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A SYSTEM OF NONLINEAR PROJECTION EQUATIONS
WITH PERTURBATION IN HILBERT SPACES

Li-wEN ZHOU, YEOL JE CHO, AND NAN-JING HUANG

ABSTRACT. In this paper, we introduce and studied a system of nonlinear
projection equations with perturbation in Hilbert spaces. By using the
fixed point theorem, we prove an existence of solution for this system of
nonlinear projection equations. We construct an algorithm for approxi-
mating the solution of the system of nonlinear projection equations with
perturbation and show that the iterative sequence generated by the al-
gorithm converges to the solution of the system of nonlinear projection
equations with perturbation under some suitable conditions.

1. Introduction

In recent years, the variational inequalities and complementarity problems
have been become effective and useful tools for a wide class of problems aris-
ing in a lot of different fields of pure and applied subject, such as optimization
theory, mathematical programming, elasticity theory, structural mechanics, en-
gineering science, economics equilibrium, free boundary valued problems and
so on. For more details, we refer to [2, 3, 4, 6, 7, 8, 9, 10, 11, 13, 17] and the
references therein.

It is well known that the projection method plays an important role in solving
the variational inequalities involved generalized monotonicity in Hilbert spaces
(see, for example, [12, 14, 15, 18, 19] and the references therein). In 2001,
Zhao and Sun [20] introduced and studied the solvability problems for a class
of nonlinear projection equations in finite dimensional spaces. They proved
some alternative theorems for the nonlinear projection equations and obtained
some applications to generalized complementarity problems.

Throughout this paper, we assume that X is a Hilbert space with norm || - ||
and inner product (-,-), respectively. Let K; and Ks be two nonempty subsets
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of X, p1,p2 > 0 be two constants, g, h: X - X and S, T, C;, fi : X xX — X
be nonlinear mappings for ¢ = 1, 2.

In this paper, we consider the following nonlinear system of projection equa-
tions with perturbation: find x,y € X such that

PKl [fl(x7y) - plT(xv y)] + Cl(xa y) = g(l’),
(1.1)
Pr,[f2(2,y) — p2S(x, y)] + Ca(z, y) = h(y),
where Py, is the projection of X onto K; (i = 1,2).
It is easy to see the system (1.1) includes many know nonlinear projection

equations, variational inequalities and complementarity problems as special
cases.

(I) If C; =0 for i = 1,2, then the problem (1.1) reduces to the following
problem: find z,y € X such that

P, [fi(z,y) = mT (2, y)) = g(),

PKz [fQ(xvy) - pQS(xv y)] = h(y)v

(1.2)

I If K1 = K9 = K, T(z,y) = S(y,x), g and h are identity mappings,

( y Y,2), g y mapping
fi(z,y) = y and fo(z,y) = z for all 2,y € X, then the system (1.2)
reduces to the following problem: find =,y € K such that

Prly — p1S(y,x)] = =,

Pz — p2S(2,y)] = v,
which was studied by Chang, Joseph Lee and Chan in [1].

(I1I) If f1(z,y) = g(x) and fa(x,y) = h(y) for all z,y € X, then the problem
(1.1) reduces to the following problem: find z,y € X such that

Pr,lg(z) — piT(z, y)] = g(=),

(1.4)
It is easy to see that the problem (1.4) is equivalent to the following
system of variational inequalities: find x,y € X such that g(x) € K,
h(y) € Ky and
(T(x,y),u—g(x)>207 VUEKla
(1.5)

(S(z,y),v —h(y)) >0, Vve Ko.

Moreover, if K; and Ky are cones, then the system of variational in-
equalities (1.5) is equivalent to the following system of complementarity
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problems: find z,y € X such that g(z) € Ky, h(y) € Ko, T(z,y) € K7,
S(z,y) € K and

<T(3’J, y)v g(.’L‘)) =0,

<S(17, y)v h(y)> =0,

(1.6)

where
K ={ue X :(uv) >0, Vve K},
K3 ={u€eX:(uv) >0, Vve K}

(IV) K1 =Ky =K, g(z) =h(x)forallz € X, fy = fo= fand S =T are
univariate mappings, then the problem (1.2) reduces to the following
problem: find x € X such that

(1.7) g(x) = Px[f(z) — T(z)]
which was introduced and studied by Zhao and Sun in [20].

2. Preliminaries

Definition 2.1. Let K C X be nonempty, closed and convex. For a given
point « € X, u = Pgkx is said to be a projection of x onto K if

|z —ull <|lz—v|, YvelkK.

Definition 2.2. A mapping f: X — X is said to be a-Lipschitz continuous
if there exists a constant o > 0 such that

1f(z) = fWll < allz —yll, Va,yeX.

Definition 2.3. A mapping f: X — X is said to be y-strongly monotone if
there exists a constant v > 0 such that

Definition 2.4. A mapping f: X — X is said to be (-strongly monotone
with respect to a mapping T : X — X if there exists a constant 3 > 0 such
that

(f(x)—f(y%Tx—Ty} 25||$—y||27 Vl‘,yEX
Lemma 2.1 ([5]). Let F: X x X — X x X be a mapping such that
1F(x1,y) — F(z2,y) || < mallzy — 22,
(2.1)
1F(z,51) = F(z,y2) || < mallyr — vzl

for all x1, x2, y1, y2 € X, where 0 < my; <1 and 0 < mg < 1 are constants.
Then there exists a unique point (z*,y*) € X x X such that F(z*,y*) =

(x*,y7).
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Lemma 2.2 ([9]). The projection mapping Px : X — K is a nonezpansive
mapping, that is,

|Prx — Pyl < llz —yll, Vr,yeX

Lemma 2.3 ([9]). For a given x € X, u = Pxx if and only if u € K satisfies
the inequality

(x —u,u—wv) >0, VYveK.

3. Main Results
Now, we are ready to give our main results in this paper.

Theorem 3.1. Let g : X — X be ay-Lipschitz continuous and (1-strongly
monotone. Let h : X — X be as-Lipschitz continuous and (2-strongly mono-
tone. Suppose that T, S, C1, Cy: X x X — X are four nonlinear mappings
such that T is ~y11-Lipschitz continuous with respect to the first argument and
Y12-Lipschitz continuous with respect to the second argument, S is ya1-Lipschitz
continuous with respect to the second argument and ~ys2-Lipschitz continuous
with respect to the first argument, Cy is y31-Lipschitz continuous with respect to
the first argument and y3o2-Lipschitz continuous with respect to the second argu-
ment, Co is y41-Lipschitz continuous with respect to the first argument and ~y42-
Lipschitz continuous with respect to the second argument. Let f1: X x X — X
be az1 -Lipschitz continuous and (31 -strongly monotone with respect to T for the
first argument, and aszo-Lipschitz continuous and (32-strongly monotone with
respect to T for the second argument. Let fo : X X X — X be ayi-Lipschitz
continuous and [B41-strongly monotone with respect to S for the second argu-
ment, and ayo-Lipschitz continuous and [(42-strongly monotone with respect to
S for the first argument. If

(3.1) O0<mir+mpe <1, 0<mo+moy <1,
where
myy = \/0%1 —2p1831 + pivi + \/1 — 261 + af + a1,
_ 2 2.2
miz = \/0442 — 202842 + P55 + Va1,
Mo = \/044211 — 2p2a1 + P33, + \/1 — 202 + a3 + Va2,

Moy = \/a§2 — 2p1 832 + P33y + V32,

then the system of monlinear projection equations with perturbation problem
(1.1) has a unique solution.

Proof. Let F': X x X — X x X be a mapping defined by
F(:E,y):(Fl(:r,y),Fg(x,y)), V(x,y) €XXX3
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where

Fi(z,y) = Px [filz,y) —piT(z,y)] + Ci(z,y) + 2z — g(x),
FQ(‘r7y) PKQ[fQ(xa y) - p25($, y)] + CQ(xay) +y— h(y)

We now show that F' satisfies the condition (2.1). In fact, for any x1, x2, y € X,
it follows from the assumptions and Lemma 2.2 that

HFl(xla y) — Fi(x2, y)H

= ||Pr, [f1(z1,y) — ;T (21, y)] + Ci(21,y) + 21 — g(21)

= Pic[f1(w2,9) = piT(w2,9)] = Crla,y) — 22+ g(aa)

< |[Pralfi(ery) = 1T (@, y) = Pr[falway) — T (w2, )
+ || = g(@) = @2 = g@2)| + | Cr(ar,9) - Cr(w2,w)|
< ||(i@r9) = fitw2 ) = (1T (@1 y) = T (w2,9) |

|| = 22) = (g(@1) = g@2)|| + | Cr(@1,9) = Cr(e2.w)|
= (||f1($17y) - fl(x%y)”? —201{f1(21,y) — fi(z2,y), T(w1,y) — T(x2,y))
/
AT @ny) - Tay))
+ (a1 = 22> = 221 = 22, 9(21) - 9(22))
o\ 1/2
+[lgten) = g@)|*) T +]|Ca@ry) — Culany)|
< (0 lles — ol = 2p1 oy — wall? + vy s —wal?)

1/2
+ (a1 = 222 = 281 lor = 2l + aFllzr = wal?) T +yillr — s

= (\/chl — 2p1531 +p%’y%1 + \/1 — 2061 + Ck% +’}/31) Hl’l — :L'QH

This implies that
(3.2) HFI(-Th y) — Fi(xo, y)” < myljzr — 22

Again for any 1, zo, y € X, from the assumptions and Lemma 2.2, we have
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HFz(Ih y) — Fa(a2, y)H

= || P [f2(21,y) — p2S(21,9)] + Ca(z1,9) +y — h(y)
— P, [fa(@2,y) — p2S(22,y)] — Ca(22,y) —y + h(y)H
Pi1fa(w1,9) = p25(01,9)] = Pics[fa(w2,9) = paS(a2, )|
|
(fal@r,y) = fal@a,w) = (p2S(1,) = paSiaz.y) |

+ ch(ﬂfl,y) —02(372,9)“
= (Hfz(l”hy) — fa(@a,p)||” = 202(fa(@1,9) — fa(@,y), S(a1,y) — S(aa,y))

+ ngS(thy) - 5’($27y)H2)1/2 + HCQ(:m;y) - Cz(m,y)H

IN

+||Cater,1) - Calian

IN

< (0@212”»’31 — @2||® = 2p2Ba2llw1 — w2 ||* + P33l — $2||2) + a1z — 2|

= (\/0142;2 — 2pafa2 + P33 + 741) HCU1 - CEQH
It follows that
(33) HF2($1> y) — Fa(z2, Z/)H < masllzr — z2]|.
By (3.2) and (3.3), we have
|Flany - Flaay)|

(3.4) = HFl(xl,y) — F1($C27y)H + HF2($17Q) - F2($C27y)H
< (ma1 + mag)l|z1 — @2

Similarly, we can prove

(3.5) ‘F2($,y1) - F2(33,y2)H < mat|lyr — yal
and
(3.6) HFl(%yl) - F1(33,y2)H < maallyr — y2|-

It follows from (3.5) and (3.6) that
(3.7) | F@.y) = Pl o) < (mar + maz)llys — el

Since 0 < mq11 +my2 < 1 and 0 < mg; + mes < 1, by (3.4) and (3.7), we know
that F' satisfies condition (2.1). It follows from Lemma 2.1 that there exists a
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unique (z*, y*) € X x X such that
(m*ay*) = F(LU*, y*) = (Fl(x*vy*)v FZ(x*,y*))
This implies that
9(x*) = P, [fi(z",y") — ;T (2", y")] + Cr (2", y7),

h(y*) = Pre,[f2(a™,y") — p2S(a™,y")] + Ca(z™, y*)
and so (x*, y*) is the unique solution of the system of nonlinear projection

equations with perturbation problem (1.1). O

Algorithm 3.1. For any given point (z¢, y9) € X x X, compute the sequence
{(zn, yn)} as follows:

Tpt+1 = PK1 [fl(xn>yn) - p1T<xn7yn)] + Cl(xnayn) +xn — g(mn)a

Yn+1 = Prc, [f2(Tn, Yn) — p2S (0, yn)] + Co(Tn, yn) + Yn — h(yn),
where Py, is the projection of X onto K, p; > 0 (i = 1,2) are constants.
Theorem 3.2. Suppose that all the conditions of Theorem 3.1 are satisfied.
Let {xn,yn} be a sequence generated by Algorithm 8.1. Then

Ty — T, yn—>y* (TL—>OO),
where (x*, y*) is the unique solution of the system of nonlinear projection
equations with perturbation problem (1.1).

Proof. From Algorithm, we know that ,+1 = F1 (2, yn) and yn+1 = Fa(zn, Yn)-
It follows from (3.2), (3.3), (3.5), (3.6) that

||:En+1 _(E*H = HFl(xnuyn) _Fl(x*vy*)”
(3.8) < mallzn — 2| + mazllyn — v
and

[Yns1 =" = IFa(@n, yn) — Fa(z", ")
(3.9) < maslle, — 2| 4 marllyn — v

Let m = max{mi1 + mi2, ma1 + maa}. It follows from (3.8) and (3.9) that
||(xn+17yn+1) — (=%, y") ’

= [[znt1 — 2| + |Ynt1 — y" ||
< (ma1 + ma2)||lzn — 2| + (mo1 + me2)||yn — ¥*||

<m(llen — 2% + lyn — v*|)
It is easy to see that

H(zn,yn) - ($*,y*)|| < mnH(anyO) - (x*ay*)H
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Since 0 < m < 1, we have

H(mn’yn) - (x*,y*) | —0 (n - OO),

that is, z,, — =* and y,, — y* as n — oo. This completes the proof. (I

From Theorems 3.1 and 3.2, we have the following result.

Theorem 3.3. Suppose that T, S : X x X — X are nonlinear mappings such
that T is y11-Lipschitz continuous with respect to the first argument and y12-
Lipschitz continuous with respect to the second argument, S is ~yo1-Lipschitz
continuous with respect to the second argument and ~yao-Lipschitz continuous
with respect to the first argument. Let g: X — X be ay-Lipschitz continuous,
(B1-strongly monotone and (11 -strongly monotone with respect to T' for the first
argument. Let h : X — X be ag-Lipschitz continuous, [2-strongly monotone
and Po1-strongly monotone with respect to S for the second argument. If

0<mir+miz <1, 0<mo+moy <1,

where

mip = \/04? —2p18u1 + pivi + \/1 =201+ o] muz = pares,

maoy = \/045 — 2pafa1 + P33 + \/1 =20+ 03 ma = pi17o,

then the system of variational inequalities (1.5) has a unique solution (x*,y*) €
X x X. Moreover, for any given point (xg, yo) € X x X, let

Tpt+1 = PKl [g(xﬂ) - plT(xn7yn)] + Ty — g(xn)v

Ynt1 = Prcy [M(yn) — p25(T0, yn)] + Yn — h(yn)-

Then x, — x* and y, — y* as n — oo.
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