(f(A),r,5)), 7, 5)
fHl(f(A), 7, ).

C  SF(f(A),m8))) <

Hence f(pscl(A,r,s))
cl(f(A),r,s).

(6) = (7) Let B be an intuitionistic fuzzy set in Y.
Then f~'(B) is an intuitionistic fuzzy set in X. By (6),
we have

f(pscl(f~H(B),r,s)) l(f(f 1 (B)).r,s)

cl(B,r, s).

M 1N

Hence

pscl(f~1(B),r,s) FH(f(psel(f~H(B), 1, 8)))

fHel(B, 1, 5)).

(7) = (8) Let B be an intuitionistic fuzzy set in Y. By
(7,

psint(f~*(B),, 5)°

n N

I

pscl(f~H(B®),, s)
fH(cl(BS,r, s)).

I

Thus

foHint(B,r,8)) = fTH(cl(BC,T,s))
C psint(f_l(B)a""aS)-

(8) = (1) Let B be a fuzzy (r, s)-open setin Y. By (8),

f7H(B) = fH(int(B,r,s)) < psint(f(B),7,s)
C fTH(B).

Thus f~1(B) = psint(f~1(B),r,s). Hence f1(B)is a
fuzzy (r, s)-pre-semiopen set in X. Therefore f is fuzzy
(r, s)-pre-semicontinuous. O]

Theorem 38. Let f : (X, 77,75) — (Y,Uy,Us) be a
bijective mapping from a SolFTS X to a SoIFTS Y and

(r,s) € I ® I. Then the following statements are equiva-
lent:

Fuzzy(r,s) —pre—semicontinuous mappings

(1) fisfuzzy (r, s)-pre-semicontinuous.

(2) For each fuzzy (r, s)-closedset BinY, f~'(B)isa
fuzzy (r, s)-pre-semiclosed set in X.

(3) For each intuitionistic fuzzy point z(, g) In X
and each fuzzy (r,s)-open set B in Y such that
f(z(a.p)) € B, there is a fuzzy (r, s)-pre-semiopen
set A in X such that z(, 3y € Aand f(A) C B.

(4) For each intuitionistic fuzzy point z(, gy In X
and each fuzzy (r, s)-neighborhood B of f(z(4,3)),
f~Y(B) is a fuzzy (r, s)-pre-semineighborhood of

L, B)
(5) For each intuitionistic fuzzy point x(, g) in X and
each fuzzy (7, s)-neighborhood B of f(x(, g)), there

is a fuzzy (r, s)-pre-semineighborhood A of z(, g
such that f(A) C B.

(6) f(pscl(A,r,s)) C cl(f(A),r,s) for each intuition-
istic fuzzy set A in X.

(7) pscl(f1(B),r,s) C f1(cl(B,r,s)) for each intu-
itionistic fuzzy set Bin Y.

(8) f~(int(B,r,s)) C psint(f *(B),r,s) for each in-
tuitionistic fuzzy set Bin Y.

9) int(f(A),r,s) C f(psint(A,r,s)) for each intu-
itionistic fuzzy set A in X.

Proof. By the above theorem, it suffices to show that (8) 1s
equivalent to (9). Let A be an intuitionistic fuzzy set in X.
Then f(A) is an intuitionistic fuzzy set in Y. Since f is
one-to-one, we have

Ui f(A) 7)) C psint(F(F(A)).m,s)

psint( A, r, s).

Since f is onto, we have

int(f(A),7;s) F(f~*(int(f(A), 7, 5)))

C  f(psint(4,r,s)).

Conversely, let B be any intuitionistic fuzzy setin Y. Then
f~1(B) is an intuitionistic fuzzy set in X. Since f is onto,
we have

|

int(B,r, s) int(f(f_l(B)),T, s)

f(psint(f~(B), 7, s)).

Since f is one-to-one, we have

1M

flnt(B,r,s)) € fH(f(psint(f~1(B),7,5)))
= psint(f~1(B),r, s).

Hence the theorem follows. []
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Theorem 3.9. Let f : (X,71,75) — (Y,U;,Us) be a map-
ping from a SoIFTS X to a SoIFTS Y and (r,s) € I ® I.
Then the following statements are equivalent:

(1) fisafuzzy (r, s)-pre-semiopen mapping.

(2) f(int(A,r,s)) C psint(f(A),r,s) for each intu-
itionistic fuzzy set A in X.

(3) int(f~Y(B),r,s) C f~(psint(B,r, s)) for each in-
tuitionistic fuzzy set Bin Y.

Proof. (1) = (2) Let A be an intuitionistic fuzzy set in X.
Then int( A, r, s) is a fuzzy (r, s)-open set in X . Since f is
fuzzy (r, s)-pre-semiopen, f(int(A,r, s)) is a fuzzy (r, s)-
pre-semiopen in Y. Thus we have

f(nt(A,r, s)) psint( f(int( A, r, s)), 7, s)
C psint(f(A),r,s).

(2) = (3) Let B be an intuitionistic fuzzy set in Y.
Then f~1(B) is an intuitionistic fuzzy set in X. By (2),

flnt(f~1(B),r,s)) C psint(f(f~(B)),7,s)
C psint(B,r,s).

Thus we have

int(f~1(B),r,8) C  fM(flne(F1(B),T,5)))

f(psint(B, r, 5)).

(3) = (1) Let A be a fuzzy (r, s)-open setin X. By (3),
A=int(4,7,s) C int(f~1(f(A)),r,s)

C  f Y psint(f(A),r,s)).

NN

Thus we have

f(A) C F(f~ (psint(f(A),r,s))) psint(f(A4),7,s)

f(4).
Thus f(A) = psint(f(A),r,s). Hence f(A) is a fuzzy

(r, 8)-pre-semiopen set in Y. Therefore f is fuzzy (r,8)-
pre-semiopen. ]

M 1N

Theorem 3.10. Let f : (X,71,72) — (Y,Uy,Us) be a
mapping from a SoIFTS X to a SoIFTS Y and (r,s) €
I ® I. Then the following statements are equivalent:

(1) fis fuzzy (r, s)-pre-semiclosed.

(2) pscl(f(A),r,s) C f(cl{A,r,s)) for each intuition-
istic fuzzy set A in X.

Proof. (1) = (2) Let A be an intuitionistic fuzzy set in X.
Then cl(A, r, s) is a fuzzy (r, s)-closed set in X. Since f
is (7, s)-pre-semiclosed, f(cl(A,r, s)) is a fuzzy (r, s)-pre-
semiclosed set in Y. Thus we have

pscl(f(A),r,s) C pscl(f(cl(4,7r,s)),7,5)
= f(cl(4,r,s)).

410

(2) = (1) Let A be a fuzzy (r, s)-closed set in X. By
(2),

f(A) Cpscl(f(A),r,s) C f(cl(A,r,s)) = f(A).

Thus f(A) = pscl(f(A),r,s). Hence f(A) is a fuzzy
(r, s)-pre-semiclosed set in Y. Therefore f is fuzzy (r, s)-
pre-semiclosed. ]

Theorem 3.11. Let f : (X, 71,72) — (Y,U1,Uz) be a
bijective mapping from a SolFTS X to a SoIFTS Y and
(r,s) € I ® I. Then the following statements are equiva-
lent:

(1) fisfuzzy (r, s)-pre-semiclosed.

(2) pscl(f(A),r,s) C f(cl(A,r,s)) for each intuition-
istic fuzzy set A in X.

(3) f~Y(pscl(B,r,s)) C cl(f~1(B),r,s) for each intu-
itionistic fuzzy set Bin Y.

Proof. By the above theorem, it suffices to show that (2) is
equivalent to (3). Let B be any intuitionistic fuzzy set in
Y. Then f~1(B) is an intuitionistic fuzzy set in X. Since
f is onto, we have

pscl(B,r,s) = pscl(f(f~1(B)),r,s)
C  f(eI(fH(B),T,9)).

Since f is one-to-one, we have

fHpsel(B,r,s))  © fTHf((fTH(B), T, 5)))

cl(f"”l(B),'r, s).

Conversely, let A be an intuitionistic fuzzy set in X.
Then f(A) is an intuitionistic fuzzy set in Y. Since f is
one-to-one, we have

cl(f 71 (f(4)),,5)
cl(A,r,s).

fH(pscl(f(A),ry8)) €

Since f is onto, we have

FOfH(psel(f(4), 7, )
f(cl(A4,7,5)).

pscl{ f(A),r,s)

1M

Hence the theorem follows. ]
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