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SENSITIVITY ANALYSIS OF SOLUTIONS FOR
A SYSTEM OF PARAMETRIC GENERAL
QUASIVARIATIONAL-LIKE INEQUALITIES

YAN HAO AND SHIN MIN KANG™

ABSTRACT. In this paper, we introduce and study a new class of sys-
tem of parametric general quasivariational-like inequalities. Using n-
subdifferential and n-proximal mappings of proper functionals in Hilbert
spaces, we prove the equivalence between the system of parametric general
quasivariational-like inequalities and a fixed point problem and construct
two iterative algorithms. A few existence and uniqueness results as well
as the sensitivity analysis of solutions are also established for the system
of parametric general quasivariational-like inequalities, and some conver-
gence results of iterative sequence generated by the algorithms are proved.
Our results extend a few known results in the literature.

1. Introduction and preliminaries

Variational inequality theory has become a very powerful tool in pure and
applied mathematics. In 1996, Zhu and Marcotte introduced and investigated
a class of system of variational inequalities in R™. Afterwards, Liu, Hao, Lee
and Kang [9], Nie, Liu, Kim and Kang [12], Verma [13], and Wu, Liu, Shim
and Kang [15] studied the approximation and solvability of a few kinds of vari-
ous systems of variational inequalities in Hilbert spaces. Recently, Dafermos [3]
studied the sensitivity property of solutions of a parametric variational inequal-
ity in R™. Afterwards, using the ideas of Dafermos, many researchers including
Agarwal, Cho and Huang [1], Liu, Debnath, Kang and Ume [8], Liu, Wang,
Kang and Ume [11], Yen and Lee [16] and others have established the sensitiv-
ity analysis of solutions for various types of variational inequalities and quasi-
variational inclusions in Hilbert spaces, respectively. At the same time, Ding
and Luo [4] studied the quasivariational-like inequalities with n-subdifferential
mapping in Hilbert spaces.

Inspired and motivated by the results [1, 4, 9-11], in this paper, we introduce
and study a new class of system of parametric general quasivariational-like
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inequalities. We show its equivalence with a fixed point problem and establish
the existence and sensitivity analysis of solutions for the system of parametric
general quasivariational-like inequalities involving strongly monotone, Lipschitz
continuous and 7-subdifferential mappings and some convergence results of
iterative sequence generated by the algorithm are proved. Our results extend
and improve the corresponding results in [4, 7, 9-11, 14, 17].

2. Preliminaries

Let H be a real Hilbert space with a norm | - || and inner product (:,-),
respectively. Let P be a nonempty open subset of H in which the parameter A
takes values.

Definition 2.1. Let A, B,C : H - Hand N: Hx Hx Hx P — H be
mappings. The mapping N is said to be

(1) Lipschitz continuous in the first argument if there exists a constant a > 0
such that

HN(I’,U,’U, )‘) - N(y,u,v, >‘)|| < a‘”x - y”

for all x,y,u,v € H and A € P;

(2) strongly monotone with respect to A in the first argument if there exists
a constant r > 0 such that

<N(A13,U,U,>\) - N(Ay,u,v, A),l’ - y> Z 7'”1' - y”2

for all x,y,u,v € H and A € P;
(3) relazed monotone with respect to B in the second argument if there
exists a constant s > 0 such that

<N(U7B$7U7A) - N(uaByvvv)‘)vx - y> > _SHJ: - y||2
for all x,y,u,v € H and A € P.

In the similar way, we can define the Lipschitz continuity of NV in the second
and third arguments, respectively.

Definition 2.2. ([4]) A functional f : H x H — RU {400} is said to be 0-
diagonally quasi-concave (in short, 0-DQCV) in z if for any finite set {x1, -+ ,x,}
C H,andforany y = > | ljz; with; > Oand > | [; = 1, minj<;<,, f(@i,y) <
0.
Definition 2.3. ([4]) Let n: H x H — H be a mapping. A proper functional
¢ H— RU {400} is said to be n-subdifferentiable at a point x € H if there
exists a point f* € H such that

¢<y)—¢(3’)) > <f*’77(yam>>’ VyEH,
where f* is called a n-subgradient of ¢ at z. The set of all n-subgradient of ¢
at x is denoted by A¢(x). The mapping A¢ : H — 2% defined by
(21)  A¢(x)={f" € H:¢(y) —o(x) = (f*,n(y,2)),Vy € H}, ze€H
is said to be n-subdifferential of ¢.
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Definition 2.4. ([4]) Let ¢ : H — RU {400} be a proper functional. For any
given z € H and p > 0, if there exist a mapping n: H x H — H and a unique
point u € H such that

(u—mz,n(y,u)) > pp(u) — pp(y), Vye€ H,

then the mapping = — u, denoted by JPA¢($), is said to be 7-proximal mapping
of ¢.

By (2.1) and the definition of JPA‘P(:C), we have © — u € pA¢(u). It follows
that
A _ -1
where I is the identity mapping on H.

Let AB,C:H—H N:HxHxXxHxXxP—-Handn:HxHxP—H
be mappings and ¢ : H x P — R U {400} be a proper functional such that
¢ : Hx P — H is lower semicontinuous and n-subdifferentiable on H. Let p
and (§ be positive constants and f and g be arbitrary elements in H. For each
A € P, we consider the following problem:

Find elements z,y € H such that

<p(N(AyaByaCya )‘) - f) +z - yvn(uaxa)‘»

o) > pp(x, ) — pop(u, ), Vu € H,

<ﬁ(N(A{E, Bxa Cxa )‘) - g) +y - xﬂ?(“»ya )‘)>
> Bo(y, A) — Bo(u, ),

which is known as the system of parameter general quasivariational-like in-
equalities.

It is clear that the system of parameter general quasivariational-like inequal-
ities (2.2) includes the systems of variational inequalities in [9, 12, 13] as special
cases.

Lemma 2.1. Suppose that {an}n>0, {0n}tn>0, {¢n}n>0 and {t,}n>0 are se-
quences of nonnegative numbers satisfying

Gn41 S (1 - tn)an + tnbn + Cn, vn 2 0

with {ty}n>0 € [0,1], D07 ot = 00, limy oo by, =0 and Y2 ¢, < 00. Then
lim,, .o a, = 0.

Lemma 2.2. ([4]) Letn : Hx H — H be §-strongly monotone and 7-Lipschitz
continuous such that n(x,y) = —n(y,z) for all x,y € H and for any given
z,u € H, the functional h(y,u) = (x — u,n(y,u)) is 0-DQCV in y. Let ¢ :
H — R be a lower semicontinuous n-subdifferentiable proper functional and
p > 0 be an arbitrary constant. Then the m-proximal mapping JPM’ of ¢ is

5-Lipschitz continuous.

By virtue of Definition 2.6 and Theorem 2.8 in [4], we obtain the following
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Lemma 2.3. For a given w € H, the element z € H satisfies the following
inequality

(u—2z,n(v,u)) 2 pp(u) — pp(v), Vv e H,
if and only if u = JPA¢(2), where p > 0 is a constant and JPA¢’ = (I + pA¢p)~!
is the n-proximal mapping of ¢.

3. Iterative algorithm

It follows from Lemma 2.3 that

Lemma 3.1. Let p and [ be positive constants, and f and g be arbitrary
elements in Hand A\ € P. Then the following statements are equivalent to each
other.

(a) the system of parameter general quasivariational-like inequalities (2.2)
has a solution (z,y) € H x H;

(b) there exists (x,y) € H x H satisfying

z = Jp?U ]y — p(N(Ay, By, Cy, A) — f)];
y=J5"" Ve - B(N(Az, Bz,Cx,)) - g)};
(c) the mapping F(-,\) : H — H defined by

(3.1)

F(u,A) = JACVLT20N (4 — B(N(Au, Bu,Cu, A) — g))
- p[N(AJﬂA’ﬁ(")‘)(u — B(N(Au, Bu,Cu, \) — g)),
BJ5?" N (u — B(N(Au, Bu, Cu, \) - g)),
075N (u — BN (Au, Bu,Cu,\) - 9))) - fl}, YueH

(3.2)

has a fized point x € H and y = JﬁAd)(”)‘) (x — B(N(Az, Bz,Cxz,\) — g)).

Remark 3.1. Lemma 2.1 in [9, 12] and Lemma 1.3 in [13] are special cases of
Lemma 3.1.

Based on Lemma 3.1 we suggest the following perturbed iterative algorithms
for the system of parameter general quasivariational-like inequalities (2.2).

Algorithm 3.1. Let AAB,C : H - H, N : Hx HxHxXxP — H, n:
HxHXxP— H and ¢ : Hx P — R be mappings. For any given zq € H, the
iterative sequences {xy }n>0 and {Yn}tn>0 are defined by

Zn = (]— - bn)fn + an(xna >\) + Dns
(33) Tp+1 = (1 - a‘n)xn + anFn(znv >\) + antn + Uy,
Yn = J§‘¢("A)(;En — B(N(Azy, By, Cxyy A) — g)) + wpy,  Yn >0,

where F(-,A) is defined by (3.2) and {an}n>0 and {by}n>0 are any sequences
in [0,1] and {un}n>0, {Vn}n>0, {Wn}n>0, {Pn}n>0 are arbitrary sequences in H
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satisfying

o (o)
Zanzoo, ZanH < 00,
n=0 n=0

lim [y | = lim [lw,] = lim_[p.] =o.
n—oo n—oo n—oo

(3.4)

Algorithm 3.2. Let A,B,C,N,n and ¢ be same as in Algorithm 3.1. For
each xo € H, compute the sequences {n}n>0 and {yn}n>0 by the iterative
procedure

Yo = I3 70N (@, — BN (Azn, Ben, Cn, N) — ) + W,

(3.5) Tp+1 = (1 - an)l‘n + aanA(ﬁ(.’)\) (Yn — p(N(Ay’m Byn, Cyn, A) — f))
+ antn +vn, Vn >0,

where {an}n>0 is any sequence in [0,1] and {uy}n>0,{Un}tn>0 and {wy,}n>0
are arbitrary sequences in H satisfying

o0 oo
(3.6) Zoan = 00, ZO [unll < oo, nh_{%o [unl| = nh_{go [[wy| = 0.
n= n=

4. Existence and convergence

Theorem 4.1. Let A,B,C : H — H be Lipschitz continuous with contants
m,n and [, respectively. Let N : H x H x H x P — H be Lipschitz continuous
with constants a,b, c in the first, second and third arguments, respectively, and
N be strongly monotone with constants r with respect to A in the first argument,
relaxzed monotone with constant s with respect to B in the second argument. Let
n:Hx Hx P — H be §-strongly monotone and 7-Lipschitz continuous with
n(x,y,\) = —n(y,z,\),Ya,y € HX € P and for each z,u € H\ € P the
function h(y,u, \) = (x —u,n(y,u,A)) is 0-DQCV iny. Let ¢ : Hx P — H
be a lower semicontinuous n-subdifferentiable proper functional. Let p and
be positive constants. If there exists a constant 0 satisfying

0 :<§)2(\/1 —2p(r — 8) + p?(am + bn)? + pcl)

x (\/1=26(r — s) + (2(am + bn)? + Bel) < 1,

(4.1)

then for any given f,g € H, A € P, the system of parameter general quasivari-
ational-like inequalities (2.2) has a unique solution (x,y) € H x H.

Proof. For each given A € P, we assert that F'(-,\) : H — H defined by (3.2) is
a contraction mapping. Since N is both a-Lipschitz continuous and r-strongly
monotone in the first argument, b-Lipschitz continuous and s-relaxed mono-
tone in the second argument and c-Lipschitz continuous in the third argument,
A, B,C are Lipschitz continuous with constants m,n and [, respectively, it
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follows from Lemma 2.2 that
||F(u7 )‘) - F(/Ua )‘)”

< gHJ§¢('7/\) (u — B(N(Au, Bu, Cu, \) — g))

— J5*CN (0 — B(N(Av, Bv, Cv, ) — g))

— pIN(AJTZ? N (w — B(N (Au, Bu, Cu, \) - g)),
BJ5?N (u— B(N(Au, Bu, Cu, \) — g)),
CIZYON (u — B(N(Au, Bu, Cu, \))))

— N(AJE* V(0 = BN (Av, Bv, Cv,2) — g)),
BJIBAzz:(-,A)( B(N(Av, Bv,Cv,\) — g)),
)

(
075N (v — B(N(Av, Bv, Cv, )|
< 0||u— vl

v —
v —

for all u,v € H. (4.1) and (4.2) mean that F(-,\) is a contraction map-
ping and hence it has a unique fixed point z € H. Set y = J[,A(b(")‘)(az —
B(N(Az, Bx,Cx,\)—g)). It follows from Lemma 3.1 that the system of parame-
ter general quasivariational-like inequalities (2.2) has a solution (z,y) € H x H.
Now we claim that (z,y) is the unique solution of the system of parameter
general quasivariational-like inequalities (2.2). In fact, if (u,v) € H x H is
also a solution of the the system of parameter general quasivariational-like in-
equalities (2.2), by Lemma 3.1 we know that u = F(u,\) and v = JIGA¢(">\) (u—
B(N (Au, Bu, Cu, A)—g)). It follows from the uniqueness of fixed point of F'(-, \)
that v = = and hence v = JﬁAd)(")‘) (u — B(N(Au, Bu,Cu, A) — g)) = y. This
completes the proof. O

Theorem 4.2. Let the conditions of Theorem 4.1 hold. If there exists a positive
constant 0 satisfying (4.1), then for any given f,g € H, A\ € P, the system of
parameter general quasivariational-like inequalities (2.2) has a unique solution
(x,y) € Hx H and lim,,_.oc T, =  and lim,, o0 yp = y, where {x,}n>0 and
{Yn}n>0 are the sequences generated by Algorithm 3.1.

Proof. Tt follows Theorem 4.1 that the system of parameter general quasivari-
ational-like inequalities (2.2) has a unique solution (z,y) € H x H. Now we
claim the sequences {z,, }»>0 and {y, }n>0 generated by Algorithm 3.1 converge
strongly to x and y, respectively. As in the proof of Theorem 4.1, we know
that (4.2) holds. In view of (3.3), (4.1) and (4.2), we conclude that

(4.3) lzng1 — || < [1— (1= 0)an]llz, — 2| + anbdlpall + anllun|l + [Jvnl
and

(44)  lyn —yll < g(\/l —2B(r — s) + 2(a+b)? + fc) [wn — @[] + [lwn]|
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for all n > 0, where F(-, ) and 6 are defined by (3.2) and (4.1), respectively. It
follows from Lemma 2.2, (3.4) and (4.3) that lim, o 2, = x. Letting n — oo
n (4.4), by (3.4) we infer that lim,, o y», = y. This completes the proof. [

Theorem 4.3. Let A,B,C,N,n and ¢ be as in Theorem 4.1. If there exists
a positive constant 6 satisfying (4.1), then for any given f,g € H,A € P,
the system of parameter general quasivariational-like inequalities (2.2) has a
unique solution (z,y) € H x H and lim, oo x, = x and lim,,_, Y, = y, where
{Zn}n>0 and {yn}n>0 are the sequences generated by Algorithm 3.2.

Proof. Theorem 4.1 ensures that the system of parameter general quasivari-
ational-like inequalities (2.2) has a unique solution (z,y) € H x H. As in the
proof of Theorems 4.1 and 4.2, we conclude that (4.4) holds and

[#n1 — 2l <1 = (1 = 0)an]|zn — ]|
+ an([lunll + lwall) + llvall,  Vn = 0.

It follows from Lemma 2.2, (3.6) and (4.5) that z,, — x as n — oco. Thus (4.4)
and (3.6) yield that y,, — y as n — co. This completes the proof. O

(4.5)

Remark 4.1. Theorems 4.1~4.3 extend, improve and unify Theorem 3.6 in
[4] and Theorems 2.1~2.3 in [9, 12, 13].

5. Sensitivity analysis

Now we analyze the sensitivity of solutions for the system of parameter
general quasivariational-like inequalities (2.2).

Theorem 5.1. Let the conditions of Theorem 4.1 be satisfied. Assume that
N is continuous (resp. uniformly continuous or Lipschitz continuous) with
respect to the fourth argument, n is continuous (resp. uniformly continuous or
Lipschitz continuous) with respect to the third argument and ¢ is continuous
(resp. uniformly continuous or Lipschitz continuous) with respect to the second
argument. Suppose that there exists  satisfying

(5.1) AN () = JACN ()| <A =X, Ve H, A\XeP.

Then the solutions of the system of parameter general quasivariational-like in-
equalities (2.2) are continuous (resp. uniformly continuous or Lipschitz conti-
nuous).

Proof. Let F (-, \) be defined by (3.2). It follows from Theorem 4.1 that for any
A € P there exists a unique (x,y) € H x H denoted by x(X) and y(\) such that
they are the solution of the system of parameter general quasivariational-like
inequalities (2.2). Hence for each A\, A € P, we get that

z(A) = F(z(A), ), =(}) = F(z(}), ),

y(N) =I5V @A) — BIN(A(z(N), B(z(N), C(z(N)), A) — 9)),

(5.2) VS _
y(A) =J5 7 (@(A) = BIN(A(z(A)), Bl

>|
N—
N—
Q
—
IS
—
>
:./
>
|
Na)
N—
:_/
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[2(A) = 2N < [F(2(A),A) = F(z(0), A

(5.3) _ _
+ | E((A), X) = F(z(N), V)],

ly(A) =y V)|

G4) =750 N @) - BIN(A(N), B(z(N), C(z(N), A) — g))
— I3 @(X) = BIN(A@z(V), B(z(N)), C(z(X), X) — g))lI-

Set

X(A\A) = 2(A) = BIN(A(z(N), B(z(A)), C(z(N), N) — g),

X(A) = 2(A) = BIN(A((N), B(z(A)), C(2(N), X) — g)-

It follows from Lemma 2.2 and (5.1) that
(5.5) B
IF(2(X), A) = F(z()), V)]
< A=+ HUTEV KO N) = I3V X )
FII5P N XA N) = TN (X (A D))
+plIN(ATEPCV (X (A N), BISUV (X (A V), CIEUV (X (A M), A)
- N(AJBM’("X)(X()\ N), BISUV (X (A N), 05V (X (A N), V)|
T3P UM X (A N), 0I5V (X (A N), )
)M
7)\>
)M
by
)N
A
)Nl
A
), CIF N XA X))

+IN(ATN (X (A, N)
(AJM’("X)( X0 )BJM('N(X(A, )CJM("”(X(%A

A¢( ,\( X(\\) A¢( /\( X(\\)

)CJM(-,A)( X0,

) )
). B ),
») A)
+IN(ATZ? N (X (A N), B ),C
<AJ§¢< ”( X(\N), BJM(””(X(A A)
F NIV (XA N), BTSN (X (A, A), CIE D (X (A )
— N(ATS VX (AN), BIS OV (X (A N), IOV (X,
+IN(ATS N (XA N), BIFCN (X (A N), CTRU M (X (AN
N(ATS?CN (X N), BISY D (XA N), CT3CN (X (A, A
+IN(ATEN (X N), BIS OV (XA X)), €T30 (X (A, )
N(ATF*N (X (X)), BIF V(X (A N)
FIN(ATS OV (XA, BV (X (A N), 050D (X (A X)), \)
N(ATS N (X (LX) By

)
)
)
)
A)
);
A)
)
)
)

2 BIFYCN (X (X)), €T (XA N), N1

<1+ 201+ 3p(am + bn + d))} 1A — Xl

5(
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+ (g)%u + plam + bn + )] [N (A(x(N)), B(z(A), C(z(N)), )
= N(A(x(N), B(z(V), Cx(X), M
+ %TIIN(A(v),B(v),C(v),A) — N(A(v), B(v), C(v), M),

where v = J5?0N (@(A) = BIN(A(z(N)), B(z(N)), C(z(A)), X) — 9)). It follows
from (4.2) that

(5.6) [F(z(X), A) = F(z(X), V]| < 8llz(A) —z(N)].
Combining (5.3), (5.5) and (5.6), we infer that
[z(A) =2V
<(1—6) "+ §(1 + 3p(am + bn + c))] | A — A
7)o+ (§)25[1 + plam + b + )] | N(Az(V), B(z(N)), C(x(A), )

= N(A(z(N)), B(z(X)), C(z(N), M|
+ %HN(A(U)’B(U%C(U)J\) — N(A(v), B(v), C(v), V)]
From (5.4), we get that
ly(\) =yl

< A=Al + %(1 + Blam +bn + cD))[2(A) =z
(5.8) 4
+ 5 IN (A=), Bz(V), C(2(1), 2)

— N(A(z(X), B(z(A)), C(z(A)), M-

It follows from (5.7), (5.8) and the continuity of N (resp. uniform continuity or
Lipschitz continuity) with respect to the fourth argument that the solutions of
the system of parameter general quasivariational-like inequalities (2.2) are con-
tinuous (resp. uniformly continuous or Lipschitz continuous). This completes
the proof. O

Remark 5.1. Theorem 5.1 extends and improves Theorem 3.4 in [10], Theorem
2.1 in [11], Theorem 3.3 in [14] and Theorem 3.1 in [17].
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