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PSEUDO-BCI ALGEBRAS

WiEstAw A. DUDEK AND YOUNG BAE JuUN*

ABSTRACT. As a generalization of BCI-algebras, the notion of pseudo-
BC algebras is introduced, and some of their properties are investigated.
Characterizations of pseudo-BC1T algebras are established. Some condi-
tions for a pseudo-BC1I algebra to be a pseudo-BCK algebra are given.

1. Introduction

In [1], G. Georgescu and A. Torgulescu introduced the notion of pseudo-BC' K
algebras as an extension of BC' K-algebras. In this paper, we introduce the no-
tion of pseudo-BC1 algebras as an extension of BCI-algebras, and investigate
some properties.

2. Preliminaries

Recall that a BCT-algebra is an algebra (X, *,0) of type (2,0) satisfying the

following axioms: for every z,y,z € X,

o ((zxy)x(xx2))*(2xy) =0,

o (v (wry) iy =0,

o zxx =0,

e rxy=0and yxz =0 imply z =y.
For any BC'I-algebra X, the relation < defined by z < y if and only if zxy =0
is a partial order on X.

3. Pseudo-B(CI algebras

Definition 3.1. A pseudo-BCI algebra is a structure X = (X, <, *,0,0), where
“<” is a binary relation on a set X, “x” and “¢” are binary operations on X

and “0” is an element of X, verifying the axioms: for all z,y,z € X,

(al) (zxy)o(z*2)<zxy, (zoy)*x(xoz2) < zoy,
(a2) zx(zoy) <y, zo(r*y) <y,
(a3) x < x,

(ad4) 2 <y,y <z =z =1y,
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(a5) x<y<=axxy=0<=zoy=0.

Note that every pseudo-BCT algebra satisfying x xy =z oy for all z,y € X
is a BCI-algebra. Every pseudo-BCK algebra is a pseudo-BC1T algebra.

Proposition 3.2. In a pseudo-BC1I algebra X the following holds:

(bl) 2 <0 = z=0.

(b2) <y = zxy<zxz, zoy<zow.

b3) <y, y<z =z <z

(b4) (xxy)oz=(x02z2)*y.

(b5) zxy<z e zoz<y.

(b6) (zxy)x(zxy)<zxz, (xoy)o(zoy) <xzoz.

(b7) <y =>axx2<yxz, x02<yoz

(b8) zx0=xz=x00.

(b9) z* (zo(zxy)) =z+y andzo (z* (zoy)) =z oy.
Proof. (b1) If 2 < 0, then 0oz = (z*0) oz = (z * (zox)) oz = 0, that is,
0 < z. Hence z = 0 by (a6).

(b2) Let x,y € X be such that x < y. Then (zxy)o(z+2) < zxy =0, and
so (z*xy) o (z*x) =0 by (bl). Therefore zxy < z*z. Now

(zoy)*(z0oz) <zoy=0,

and thus (z o y) * (zox) =0 by (bl). This implies that zoy < z o x.

(b3) Let z,y,z € X be such that z <y and y < z. Thenzxz <z *xy =0,
which implies that = * z = 0, that is, x < z.

(b4) Since x * (x ¢ 2) < z by (a2), it follows from (b2) and (al) that

(zxy)oz<(zxy)o(z*(z02)) < (zoz)*y.
Also since x ¢ (z xy) < y, we have
(zoz)xy<(zoz)*(zo(w*y)) <(zxy)oz

by (b2) and (al). Hence, by (ad), we get (x xy) oz = (x 0 2) % y.

(b5) If zxy < z, then 0 = (z*xy)oz = (zoz)*y, and so zoz < y. Conversely,
ifroz <y, then 0= (zoz2)*xy=(z*y)oz Hence z*xy < 2.

(b6) is by (al) and (b5).

(b7) Let z,y € X be such that x < y. Using (b6), we have

(xx2)x(yxz) <xzxy=0and (zo2)o(yoz) <zoy=0.

It follows from (bl) that (z * z) * (y*z) =0 and (z o 2) o (y ¢ 2z) = 0, that is,
zxz<yxzandzxoz<yoz.

(b8) Putting y = 0 in (a2), we have x * (z©0) < 0 and z o (x*0) < 0. It
follows from (b1) that x * (z©0) =0 and z o (z*0) = 0, so that © < 2¢0 and
z < z % 0. On the other hand,

(zo0)*xx=(rx*2)00=000=0 and (z*x0)ozx=(zox)*0=0%0=0,

andsozo0<zand z+0<z. By (ad), zx0=xz=200.
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(b9) By (a2), z % (zo (zxy)) <z*yand zo (z* (zoy)) < xzoy. On the
other hand,

(m*y)o(w*(mo(m*y)))g(gco(x*y))*y:(x*y)o(x*y):0
and

(zoy)x (zo(zx(zoy))) < (zx(zoy))oy=(zroy)*(zoy) =0.
It follows from (b1) that

(xxy)o ( *(xo(:c*y))):() and (xoy)*(mo(x*(moy))):(),
that is, z+y < zx (zo(zxy)) and zoy < zo (z* (zoy)). Hence (b9) is valid
by (a4). 0

We now give a characterization of a pseudo-BC1T algebra.

Theorem 3.3. A structure X = (X, <,%,0,0) is a pseudo-BCI algebra if and
only if it satisfies (al), (ad), (ab) and (b8).

Proof. The necessity is obvious. Assume that X satisfies (al), (a4), (ab) and
(b8). Substituting 0 for y and z in (al) and using (b8), we have x ¢z < 0 and
xxx < 0. It follows from (b8) that

zox=(xox)x0=0 and z+xz=(rxxx)00=0,
so that z < z. Putting y = 0 in (al) and using (b8), we get
zo(xxz)=(rxx0)o(z*xz)<zx0=z

and
zk(zoz)=(x00)*x(z0z) <2z00=2.

This completes the proof. (I

Definition 3.4. By a pseudo-BC1I subalgebra of a pseudo-BC1T algebra X, we
mean a subset S of X which satisfies x xy € S and xoy € S for all x,y € S.

Theorem 3.5. For any pseudo-BC1I algebra X the set
KX)={zeX|0<uz}
is a pseudo-BC1I subalgebra of X, and so a pseudo-BCK algebra.

Proof. Let z,y € K(X). Then 0 < z and 0 < y. It follows from (a5) and
(b7) that 0 = 0xy < zxyand 0 =00y < z oy so that z xy € K(X) and
xoy € K(X). Hence K(X) is a pseudo-BCT subalgebra of X. O

Theorem 3.6. If a pseudo-BC1I algebra X satisfies
zo(zxy)=yo(yxz) and x*x (zoy) =y*(yox)
forall z,y € X, then X is a pseudo-BCK algebra.
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Proof. Let X be a pseudo-BC1I algebra such that
rzo(xxy)=yo(y*xz) and zx(xoy) =y=*(yox)

for all z,y € X. We first claim that x xa ¢ K(X) and yob ¢ K(X) for all
z,y € K(¥) and a,b € X \ K(X). Indeed, if z xa € K(X) and yo b € K(X)
for some z,y € K(X) and a,b € X \ K(X), then z ¢ (z *xa) € K(X¥) and
y*x(yob) e K(X). Hence 0 <z o (z*a) <aand 0 <yx*(yob) <b. It follows
that 0 < a and 0 < b so that a,b € K(X). This is a contradiction. Assume
that X # K(X). Then there exists a € X \ K(X), and so

0x(0oa)=ax(ao0)=a*xa=0
and

0o(0*xa)=ao(ax0)=aoa=0.
Thus 0 < 0%a and 0 <0oa, that is, 0xa € K(X) and 0o a € K(X). This is
a contradiction, and consequently X = K(X). Therefore X is a pseudo-BCK

algebra. 0
Theorem 3.7. If a pseudo-BC1I algebra X satisfies
(1) (xxy)oy=zoy and (zoy)*xy=x*xy

for all x,y € X, then X is a pseudo-BCK algebra.

Proof. Let x = y in (1). Then 0oz = (zxz)ox =z ox =0and Oxz =
(zox)xx=x+x =0, that is, 0 < z for all x € X. Hence X = K(X), and so

X is a pseudo-BCK algebra. O
Theorem 3.8. If a pseudo-BC1 algebra X satisfies
(2) zx(yox)=x and zo (y*xx)=2x

for all z,y € X, then X is a pseudo-BCK algebra.

Proof. Putting z = 01in (2), then 0 = 0%(y©0) = 0xy and 0 = 0o(y*0) = 0oy for
any y € X. It follows that X = K(X) so that X is a pseudo-BCK algebra. O
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