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GALOIS GROUP OF GENERALIZED INVERSE
POLYNOMIAL MODULES

SANGWON PARK AND JINSUN JEONG

ABSTRACT. Given an injective envelope E of a left R-module M, there is
an associative Galois group Gal(¢). Let R be a left noetherian ring and E
be an injective envelope of M, then there is an injective envelope E[z 1]
of an inverse polynomial module M[z~!] as a left R[z]-module and we can
define an associative Galois group Gal(¢[z~1]). In this paper we extend
the Galois group of inverse polynomial module and can get Gal(¢lz~*]),
where S is a submonoid of N (the set of all natural numbers).

1. Introduction

Given an injective envelope M C E, by the Galois group of this envelope we
mean all f € Homg(E, E) such that f(x) =« for all z € M Any such f is an
automorphism of E. So we easily see that the set of f form a group (using the
composition of functions as operation). If ¢ : M — E denotes the canonical
injection then the group is denoted Gal(9).

Northcott([4]) defined inverse polynomial modules and used inverse poly-
nomial modules to study the properties of injective modules and he studied
K[x™1] as K[z]-module on field K. And McKerraw([2]) showed that if R is
a left noetherian ring and F is an injective left R-module, then E[x~!] is an
injective envelope of M[z~!] as R[z]-module. Inverse polynomial modules were
studied in ([5]), ([6]) and recently in ([1]), ([7]), ([8]), ([9]).

Definition 1.1. ([8]) Let R be a ring and M be a left R-module, and S =
{0,k1,ka, -+ } be a submonoid of N (the set of all natural numbers). Then
Mx~*] is a left R[x*]-module such that

i (mo + miz " ez R o 4 mn;v—k”)

—k1+k —ko+k; —kn+k;
1 1+ 2+ + .. +

=m * 4+ mex 4+ mpx

where

p—kithi xRtk if k‘j -k, €S
0 ifkj—k ¢S
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For example, if S = {0,2,3,---}, then mg+moz =2 +maz 3 +---+mz~" €
M[z=%] and if S ={0,1,2,3,---}, then M[z~*] = M[z~1].

Similarly, we define M[[z~®]], Mz® z~°], M[[z® z~%]], M[z® 2 °]] and
M][x®,2~°] as left R[z®]-modules.
Definition 1.2. Given any module M and f € End(E) we say f is locally
nilpotent on M if for every x € M, there exist n > 1 such that f™(z) = 0.

Theorem 1.3. (Matlis and Gabriel) If R is a left noetherian ring and F is an
injective left R-module and f € End(E) is such that E is an essential extension
of ker(f) then f is locally nilpotent on E.

Theorem 1.4. Let R be a commutative noetherian ring and S be a submonoid,
and E be an injective left R-module. Then E[x~%] is an injective left R[x®]-
module.

Proof. Let S = {0,k1,ka,---} be a submonoid. Then
Homp(R[z®], E) = E[[z™"]]

is an injective left R[z®]-module. Define ¢ : E[[z~°]] — E[[z~°]] by ¢(f) =
zM f for f € E[[z~*]]. Then ¢ is not locally nilpotent on E[[z~*]]. So E[[z~*]]
is not an essential extension of ker(¢). Let E be an injective envelope of ker (o).
Then -
ker(¢) C E C E[[z™7%]].
Then ¢ : E — E defined by
o(f) =",

for f € E is locally nilpotent on E. So E C E[z~*]. But E[z™*] is an essential
extension of ker(¢), so that E[z~°] is an essential extension of E. Therefore,
E = E[x~*]. Hence, E[z~*] is an injective left R[z*]-module. O
Lemma 1.5. ([8]) Let M and N be left R-modules, then

Hom gy (M[z™%], N[z ™°]) 2 Hompg(M, N)[[z*]].
Theorem 1.6. There is a ring isomorphism

Hom gy (M[z™%], N[z™°]) 2 Hompg(M, N)[[z*]].
Proof. By the Lemma 1.5., we know that two groups are isomorphic.
Let 0,7 € Hompggs)(M[x™°], N[z~*]), then o corresponds to fx, + frozk +
fr,@*2 + - € Homg(M, N)[[z°]] and T corresponds to gi, + gk, T** + gr, "2 +
-+ € Homp(M, N)[[z®]]. Then o o 7 corresponds to

[e.°]

D0 D frog)at

kn=0 ki+k;=kn
Hence, Hompgzs)(M[z~°], N[z™°]) =2 Hompr(M, N)[[z*]]. O

If plx~°] : M[x~°] — E[z~*°] denotes the canonical injection, then the
group is denoted Gal(p[z~?)).
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2. Gal(¢) and Gal(¢[z™%])

Theorem 2.1. If R is a left noetherian ring and if M C E is an injective enve-
lope of R-module, then f = fr, + fi, @ + fo, @%2 + fr, 2% +- - € Endgr(E)[[z°]]
is in Gal(¢[x~°]) if and only if fr, € Gal(¢) and fir,(M) =0, k; € S, k; # 0.

Proof. Let m € M and f € Gal(¢[x~*]), then

f(m40z=F 4 0z7k ... 4 0z F)

= (fro + fra @ + fipz® ) (m + 0278 40272 4 40z
= (fro + fr 2™ + froz™ +---)(m)

= fio(m) + fr, (m)z™ + fr, (m)z*2 4 ...

=m.

Thus fx,(m) =m for all m € M, so that f, € Gal(¢). And

flm+ma)

= (fro + Fra @™ + frp2® + - )(m + ma™")

= fro(m) + fo(m)a™ + fi, (m)a™ + fi.,(m) + fr,(m)a"
+ frp (m)aF2=Fr 4.

= (fro(m) + fr, (m)) + fo(m)z™" + (fi, (m)a* + fi, (m))a">
+ fip ()22 R 4

=m +mz .

Since fr,(m) =m, m + fi, (m) = m implies fi, (m) =0. So fx,(m) =0. And

f(m 4+ maz™" 4 ma—F2)

= (fro + frn 2™ + frpx™ + ) (m 4+ ma™F 4 ma—k2)

= fro (M) + fro (M)z™F + fr, (m)z ™52 + fi, (m)2z™ + fi, (m)
+ fr (m)z" 72 4 fi (m)a® 4 fi, (m)a™ 7 4 fi, (m) + -
= (fro (M) + fiy (M) + fiy (M) + fiog (M)a™" + fi, (m)) "2
+ fr, (m)aFr k2 4.

=m+mz " + maF.

Since fi, (m) = m, fr, (m) =0, fr, (m)+ fr, (m)+ fr, (M) = m implies fy, (m) =
0. Thus fx, (m) = 0. By the same process we can get fi, (M) =0, k; € S, k; # 0.
Conversely, let f = fi, + fr, ¥ + fo, 252 + fr, 2% +- -+ with f € Gal(¢[z~*))

and fi, (M) =0, k; € S, k; # 0. Let mo+mp, x5 +mp,z= %2+ . 4my, a5 €
M[z=%]. We want to show f(mg + mg, x5 + mp,z7% + ... + my x7) =
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mg + mklx_kl + mk2x_k2 + -+ mkim_ki. Then

f(mo +me,z™™ +mp, a7 4 pmy, ™)

= (fro + fra@™ + frpx®™ + - )(mo + mp,z ™ + - myz™)

= fro(mo) + fo(mu, )a™™ + fry (mpy)z™"2 + -+ fioy (mp, )z

+ fir (M) + froy (mny) + fiey (mugey )™ 742 4.

+ frlmp) xR f, (mo)a®? + fr, (my, )2~

+ Fry (M) + fip (Mg )2™ 78 oo f) ()™ % 4 fr, ()

—k —k —k;
=mgo +mp, x" "+ Mmp,x” A+ myg,

since fr, € Gal(¢) and fr, (M) = 0, k; € S, ki # 0. Therefore, f = fi, +
fklxkl + ka.Z‘kz 4 fk3$k3 +... € Gal((b[x_s]). O

There are natural group homomorphisms Gal(¢) — Gal(¢[z~*]) by g —
g-+0a*1 +00% +- - and Gal(g[e—]) — Gal(@) by fr,+ fi, ¥ +fryak? +--- —
fro- The composition Gal(¢p) — Gal(¢[z*]) — Gal(¢) is the identity map on
Gal(¢). The kernel of Gal(¢p[z~*]) — Gal(¢p) consists of all idg + fi,z** +
fr,@*2 4+ - where fi, € Homg(E,E) and fi,(M) =0, k; € S, k; # 0.

Lemma 2.2. Let ¢ : Gal(¢) — Gal(p[z~*]) be defined by ¥(f) = f + 0zF +
0z%2 4. If End(E) is a commutative ring, then Im(x)) is a normal subgroup

of Gal(lz~7).

Proof. Let fi, + 0xFt + 0z + ... € Im(v)), and gy, + gr, o* + gr, 22 +--- €
Gal(p[z~*]). Let (gry + gr, T + gry@®2 +- - )71 = hpy + hpy ¥ + hpyz®2 -
Then (g, + gr, T + gr, %2 +- - ) o (hiy + hpy % + hpy 2?2+ ) = idp + 0% +
Ozk2 4., implies gg, o hi, = idp so that by, = g, and 3, ok, G OPE; =
0,n > k1. Thus
}Cl k‘2 kl k2
(ko + Gl @™ 4 Gro @™ + -+ ) © (fig + 027 + 027 + -+ +)
o (hko + hkll‘kl + hk2$k2 + - )
= ((gko o fko) + (gk1 0 fko)xkl + (gk2 o fko)xk2 + - )
o (hko + hklxkl + hk2.’bk2 + - )
k
= Gko © Jko 0 0 o 1 1 0 0 !
(Gko © fro © ieg) + (Gko © fro © iy + Ghy © fiy © Bky)T
+ (Gho © fro © My + iy © Frg © Py )22
+ (gk1 © fko © hkz + gk, © fko + ohl’m)xkl—i_l€2 +oee
= Jkos

since End(E) is a commutative ring. Hence, Im(v) is a normal subgroup of
Gal(g[z—*]). O
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We note that Im(t)) is not a normal subgroup of Gal(¢[z°]), in general. So
Gal(¢[z*]) is the semidirect product of Gal(¢) and K = ker(Gal(p[x~*]) —
Gal(9)).

Lemma 2.3. Gal(¢) is commutative if and only if go g = ¢ o g for all
9,9 € Homg(E, E) with g(M) =0,¢'(M) = 0.

Proof. If f € Gal(¢), then g = f —idg € Homg(E, E) with g(M) = 0. And
given g € Gal(¢lx~7°]) with g(M) =0, f = g +idg € Gal(¢). Therefore, there
is one to one correspondence between Gal(¢) and the set of g € Homp(E, E)
with g(M) = 0. So, given f, f' € Gal(¢) choose g = f —idg, g = f' —idg €
Hompg(E, E) with g(M) =0,¢'(M)=0. Then gog' =g’ og.

Conversely, given g,¢' € Hompg(E, E) with ¢(M) = 0,¢'(M) = 0 choose
f=g+idg, [ =¢ +idpg € Gal(¢). Then fo f' = f' o f. Thus, Gal(9) is
commutative. (]

Theorem 2.4. Gal(¢[z—®]) is commutative if and only if Gal(¢) is commuta-
tive.

Proof. Since Gal(¢) is a subgroup of Gal(¢[x~*%]), Gal(¢) is commutative. Con-
versely, let fr, + fr, T + fr, 22+ | gy + gk, P+ g, 22 4 - € Gal(plx?)).
Then by the Theorem 2.1., fiy,gr, € Gal(®), fx,(M) = 0,gx,(M) = 0,k; €
S, k’j S S7 k; 7é 0, k?j 7& 0. And by the Lemma 2.3., sz ogk; = gkjofki7 ki, kj > k.
Given fi, € Gal(¢) choose gi;, = fi, —idg € Hom(E, E) with g, (M) = 0,k; €
S. Then
fko O Gk, = fko o (fk}L - ZdE) = fko Ofk)i - fk)o = fki o fk)o - fO
= (fx, —1dE) © fry = Gh, © fro-

Thus

(fro + fra @™ + fro@®™ +---) 0 (g0 + gry @ + g™ + -+ )
= (fko ngo) + (fko © gk, + fk1 ngo)xkl + (fko © Gko + sz ngo)l‘kZ
+ (fk:1 O Gk, + fk:z ng1)xk1+k2 e

= (gko Ofko)+ (glﬁ Ofko +gk)0 Ofkl)xkl +(gk2 Ofko +gk0 osz)ka
J’_...

= (9o + 9, @™ + gy 4 ) 0 (fro + fr @™ + frpa®® 4+ -o0).

Therefore, Gal(¢[z~*%]) is commutative. O
Theorem 2.5. Let o : Gal(¢p[z~*%]) — Gal(¢) be defined by ¢(fr, + fr, " +

fr,@®2 + ) = fo. Then Gal(p[x?]) is the direct product of K and Gal(¢) if
and only if Gal(¢) is commutative, where K = ker(p).
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Proof. Let g,g' € Gal(¢). Then idg +g € Gal(¢) and (idg + g'v*) "L o (idg +
g) o (idg + g'z*') € Gal(¢). So let (idg + ¢g'z)~! = idg — g’z + etc., then

(idp + g'a™) ™" o (idp + g) o (idp + g'z*")
= (idg — ¢'z"" + etc) o (idg + g) o (idg + g'z™)
—idp+ (=g o g+ gog)xM + etc. € Gal(¢)

implies —g’ o g+ gog =0so that ¢ og=gog'.
Therefore, Gal(¢) is commutative.
Conversely, by the Theorem 2.4., if Gal(¢) is commutative then Gal(¢[z~?])
is commutative. Therefore, Gal(¢[z~*]) is the direct product of K and Gal(¢).
(I
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