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Pascal Triangle and Properties of Bipartite Steinhaus Graphs
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ABSTRACT. In this paper, we investigate the number of ones in rows of Pascal’s Rectangle.
Using these results, we determine the existence of regular bipartite Steinhaus graphs. Also,
we give an upper bound for the minimum degree of bipartite Steinhaus graphs.

1. Introduction

Let T = aj1a12--- a1, be an n-long string of zeros and ones with ay; = 0.
The Steinhaus graph G, generated by T has as its adjacency matrix, the Steinhaus
matriz, A(G) = [a;;] which is obtained from the following, called the Steinhaus
property: a; j = ai—1,j-1+ a;—1,; (mod 2) if 1 < i < j < n. In this case, T' is call
the generating string of G. A Steinhaus triangle is the upper-triangular part of a
Steinhaus matrix (excluding the diagonal) and hence, is generated by the first row
(which is the generating string) in the triangle. It is obvious that there are exactly
27~1 Steinhaus graphs of order n. The vertices of a Steinhaus graph are usually
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1 00110110
2 0 01 01 1 01
3 1101 1011
4 101 0 01 10
) 011 00101
6 1101 1 011
7 10110100
8 01101100

Figure 1 Steinhaus graph with the generating string 00110110
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labelled by their corresponding row numbers. In Figure 1, the Steinhaus graph
generated by 00110110 is pictured.

Steinhaus in [9] asked if there were Steinhaus triangles containing the same
number of zeros and ones and Harborth [7] answered this affirmatively by showing
that for each m, n = 0,1 (mod 4), there are at least four strings of length n — 1
that generate such triangles. In particular, bipartite Steinhaus graphs were studied
in [3], [4] and [6]. Also, conditions and conjectures on the existence for regular
Steinhaus graphs were given in [2].

We now present some facts concerning Pascal’s rectangle modulo two (see Figure

2). The rows of the rectangle are labelled R, Rj,---, and so the kth element of
R} is 0if kK > n and is (Zj) (mod 2) if 1 < k < n. We denote by R, j the string

formed by the first k£ elements of R} and we set R, = R,, . If T is a string of zeros
and ones, then T* is the string T' concatenated with itself £ — 1 times. For example,
if T = 01, then T* = 01010101.

Rig—~ 1 00 00 0 0 0
Rys—~ 1 1.0 0 0 0 0 0
Rss—~ 1 0 1 0 0 0 0 0
Riys—~ 1 11100 0 0
Rsgs—~ 1 0 0 0 1 0 0 0
Rgs— 1 1 00 1 1 0 0
Rig—~ 1 01010 10
Rgg— 1 1 1 1 1 1 1 1

Figure 2 Pascal’s rectangle of length 8

In this paper, |z] is the floor of z and [z] is the ceiling of x. We denote loga(z)
by lg(x). Also, if k is a positive integer, then let K = 2[99 and T = Ry 411 . In
[4], the generating strings for bipartite Steinhaus graphs were described as follows.

Theorem 1.1([4]). A Steinhaus graph is bipartite if and only if its generating
string is a prefiz of either OFT2" 052" or 0KT2 0™ for each positive integer k, odd
positive integer i larger than 1, non-negative integers j, m.

In [6], the tight bound for number of bipartite Steinhaus graphs was described
as follow.

Theorem 1.2([6]). Let b(n) be the number of bipartite Steinhaus graph with n
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vertices. Forn > 4

[%(1771 —29)] < b(n) < L%(5n ~7).

2. Pascal’s triangle and some results of bipartite Steinhaus graphs

First, among rows of the same length in Pascal’s rectangle, we want to deter-
mine the numbers of ones in two consecutive rows. For a positive integer k£ and
0 < r < 3, let the string of R4x4, be denoted by Ty 1, Thsr - - Thkr 1y, Wwhere
Ty.ir is a string of length 4 consisting of (4i — 3)!" ... | (44)!" digits and T, the
last r digits in Ryj, respectively. For example, Ry = T1 10 is 1* i.e. 1111. Also,
Ry =Ts1 1T 21Ty is 1*1*. Hereafter, we denote T}, ;o to Tj;. By induction on k,
we get to the following two facts.

If both T%_1,;—1 and Tj_1,; are either 14 or 0%, then Ty is 04.
If either Th—1 ;-1 or Tj—1; is 1% and the other is 0%, then Th,i is 14,

This gives a recurrence relation for 7T} ; similar to the binomial coefficient re-
currence, (15:11) + (kl_.l) = (]:) Note that Tj; is 0 if (If:ll) is even, is 14 if (2‘:11)
is odd. If we regard T} ; — 1% or 0% as either 1 or 0 respectively, then T;m-/s sat-
isfy the binomial coefficient recurrence. It is straightforward to show that T} ;1 is
either 0000 or 1000, T} ;2 is either 0000 or 1100, and that T} ;3 is either 0000 or
1010. Next, we compute the numbers of ones in some consecutive rows in Pascal’s
Rectangle. First, we start with Lucas’s Theorem.

Theorem 2.1([8]). Let p be prime and let n = > a;p* and m = > b;p’ be the
p-ary expansions of positive integers n and m. Then

()= G () ot

Lemma 2.2. For 0,k < 2™, Rpyom = RL02"FRy.

Proof. When p = 2, we get to the following by Theorem 2.1. (:T’L) is odd, i.e.
(™) =1 (mod 2) if and only if whenever m has a 1 as its i—th binary digit, then
so does n. Since for k < j < 2™, j does not have 2" in binary expansion, the fact
above gives (kjflm) =0 (mod 2). For 1 <j<kand k+1<j<k+2™, use above
fact again. O

Let n be a positive integer such that the number of ones in R,, is equal to the

number of ones in R, ;. Note that neither n nor n + 1 can be a power of 2. Let
n = k+2" where k < 2". By Lemma 2.2, the number of ones in R,, is two times of
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the number of ones in Rg. So, the number of ones in Ry is equal to the number of
ones in Ry1. By continuing this process, we get n = 4k + 2, for some non-negative
integer k. The next Theorem will show that the converse is also true.

Theorem 2.3. Let n be a positive integer. Then the number of ones in R, is equal
to the number of ones in R,41 if and only if n = 4k + 2, for some non-negative
integer k.

Proof. Let n = 4k + r for some k and r, where 0 <7 < 3.

Case 1 r=1.
Note that T} ;1 is either 1000 or 0000 for 1 <+¢ < k and 77 = 1. If T} ;; is
1000, then Ty ;2 is 1100 for 1 < i < k. If T} ;1 is 0000, then T} ; o is 0000 for
2 < i < k. Moreover, To = 11. So, the number of ones in Ry is exactly
half of the number of ones in Ryjo.

Case 2 r = 2.
Note that T} ;2 is either 1100 or 0000 for 1 < ¢ < k. If T} ;2 is 1100, then
T3 is 1010 for 1 < ¢ < k. If T}, ; o is 0000, then Ty ; 3 is 0000 for 2 < ¢ < k.
Moreover, T3 = 101. So, the number of ones in R4k 2 is equal to the number
of ones in Ryj43.

Case 3 r =3.
Note that T} ;3 is either 1010 or 0000 for 2 < ¢ < k. If T} ;3 is 1010 then
Tk,i,4 is 1111 for 1 S ) S k. If Tkﬂ"g is 0000 then Tk,i,4 is 0000 for 2 S ) S k.
Moreover, Ty = 1111. So, the number of ones in Rg;4+5 is not equal to (in
fact, half of) the number of ones in Ryj4.

Case 4 r=0.
This case is clear.

Hence by combining all cases, the proof is completed. O

We divide all generating strings of bipartite Steinhaus graphs into two types,
0FT70™ for m > 0 and 0*T7. First, let a11a12-- - a1, be a generating string of a
bipartite steinhaus graph. Let ajiais---ai, be 0¥T70™ for m > 0. Since T =
Ry _g11, the degrees of vertices 1,2, and 3 are not equal by Theorem 2.3. If
a11a12 - - - a1y is a prefix of 0FT7 | then the degree of vertex k+ 1 is k and the degree
of vertex k+2 is at most %1 So the degrees of three vertices are not equal. Hence,
we get to the following result:

Theorem 2.4. There are no nontrivial regular bipartite Steinhaus graphs with at
least three vertices.

Finally, we find an upper bound for minimum degrees of bipartite Steinhaus
graphs. Let G be a nonempty bipartite Steinhaus graph with n > 8 vertices.
Observe that the first k-long string a1 g+102 k41 @k py1 in (kK + 1)t column of
A(G) are all ones. So, the first k-long string aj k1202 kt2 - iz in (k + 2)17"
column of A(G) are alternatively zero and one.
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Lemma 2.5. If ajia12---ay, is 0*T70™ for some m > 0, then the minimum
degree 0(G) is at most .

Proof. Note that the (n-k)-long string ag k110 k42 akn in the k" row of A(G)
is 1570™. So degree of vertex k + 2 is given by

E Qi k+2 + E Ak+2,i5
1

i=1, k+ i=k+3,...,n

which is at most . But when j = 1, the vertex k — (4§ + 1) is of degree 2. If
j > 2, it is not difficult to deduce that n > 2k + 8 from n > k + K + m for k > 5.
When 1 < k < 4, it is straightforward. This gives that the minimum degree §(G)

of G is at most 7. O

Theorem 2.6. For any bipartite Steinhaus graph G with at least 3 vertices, 6(Q)
is less than |7 ].

Proof. Assume that aj1a12--- a1, is a prefix of 0FT9. If a11a12- - a1, contains
0*T, the degree of vertex k + K is one because all entries below k" row in upper
triangle of A(G) are zeros and the string T = Ry k41, x generates the k-long string

Q1,5+ K02, k+K * Ok k+K Which is 0F=11. If a11a12 - - - a1p, is & proper prefix of 0FT,
the vertex k — (% + 1) is of degree 2. By combining Lemma 2.5, the proof is com-
pleted. O

References

[1] B. Bollobas, Graph Theory, Springer-Verlag, New York, 1979.

[2] C. K. Bailey and W. M. Dymacek, Regular Steinhaus graphs, Congr. Numer.,
66(1988), 45-47.

[3] W. M. Dymacek, Bipartite Steinhaus graphs, Discrete Mathematics, 59(1986) 9-22.

[4] W. M. Dymacek and T. Whaley Generating strings for bipartite Steinhaus graphs,
Discrete Mathematics, 141(1995), no 1-3, 95-107.

[5] W. M. Dymacek, M. Koerlin and T. Whaley A survey of Steinhaus graphs, Proceed-
ings of the Eihgth Quadrennial Intrnational Conference on Graph Theory, Combina-
torics, Algorithm and Applications, 313-323, Vol. 1, 1998.

[6] G. J. Chang, B. DasGupta, W. M. Dymacek, M. Furer, M. Koerlin, Y. Lee and
T. Whaley, Characterizations of bipartite Steinhaus graphs, Discrete Mathematics,
199(1999) 11-25.

[7] H. Harborth, Solution of Steinhaus’s problem with plus and minus signs, J. Combi-
natorial Theory, 12(A)(1972), 253-259.

[8] R. Stanley, Enumerative Combinatorics Volume I, Wadsworth, Inc., 1986.

[9] H. Steinhaus, One Hundred Problems in Elementary Mathematics, Dover, New York,
1979.



