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ABSTRACT. A new counterpart of Bessel’s inequality for orthonormal families in real or
complex 2-inner product spaces is obtained. Applications for some Griiss inequality for
determinantal integral inequalities are also provided.

1. Introduction

The concepts of 2-inner products and 2-inner product spaces have been inten-
sively studied by many authors in the last three decades. A systematic presentation
of the recent results related to the theory of 2-inner product spaces as well as an
extensive list of the related references can be found in [1]. Here we give the basic
definitions and the elementary properties of 2-inner product spaces.

Let X be a linear space of dimension greater than 1 over the field K = R of real
numbers or the field K = C of complex numbers. Suppose that (-,-|-) is a K-valued
function defined on X x X x X satisfying the following conditions:
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( >0 and (x,z|z) = 0 if and only if x and z are linearly dependent,
( = (Zv Z|x)7

(y,zl2) = (2,yl2),

(ax,y|z) = a(z,y|z) for any scalar o € K,

(x +2',ylz) = (z,y|z) + (2, y[2).

(+,+]) is called a 2-inner product on X and (X, (-,-|)) is called a 2-inner product
space (or 2-pre-Hilbert space). Some basic properties of 2-inner product spaces can
be immediately obtained as follows [2]: (1) If K = R, then (2I3) reduces to

(y,2[2) = (z,9]2).
(2) From (2I3) and (2I4), we have
(0,ylz) =0, (z,0/2)=0
and also
(1.1) (z, ay|z) = a(z,y|2).
(3) Using (212)-(2I5), we have
(z,2lz £ y) = (v £y, 2 £ y[2) = (2, 2[2) + (y,y2) £ 2Re(x, y|2)

and

(12) Re(z,31z) = (2.2l +9) — (2, 2la — )]

In the real case K =R, (1.2) reduces to

1
(1.3) (z,912) = J[(z 2z +y) = (2, 2]z — y)]
and, using this formula, it is easy to see that, for any a € R,

(1.4) (z,ylaz) = a*(x,yl2).

In the complex case, using (1.1) and (1.2), we have
) 1 ) )
Im(z, ylz) = Re[~i(z, yl2)] = 7 (2, 2lz +1y) = (2, 2] — iy)],
which, in combination with (1.2), yields

(15)  (@yl2) = <1z 2o +9) — (2, 2la — )] + +

1 4[(z,z|x—|—iy) — (2, zlz — y)].

Using the above formula and (1.1), we have, for any « € C,

(1.6) (z,yloz) = |of*(z,yl2).
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However, for o € R, (1.6) reduces to (1.4). Also, from (1.6) it follows that

(z,y]0) = 0.

(4) For any three given vectors x,y,z € X, consider the vector u = (y,y|z)x —
(z,y|2)y. By (211), we know that (u,u|z) > 0 with the equality if and only if u and
z are linearly dependent. The inequality (u,u|z) > 0 can be rewritten as,

(L.7) (v, yl2)(2, z]2)(y, yl2) = |(z,y]2)"] = 0.

For z = z, (1.7) becomes
which implies that

(1.8) (z,yl2) = (y,2[2) =0

provided y and z are linearly independent. Obviously, when y and z are linearly
dependent, (1.8) holds too. Thus (1.8) is true for any two vectors y, z € X. Now, if
y and z are linearly independent, then (y,y|z) > 0 and, from (1.7), it follows that

(1.9) (@, y12)” < (2, 2]2)(y, yl2)-

Using (1.8), it is easy to check that (1.9) is trivially fulfilled when y and z are linearly
dependent. Therefore, the inequality (1.9) holds for any three vectors z,y,z € X
and is strict unless the vectors u = (y, y|z)z — (z, y|2)y and z are linearly dependent.
In fact, we have the equality in (1.9) if and only if the three vectors z,y and z are
linearly dependent. In any given 2-inner product space (X, (-,-|-)), we can define a
function || - |- || on X x X by

(1.10) ]zl = v/(z, z]2)

forall z,z € X.

It is easy to see that this function satisfies the following conditions:

(2Ny) ||z|z|| > 0 and ||z|z|]| = 0 if and only if z and z are linearly dependent,

(2N2) |12l = Jl2lz]]

(2N3) ||az|z]| = |al||z|z|| for any scalar o € K|

(2N4) 1z +2'|2]| < [lalz]) + la']].

Any function ||+ ||| defined on X x X and satisfying the conditions (2N7)-(2Ny)
is called a 2-norm on X and (X, || - |- ) is called a linear 2-normed space [5].

Whenever a 2-inner product space (X, (-, +|)) is given, we consider it as a linear
2-normed space (X, || -|-||) with the 2-norm defined by (1.10).

Let (X, (+,-|-)) be a 2-inner product space over the real or complex number field
K. If (fi);<;<, are linearly independent vectors in the 2-inner product space X,
and, for a given z € X, (fi, fjlz) = d;; for all 4,5 € {1,...,n} where §;; is the
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Kronecker delta (we say that the family (f;),.,~, is z—orthonormal), then the
following inequality is the corresponding Bessel’s inequality (see for example [2])
for the z—orthonormal family (fi),<;<,, in the 2-inner product space (X, (-,-|)):

(L.11) Y@, fil2) < a2l
i=1

for any x € X. For more details on this inequality, see the recent paper [2] and the
references therein.

The following reverse of Bessel’s inequality in 2-inner product spaces has been
obtained in [3]:

Theorem 1. Let {e;},.;, F, ¢i, @i, i € F and v,z € X so that either
(i) Re (X iep Piei — @, — >, p dieilz) >0
or, equivalently,

i + D4
T icp 5 eilz

DN | =

(i)

1 2
<5 (Sier 1@ - 0
holds. Then we have the inequality:

2 2
0 < Jlal2l® =) Iz, eil2)]

icF
1 2
< 1 Z [®i — ¢i|” — Re (Z(I)iei o Z¢¢6i|z>
i€l i€F i€ F
1 2
(S 12'¢i_¢i| > .
1eF

1
The constant 1 is best possible.

The main aim of the present paper is to establish a different reverse inequality
for (1.11). Some companion results and applications for determinantal integral
inequalities are also given.

2. Another reverse of Bessel’s inequality

The following lemma holds.

Lemma 1. Let {e;},.; be a family of z-orthonormal vectors in X, F' a finite part
of I, ;e K,ieF,r>0andz e X. If

T — Zx\iei\z

ieF

(2.1) <r

)
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then we have the inequality

(2.2) 0< flzlzl* =Dl el2) < v% = D 1N = (eilz)

i€l i€F

Proof. Consider

2
= J;—Z)\iei,x— Z)\jej|z

I = ||z — Z)\iei|z
ieF i€F JEF
= ||=]z|? Z)\ x, e;|z) Z)\ x, e;|z) +ZZ)\)\ (es,€5]2)
i€F i€F i€EF jeF
= [lzlzl® =Y Ni(w,eilz) = Y N (w,eilz) + > Al
ieF i€F ieF

and

L= = (@ el = 3 (= (zeil2) (N - (w,ei]2))

ieF i€EF

=Y [P+ l@ el =X @ eilz) = Az, el

i€l
=D NP D @l =D N (weilz) = D> Al elz)
i€F icF i€F i€F

If we subtract Iy from I;, we deduce an identity that is interesting in its own right:

2 2
09 e S nede] - el = el - X e
i€F i€F i€F
from which we easily deduce (2.2). O

The following reverse of Bessel’s inequality holds.

Theorem 2. Let {e;},.; be a family of z-orthonormal vectors in X, F' a finite part
of I, ¢;, ®;, i € I real or complex numbers. For x € X, if either

(1) Re (ZiEF (I)iei — T, T — ZiEF ¢ie’i|z) Z Oa

or, equivalently,

N |

o; + P,

(i) ||z — ZieF eilz|| <

5 (Sier 12— o)
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holds, then the following reverse of Bessel’s inequality

(2.4) 0 < Jlzlzl* =D Iz, el2)

ieF
1 2 i+ ®; ’
SzZ@i—ﬁM - = 5 - (x,ei2)
i€F i€F
1 2
(S EZ@H—@\ )
i€l

1
is valid. The constant 1 18 best possible.

Proof. Firstly, we observe that, for y,a, A € X, the following are equivalent

(2.5) Re(A—y,y—alz) >0
and
(2.6 v 52 < 14— ala.

Now, for a =, p diei, A=), p Pie;, we have

1
2\ 2
1A = alzll = | D (@ = i) eslz| = | [|D_ (®i — di) el
i€F i€l
1 1
2 2) 2 2
= (D 1@; — il [leslz] = (D12 — ¢il ;
iCF icF
which gives, for y = x, the desired equivalence.
i + P
Now, if we apply Lemma 1 for \; = ¢ ; and
1
1 2
ri=g <Z |®; — ¢z|2> ;
i€EF

then we deduce the first inequality in (2.4).

1
Let us prove that 1 is best possible in the second inequality in (2.4).
Assume that there is a ¢ > 0 such that

27) 0< |zl =D @, eil2) <ed [ @i—ai* =

i€F i€l i€l

di+
2

— (z,€4|2)

2

)
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provided that ¢;, ®;,x and F satisfy (i) or (ii).
Now, let F = {1},e; = e,|le|z]|| = 1 and m € X so that |m|z]] = 1 and
(m,e|z) =0. For &1 = ®,¢; = ¢, D # ¢, define the vector

Lt s
=— 5 .
A simple calculation shows that

2
(e—xz,x—elz) =0

-9

(fbe—x,z—¢e|z)—‘ 5

and thus the condition (i) of the theorem holds true for F' = {1}.
Observe also that

2

) P —
lz|z|> = H ;¢e + T¢m z
B @+¢2+@—¢2
- 2 2
and
SRNINC ST LTSRN B
’ 2 2 ’ 2
Consequently, by (2.7), we deduce
& o2
22l <olo— o,
2
. . 1 .
which gives ¢ > T and the proof is completed. O

Remark 1. If FF = {1}, e; = ¢, |le|z|| = 1 and, for ¢,® € K and = € X, one has
either

(2.8) Re (Pe —z,x — ¢e|z) > 0

or, equivalently,

o+ 1
2. - <D —
(29) o - &3] < 510 -l
then
(2.10) 0 < [la]2l® = |(z, el 2)”
1 s |o+ @ 271 )
<SP -0 - |1 - < —|b— .
< 7 1®-9l 5 (z,el2)| < 7|®— 9l
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1
The constant 1 is best possible.

3. A refinement of the Griiss inequality
The following result holds.

Theorem 3. Let {e;},.; be a family of z-orthonormal vectors in X, F' a finite part
of I, ¢i, ®i, vi,I's €K, i € F and z,y € X. If either

(3.1) Re (Z e, — 2,0 — Zqﬁieiz) >0,

i€F i€l
Re (Z Tie; —y,y — Z’yieq;z> >0
i€l i€EF
or, equivalently,
1
Qi + ¢ 1 2) 2
2 -2t < (mm-ar)”
i€l i€l
1
Ui+ 1 2) 2
y—z 5 eilz §2<Z|Fi_%‘|>
i€F ieF
hold, then we have the inequalities
(3.3) 0< |(z,yl2) = Y (z,eil2) (e, yl2)
i€l
1 1
1 2\ 2 2\ 2
§4<Z|‘Di¢i|> <Z|F1%|>
1€EF i€F
D+ ¢; i+
X[ - )| [P - el
i€F
1 1
1 2\ 2 2\ 2
§4<Z|‘I’i—¢i|> '(ZD-M)
ieF i€F

1
The constant 1 is best possible.
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Proof. Using Schwarz’s inequality in the 2-inner product space (X, (-,-|)), one has

2
(34) <$_Z($7€z)€wy—2(y»ez) 62|Z>
ieF i€F
2 2
<z =D (@edel|| ly=> (e el
icF icF

and, since a simple calculation shows that

(x = (wedeny—Y (y.e) €¢Z> = (2,912) = ) (2, eil2) (es,yl2)

i€l i€l i€l

and
2

2 2
= Jllz]” = Y Iz, eil)]

icF

x— Z (x,€;)eilz

icF

for any z,y € X, then, by (3.4) and the reverse of Bessel’s inequality in Theorem
2, we have

2
(3.5) (z,yl2) = Y (x,e]2) (€5, 9]2)
ik
< <||90|Z||2 = ($7€iz)|2> <|y|Z||2 -3 |(y,€¢|z)|2>
ek ek
1 D, i 2
< l4 Z |®; — ¢i]” — Z %d) — (z,eil2) ]
ik ieF
1 I i 2
X EZWz‘—%‘\Q—Z % — (y, eil2) ]
ek ieF

=K.
Using Aczél’s inequality for real numbers, i.e., we recall that
2
(3.6) <a2 -3 a3> <b2 -3 bf) < <ab -3 a,;b¢> ,
iE€F iE€F iE€F

provided that a, b, a;, b; > 0, i € F, (originally, Aczél proved it under more restrictive
assumptions for a, b, a;, b;, i.e., either a? — dicr a? or b — YicF b? are nonnegative,
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but those conditions are not necessary), we may state that

1 1

s el ()

2
Qi + ¢; L+
—'EE: —5 —(w,eilz) ——75—————(y,eﬂz) .
ieF
Using (3.5) and (3.7) we conclude that
2
(3.8) (2,y]2) = Y (@, eil2) (e yl2)
i€l
1 1
1
4<Z|q)_¢z > <ZF — il >
i€l i€l
®; + ¢ r ’
i+ 9 i+
3| Eee ,AMQ—@wa-
ieF

Taking the square root in (3.8) and taking into account that the quantity in the
last square brackets is nonnegative (see for example (2.4)), we deduce the second
inequality in (3.3).

The fact that 1 is the best possible constant follows by Theorem 2 and we omit
the details. ]

The following corollary may be stated.

Corollary 1. Lete € X, |le|z|| =1, ¢,D,7, T € K and x,y € X such that either

(3.9) Re (Pe — z,2 — ¢e|z) >0, Re(Te—y,y—velz) >0
or, equivalently,
o+ 1 v+T 1
1 — P — —|I'—
(3.10) o< tieal, R EET

Then we have the following refinement of Griss’ inequality

(3.11) 0 < |(z,9l2) — (z,el2) (e,y[2)]

o+

1 vy+T
< = _ o~ = _ Sz
<o —dllr—n - |23 uﬂ4|2 (v el2)

1
(sgle-olir—n1).
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1
The constant 1 1s best possible.

4. Some companion inequalities
The following companion of the Griiss inequality also holds.

Theorem 4. Let {e;},.; be a family of orthonormal vectors in X, I a finite part
of I and ¢;,®; €K, i € F, z,y € X and X\ € (0,1) such that either

(4.1) Re (Zfbiei—()\x—&—(l—)\) y), Az + (1 — X Z(bzezz) >0

i€l i€l

or, equivalently,

| =

®; + ¢;

l\3\>—~

(4.2) e

)\J;—F(l—)\)y—z

i€F

{gmeer)

holds. Then we have the inequality

(43) Re (‘T7y|z)_2($,el|2) (ezay|z)
i€F ]
1
S 16 A(1=N) ;"b
1 1 Qi + ¢ 2
*zA(l_A)Z 8 Qe (1= N peil)

(e o)

1
The constant — is the best possible constant in (4.3) in the sense that it cannot be
replaced by a smaller constant.

Proof. We know, for any z,u,v € X, that one has
1 2
Re (=, ulv) < 7 = + ulo].

Then, for any a,b,z € X and A € (0,1), one has

(4.4) Re (a,b]2) < ﬁ ha+ (1—A)bl2]2.
Since
(z,ylz) — Z (z,€i]2) (€5, yl2) = (fﬁ - Z (z,ei) ey — Z (y,e:) 6z‘|2> )
i€F i€F i€F
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for any xz,y € X, then, by (4.4), we get

(4.5)

Re

= Re

1

SII—N

1

1

IN(I—N

ISYEEEDY)

(@.yl2) =Y (we2) (ei,yZ)]

i€l

i€

(a: - Z (z,e;) ey — Z (y, e:) eﬂz)]
F i€F

2

A (:v—Z(x €i) z) (L=2A) (y_Z(y,ei)ei> |2

i€EF i€F

2

)\x—i—(1—)\)y—Z(Ax+(I—A)y,ei)ei\z
i€l

Az + (1= N glz]* =Y |+ (1 - A)y,eiIZ)lﬂ :
i€eF

If we apply the reverse of Bessel’s inequality in Theorem 2 for Az 4+ (1 — \) y, we
may state that

(4.6)

Az + (1= A

I /\

i€l

IN

ieF

72@ — il =

Jylzl® = Y1z + (1= Ay, eil2))?

i€EF

2
XY w1 Nyel)

i€l

iZ@i*@ﬁ

Now, by making use of (4.5) and (4.6), we deduce (4.3).

1
The fact that 6 is the best possible constant in (4.3) follows by the fact that

if in (4.1) we choose = = y, then it becomes (i) of Theorem 2, which implies for

1 1
A= 3 the inequality (2.4), and so we have shown that 1 is the best constant. [J

Remark 2. In practical applications, we may use only the inequality between the
first and the last term in (4.3).
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1
Remark 3. If, in Theorem 4, we choose A = 2 then we get

(4.7) Re

(xvy‘z) - Z (.’E, €Z|Z) (el,y|z)1

i€l
Qi + ¢ r+y ’
- 761"2

1
SZZME*%E*Z 5 5

i€EF ieF

1
(S 1 Z |®; — ¢i|2> ;
i1€EF

Re(Z@el x+y7x+y Z@@IZ) >

i€EF ieF

provided

or, equivalently,

feilpn-o)”

Corollary 2. With the assumptions of Theorem 4 and if

(4.8) Re (Z Qe —( M (1—-Ny), AxE( Z(blelz) >

i€l ieF

T4y D; + ¢
>

i€l

or, equivalently,

(4.9) Mk (1-Ny -3 B0,

then we have the inequality

(@yl2) — Y (@ eil2) (ei,mz)H v O IE

i€EF zEF

(4.10)  |Re

1
The constant 6 is best possible in (4.10).

Remark 4. If X is a real inner product space and m;, M; € R with the property

(4.11) <ZMiei — Az E(1=Ny),\z+( Zm,eﬁz) >0

i€l 1€EF
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or, equivalently,

1
M; +m; 1 9 5
(4.12) )\:E:t(l—)\)y—ZTfﬂz §2[Z(Mi—mi)] ,
i€EF i€EF
then we have the Griiss type inequality
@13 @l = Y @) (enyl)| € o 3 (s - mo)?.
icF T 16 A=A icF

5. Applications for determinantal integral inequalities

Let (2, %, 1) be a measure space consisting of a set {2, ¥ a o—algebra of subsets
of Q and p a countably additive and positive measure on ¥ with values in R U {co}.
Denote by Li (Q) the Hilbert space of all real-valued functions f defined on §2

that are 2—p—integrable on Q, i.e., [, p(s)|f (s)]* dp (s) < oo, where p : Q — [0, 0)
is a measurable function on €.

We can introduce the following 2-inner product on L (2) by formula
(5.1)
fls)  f(®) g(s) gt
1
(fi9lh), =35 (s) p (1) dyu(s) dp (t)
! Q/Q/Qp ’ h(s)  h(t) h(s)  h(t) S

where

denotes the determinant of the matrix

1 i)

which generates the 2-norm on Lf) (Q) expressed by
9 1/2

' fs) 1w
62 flkl,= {5 [ [ @0 du () du (1)
e o we |

A simple calculation with integrals reveals that
Jaorfady — [qpfhdp

(5.3) (f,glh), =
Jopghdu [ ph*du



On Bessel’s and Griiss Inequalities 221

and

1/2
fQ pfrdp fQ pfhdp /

(5.4) I fInll, = :
Jopfhdu — [o ph*dp

where, for simplicity, instead of [, p(s) f (s) g (s) du (s), we have written [, pfgdpu.

We recall that the pair of functions (¢, p) € L2 () x L2 () is called synchronous

if
(¢(x) —a) (p(z)—p(y) =0
for a.e. z,y € Q.

We note that, if Q = [a,b], then a sufficient condition for synchronicity is that
the functions are both monotonic increasing or decreasing. This condition is not
necessary.

Now, suppose that h € L% (Q) is such that h (z) # 0 for u — a.e. © € Q. Then,
by the definition of 2-inner product (f,g|h),, we have

(5:5)  (f.9lh),
_ ! 2 e (£ F®Y (gls) g
= 3/, freean oo (15 -15) (15 - fa) me@wo

and thus a sufficient condition for the inequality

(5.6) (f.9lh), >0

to hold is that the functions (i, Z) are synchronous. It is obvious that this
condition is not necessary. Using the representations (5.3), (5.4) and the inequalities
for 2-inner products and 2-norms established in the previous sections, we have some
interesting determinantal integral inequalities.

Proposition 1. Let h € L2(Q) be such that h(x) # 0 for p—a.e. x € Q and
(fi)jer @ family of functions in Lf, (Q) with the property that
Jorfifidn  Jo pfihdu

Jopfihdu — fo phPdp

for any i,j € I, where ; ; is the Kronecker delta.
If we assume that there exists the real numbers M;, m;,i € F, where F' is a given
finite part of I, such that the functions

= 0i
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are synchronous on €1, then we have the inequalities
Jorf?du  [opfhdp Jorfifdu  [opfihdy

Jo pfhdp Jo PhPdp ier | [opfhdp Jo ph2dp

1
1 > (M —my)?
i€l

M, +m; Jorfifdn — Jopfihdp
=D | et

i€l Jo pfhdp Jo phPdp

1 2
<§ 4Z(M1m1)>

ieF

IN

The proof follows by Theorem 2 applied for the 2-inner product (-,-|-), and we
omit the details.

Similar determinantal integral inequalities may be stated if one uses the other
results for 2-inner products obtained above, but we do not present them here.
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