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NON-UNIQUE FACTORIZATION DOMAINS

YONG SU SHIN

ABSTRACT. We show that Z[\/—p] is not a unique factorization domain
(UFD) but a factorization domain (FD) with a condition 1 + a?p = gr,
where a and p are positive integers and g and r are positive primes in Z
with ¢ < p. Using this result, we also construct several specific non-unique
factorization domains which are factorization domains. Furthermore, we

prove that an integral domain Z[,/p} is not a UFD but a FD for some
positive integer p.

AMS Mathematics Subject Classification : 13D40, 14M10

Key words and Phrases : Factorization domains, unique factorization do-
mains.

1. Introduction

Let D be an integral domain with an arbitrary characteristic. It is well-
known that the ring of integers Z and the polynomial rings F[z] over a field F
are principal ideal domains (see [1], [2], and [3]). The chief result is that every

Euclidean domain is a principal ideal domain and every principal ideal domain
13 a unique factorization domain.

In [4], Wilson proved that the ring D = {a + b1+ +vV—-19)/2 | a, b € Z}

is a principal ideal domain, but not a Euclidean domain. Moreover there is
a simple example Z(z] (the ring of polynomials with integer coefficients) of a
unique factorization domain, but not a principal ideal domain. In this paper,
we construct a factorization domain, but not a unique factorization domain.

In Section 2, we introduce some preliminary notations and definitions. We
also prove that the subring Z[,/—p] of the complex number field C cannot be a
unique factorization domain (UFD) but a factorization domain (FD) for some
square free positive integer p € Z (see Theorem 7).
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In Section 3, we construct some different integral domains which are not a
UFD but a FD of type Z[,/p] for some p € Z¥ such that p is square free.

2. Non-unique factorization domains of type Z[,/—p]

Definition 1. Let R be a commutative ring with unity 1.

(a) Let a,b € R. If there exists ¢ € R such that b = ac, then a divides b (or
a is a factor of b), denoted by a | b.

(b) An element u of R is a unit of R if u divides 1, that is, if u has a
multiplicative inverse in R. Two elements a,b € R are associates in R
if a = bu where u is a unit in R.

Definition 2. (a) A nonzero element p that is not a unit of an integral
domain D is an irreducible of D if in every factorization p = ab in D
has the property that either a or b is a unit.

(b) An integral domain D is a factorization domain (abbreviated FD) if
every element in D that is neither 0 nor a unit can be factored into a
product of a finite number of irreducibles.

(c) A factorization domain D is a unique factorization domain (abbreviated
UFD) if p, ---p, and ¢q; - - - ¢, are two factorizations of the same element
of D into irreducibles, then r = s and the g; can be numbered so that
p; and g; are associates.

Definition 3. Let D be an integral domain. A multiplicative norm N on D is

a function mapping D into the integers Z such that the following conditions are
safisfied:

(a) N(a) =0 if and only if o = 0.
(b) N(afB) = N(a)N(B) for all o, 3 € D.

Remark 4. (a) Let D is an integral domain with a multiplicative norm N,
then N(1) =1 and N(u) = %1 for every unit v in D.
(b) Let D be as in (a). If every a such that N{a) = +1 is a unit in D, then
an element 7w in D with |N(7)| = p for a prime p € Z is an irreducible
of D. |

Recall that
o a’ is a perfect square when a € Z and a > 2, and
» a square free integer is an integer that is not divisible by any perfect
squares other than 1.

The following lemma is a straightforwrad computation that we leave to the
reader. | |

Lemma 5. Let p be a positive integer with \/p ¢ Z and let D = Z[\/—p). Define
N onD by

N(a+ by/=p) =a® +pb*, a,beZ.
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Then

(a) N is a multiplicative norm on D.
(b) @ € D is a unit of D if and only if a = +1.

Lemma 6. Let D and N be as in Lemma 5. Then D is a FD.

Proof. Assume a € D is neither 0 nor a unit.

We shall prove this lemma by induction on N(a). Since « is neither 0 nor
a unit, we have that N(a) > 2 by Remark 4 (a). If N(a) = 2, then a is an
irreducible of D by Remark 4 (b).

Now suppose that N(a) > 2. If a is an irreducible of D, then we are done.
If a is not an irreducible, then a = By where 3,4 € D and neither @ nor 7 is
a unit of D. The fact that 1 < N(8), N(v) < N(a) indicate that there exist
irreducibles p;,...,p: and qy,...,qs of D such that

ﬁ:ploocpt and ‘Y:qlcacqs
by induction on N(a). Therefore

a=fy=p1- P Qs
is a product of irreducibles of D, as we desired. U

Using the following theorem, we can construct several kinds of examples of
an integral domain which is not a UFD, but a FD (see Example 8).

Theorem 7. Let D and N be as in Lemma § and leta € Z—{0}. If 1+a’p = qr

for some prime numbers q,r € Z — {0} with ¢ < p. Then D is not a UFD, but
a FD. - |

Proof. Note that (1+ a+/=p)(1 —a/=p) =1+ a?p and N(a) > p for every non-
unit o in D — {0}. Let 1 + a\/—p = a8 where a,8 € D. Then N(1 + a\/—p) =
N(aB) = N(a)N(B) = gr, and so N(a) = 1,q,r, or gr. Since ¢ < p, it is
impossible that either N(a) or N(f3) is ¢ or r, and hence N(a) =1 or N(83) =1,
that is, either o or 3 is a unit of D. Thus 1 4+ a/—p is an irreducible of D. A
similar argument shows that 1 — a./—p is also an irreducible of D.

If ¢ = v6 where v, € D, then N(q) = N(v)N(8) = ¢°. However, since ¢ < p,
we have either N(v) =1 or N(§) = 1. In other words, either « or J is a unit of
D. Thus q is an irreducible of D. Furthermore, since

(1+av—-p)(1 —ay-p) =gr
and q is not associate to both 1+ a/~p and 1 — a/—p, 1 + aq? can be factored

into products of irreducibles of D by two different ways. Therefore, D is not a
UFD, but a FD by Lemma 6, as we wished. O

Example 8.  (a) Let Z[\/-5] = {a + bv/=5 | a,b € Z}. Choose p = 5 and
a =3 in Theorem 7. Then 1+ a?p=1+3%-5=46=2-23 and 2 < 5.
Hence Z[/-5] is an integral domain which is not a UFD, but a FD by
Theorem 7. |
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(b) Let Z[v/=13] = {a + by/—13 | a,b € Z}. Choose p = 13 and a = 3 in
Theorem 7. Then 1+ a%p =1+3%-13 =118 =2-59 and 2 < 13. Hence
Z[\/—13] is another example of an integral domain which is not a UFD,
but a FD by Theorem 7 again.

3. Non-unique factorization domains of type Z[\/ﬁ]

In the previous section, we discussed an lntegral domaln Wthh is not a UFD
but a FD of type Z[m for some positive integer p. In this section, we shall
give an integral domain of type Z[,/p| which is a non-UFD but a FD for some
positive integer p. .

Lemma 9. Let p be a square free integer and let D := =Z[/p] = {a+b\/p|a,be
Z}. Define N on D by

N(a+ by/p) = az:-pbz, a, beZ.
Then |

(a) N : D — Z is a multiplicative norm.
(b) o € D is a unit if and only if N(a) = 1

Proof. (a) Let @ = a+b/p € D with a,b € Z. If N(a) = a® — pb? = 0, then

a® = pb®. Since p is a square free integer, we have that a = b = 0, that is, a = 0.

In other words, N(a) = 0 if and only if a = 0.
Nowleta—-a+b\/'ﬂ——c+d\/"€Dw1thabc and d € Z. Then

N(a) =a?—pb?> and N(B)=c? pd2
 Hence,

N(ap)

I

N((ac + bdp) + (ad + bc)/B) = (ac + bdp)? ~ p(ad + be)?
(a%c? + 2abedp + b2d2p?) — (a2d%p + 2abedp + b2c2p)
(a%c? + b%d?p?) — (a2d?p + bc?p) |

(a® — pb?)(c? — pd?) = N(a)N(B).

So N is a multiplicative norm on D. |

(b) Let o be a unit in D. Then there exists an element 3 € D such that a8 =
- 1. Hence N(aB) = N(a)N(B) = N(1) =1, and so N(a) = £1. Conversely, let
a=a+b/pe D witha,be D and assume N(a) = +1. Then

N(a) = N(a + by/p) = a® —pb2=(a+bf)(a—b\/ﬁ):

and thus, a=a+ b,/p is a unit in D, as we desired. - o | EI

By the same method as in the proof of Lemma 6 with Lemma. 9 one can
easily prove the following lemma, and so we omlt the proof here.

Lemma 10. Let p be a square free integer and let D := Z[\/fo] = {a + by/D |
a,b€ Z}. Then D is a FD. o
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Recall that if m is a positive integer, we say that the integer a is a quadratic
residue of m if (a,m) = 1 and the congruence 2 = a (mod m) has a solution.
If the congruence 22 = a (mod m) has no solution, we say that a is a quadratic
nonresidue of m. |

Theorem 11. Let p and q be positive integers such that pq 1is square free. Let
D :=1Z[\/pq) = {a+b\/pq | a,b € Z}. Assume that +r is a quadratic nonresidue
of g where T is a prime number in Z. Then *r is an irreducible of D.

Proof. Let a + b,/pq with a,b € Z. Define N on D by

N(a+ b\/pq) = a* —b°pq, a,b€Z.
Note, by Lemma 9, that

(a) N is a multiplicative norm on D.

(b) @ € D is a unit of D if and only if N(a) = +1.
Let o8 = +r where o, 8 € D. Then N(£7) = N(af8) = N(a)N(B) = r? implies
N(a) = £1, £, or 272, If N(a) = +7, then N(a) = a? - b°pg = %7, that is,
a? = +r (mod q), which is a contradiction since +r is a quadratic nonresidue of
g by our assumption. In other words, N(a) # +r for any o € D. If N(a) = +1,
then o is a unit of D by (b). If N(a) = £r?, then N(8) = £1, i.e., 8 is a unit
in D. Therefore, +r is an irreducible of D, as we desired. O

Example 12. (a) Now consider an integral domain D := Z[v/26] and let
g = 13. Note that a? = 0,1,3,4,9,10,12 (mod 13) for every integer
a € Z. Hence +2 and 45 are quadratic nonresidues of 13, i.e., by
Theorem 11, £2 and *5 are irreducibles of D. Moreover, since N(6 £
\/%) = 2.5, we know that 6 + v/26 are also irreducibles of D. So,
(6 +/26)(6 —/26) = 10 = 2- 5, that is, 10 is factored into two different
products of irreducibles of D. Therefore, D is not a UFD but a FD by
Lemma 10.

(b) Consider an integral domain D := Z[/39] and let ¢ = 13. Note that,
by (a), £2 and 45 are quadratic nonresidues of 13, i.e., +2 and %5 are
irreducibles of D. Moreover, since N (7 & 1/39) = 10 = 2.5, we see that
7+ /39 are also irreducibles of D. Therefore, (7T4+v39)(7-39) = 10 =
2 -5, that is, 10 is factored into two different products of irreducibles of

D. Therefore, D is not a UFD but a FD by Lemma 10.
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