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Abstract

As a major component of a power plant, a turbine generator must have sufficient reliability. Longer blades have lower
natural frequency, thereby requiring that the design of the shaft and blade takes into account the coupling of the blade
vibration mode, nodal diameter k=0 and k=1 with vibration of the shaft.

The present work analyzes the coupling of the translation motion of the shaft with in-plane vibration of the blades with

k=1 modes. At a rotational speed Q=|@s—ay|, the resonance of the blades has a relatively large amplitude. A violent
coupled resonance was observed at a rotational speed Q,=ax+a@,. Resonance in blade vibration at Qi=|os—a,| was
experimentally confirmed.
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1. Introduction

As a major component of the power plant, a turbine generator must have sufficient reliability. The rotary shaft system is
usually designed to give a low Q-factor and avoid resonance based on the rotor-dynamic analysis of the bending and torsional
vibration of the shaft-bearing system, in which the blades are assumed to be a rigid disk. Meanwhile, the blade is designed to
avoid resonance under the rated operation conditions based on analysis of a single blade under ideal conditions where the shaft is
assumed to be fixed [1],[2].

The long blades used in turbine generators for nuclear power plants have low natural frequencies, thereby necessitating a
design that takes into consideration blade-shaft coupled vibration. General conditions for coupling of blade and shaft vibrations
are shown in Table 1.

Tablel Blade-shaft coupled vibration

Blade k=0 k=1
out of [J out of OJ
Shaft inplane | plane in plane | plane

Torsion @ — — -

Axial —_— @ —_— —_—

Translation i - @ i

Radial

Tilting | — . . ®

(D Shaft torsional vibration and blade in-plane vibration with nodal diameter k=0

(2 Shaft thrust vibration and blade out-of-plane vibration with nodal diameter k=0
(3 Shaft translation vibration and blade in-plane vibration with nodal diameter k=1
(@) Shaft tilting vibration and blade out-of-plane vibration with nodal diameter k=1
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The blade-shaft coupled torsional vibration that has been commonly taken into account in design [3]-[6] corresponds
to () above, whereas coupled bending vibration occurs under conditions (3) and (4) above. Some reports have been
published, but they focus on natural frequency [7]-[9] and the study of blade-shaft vibration control in the case of the
external excitation [10]-[11]. These reports do not discuss on coupled resonance in the case of the external excitation.
Therefore, this paper discusses the response to the external excitation in the blade-shaft coupled bending vibration under
condition ().

Analysis of the coupling of blade in-plane vibration having nodal diameter k=1 with shaft translation motion is given below.
More specifically, the existence of an unstable region due to coupling and the characteristics of coupled resonance in an eight-
blade (N=8) where each blade is assumed to be a 1-DOF mass-spring system, are indicated. The validity of the analysis of
coupled resonance is confirmed by experimental data.

2. The Equation of Motion with A Single Blade

This paper considers the blade-shaft coupled bending vibration of an eight-blade (N=8) system depicted in Figure 1, where mg
is the mass of the shaft, X, Y are displacements of the shaft in a rotating coordinate system, m is the equivalent mass of the
single blade, u; is displacement in the radial direction and v; is displacement in the tangential direction of the #i blade in a
rotating coordinate system (i =0 to 7).

Fig.1 N=8 Blade-shaft coupled vibration model

The equation of motion of a single blade is obtained by using Lagrangian equations considering the coupled vibration of the
shaft and blades. As shown in Figure 2, rotating coordinate {X;, Y;, Z,} is defined as based on the #0 blade which rotates Qt (rad)
centered on fixed coordinate {Xo, Yo, Zo}. The new coordinate {X;, Y;, Z;} is defined as based on #i blade which rotates 7 at the
coordinate {X;, Y, Z;}. When the blade vibration displacements are { u;, v;, 0}, the position of the #i blade tip is {r + uj, v;, 0} at
the coordinate {Xj, Yj, Zi}. The transformation is defined as follows:

cosf sinfd 0
e, =¢e;|-sind cosf O0|=eT;(0) €))
0 0 1

Where e, is the unit vector from the fixed coordinate {X,, Y, Zo}, and e; is the unit vector in the coordinate system which
rotates 6 with respect to the Z, axis.
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Fig.2 Coordinate system and unit vector
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From eq.(1), the position “P” of blade tip from the origin “O” in the fixed coordinate system is expressed as follows:

Xr r+ ui
OP = ey T3 (Q)| y, |+ Ti(5;)| Vi )
0 0

From this equation, the kinematic energy is obtained and the equation of motion is expressed as follows:

1 0 cosr; —sing || X, 0 -1 —sinz; —cosT; || X,
0 1 sinz; cost; ||y 1 0 cosz; —sint; || Y
m ) I I “I’ + 2mQ ) I I ' r
coS7;  sing; 1 0 U; sinz; —cCOST; 0 -1 U;
—sinz; COST; 0 1 v coS7;  sing; 1 0 V; 3)
1 0  cost; —sing; || X,
0 1 sinz;  cosT; |y
_ sz ) i i ri_ 0
COS7;  SINT; 1 0 U;
—sinz; COST; 0 1 V;

3. Mode Synthesis Model for An Eight-Blade System (N=8)

We assume the radial direction displacement U; = 0 due to the radial direction stiffness being significantly larger than
tangential direction stiffness. The equation of motion of an eight-blade system is given by the following:

8 0 -1L|% 0 -8 —1.x 8 0 -1\ [x
m o 8 1L |y [+2mQ8 0 -1 |y, [-mQ* 0 8 1L |y, |=0 )
-1, 1, Eg ||V 1, 1, Eg| v -1, 1, Eg | v

where 1= cos@z(i-1/N) ~]=[l 1/¥2 0 -1N2 - 1/42]
1= sin@ri-n/N) ~]=fo N2 1 N2 e —1/42]

Es=8-dimensional unit matrix
t_
V—[Vo Vi V7]

| 2
1
Q 0 -Xr
g SEUpee
0
1 ! -1
= 4 Z
$1 mode (1¢) $7 mode (1)

Fig.3 Mode shapes

Figure 3 shows two different modes in blade-shaft coupled bending vibration with nodal diameter k=1.

The transformation
matrix ¥ for mode synthesis containing these modes is given by:

X, X,
X, 100 0
Ve Ve
yel=v| |=[0 10 g ()
v "Tloo1, -1,
m m

and X, Y, represent the shaft vibrational displacement, and 7, 77; represent the relative blade vibrational displacement in the
rotating coordinate system.

The mode synthesis model obtained from the above equation is represented by:
&m 4m| X 16m 8m||y 8m 4m| x
o g2 "1=0 (©)
4m 4m | 774 8am 0 (7 4m 4m | 7,
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&m 4m| y, 16m 8m | X, ,| 8m 4m iy,
.| TQ .0 =0 7
4m  4m | 7, &m 0 |7, 4m 4m | 7,
Introducing the complex displacements:

Zp =X + Y, M =17+ )

Equations (6) and (7) can be written as:

&m 4m | Z, _|16m 8m || z, ,| 8m 4m | z,
|+ IQ C—Q =0 )
4m 4m| 7, &m 0 |7, 4m 4m | n,
We assume here that the natural frequency @, of the blade in the tangential direction is given by Finite Element Method (FEM)

vibration analysis that takes into account the centrifugal stiffness during rotation. Representing the overall tangential stiffness as
ko= ma, and substituting ky, for the (2,2) element of the stiffness matrix in Eq. (9) above, we obtain:

8m 4m|z | . [16m 8m]z -8mQ? -4mQ? |z
4 jo | Tome S R (10)
4m  4m || 7, 8m 0 |7, | |-4mQ®  4kp, |
For observation of the blade vibration from a fixed coordinate, we rewrite Eq. (10) for a fixed coordinate system by making
displacement z and 7 correspond to z, and 7, using:

Z:Zreth’ ﬁ:nrejgt (11)

&M 4dm| 7 .10 0 V4 0 0 z
L+ QR |+ =0 (12)
o 3 O S e

Finally, superimposing shaft mass ms and the spring constant ks of the shaft in the direction of parallel motion into Eq. (12)
leads to the mode synthesis model.

mg+8m 4m|zZ| _ |0 0 |2 ks 0 z
RE¢ |+ =0 (13)
[ 4m 4m}{77} {0 —Sm}{n} {0 4kb—4mgz}{ry}

4. Equivalent Mass of The Shaft with Rigid Blades

Resulting in:
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Fig.4 Finite element method model
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The equivalent mass of the shaft with rigid blades is calculated in order to obtain the shaft reduction model. An FEM model
is constructed by dividing the axis shown in Figure 4 by 24 nodal points. Nodal point 3 corresponds to the Active Magnetic
Bearing (AMB), point 6 to the boss with the rigid blade, and point 21 to the ball bearing.

Figure 5 shows the static deflection mode of the FEM model by forced displacement of the nodal point for AMB.

AMB Boss Ball Bearing

1.5 3 0
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[ ~
g \
205
'é" \
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-0.5

100 200 300 400 500
Length (mm)

Fig.5 Deflection mode of the FEM model

Fig.5 gives the displacement of the nodal point for the boss with rigid blade of 0.782 for a displacement by 1 of the AMB
nodal point. We now proceed to the 5-dof mode-synthesis model with the AMB and ball bearing as the boundary coordinates,
taking into account the internal system mode up to the third order.
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Fig.6 The natural frequency with an additional mass

Figure 6 shows the natural frequency calculated for the model with an additional mass Am at the position of the AMB.
Natural frequency without additional mass f;=9.69Hz and a gradient a=2.46 can be read from Fig.6. The method of Oyama et al.
[12] enables us to obtain the modal equivalent mass Mgy of the nodal point for the boss with rigid blade as follows:

fo( 1 Y
=0 ——| =32k 14
o 2a(0.782) & (14

5. Blade-Shaft Coupled Model with Two Degrees of Freedom

In correspondence to the experiment described later, we represent shaft vibration in terms of displacement z in a fixed
coordinate system, corresponding to the reading of the displacement pick-up. The blade vibration is described in terms of
displacement 7, in a rotating coordinate system, corresponding to the reading of the strain gauge. The relationship between the
two coordinate systems is shown by Eq. (11). Thus, Eq. (13) is rewritten as:

2 .

(m, +8m)2’+4m%(nr %)+ k,z=0 (15)
t

4mz e 1% 4 4mij, +4kyn, =0 (16)

These formulas can be simplified by defining the following variables.

@g = ks /(Mg +8m) = Shaft natural frequency of the system

(in a fixed coordinate system, not coupled; assuming the blade as a rigid body)
@y, =+/K,/m = Blade natural frequency (in a rotating coordinate system, not coupled; assuming the shaft as fixed)

p=4m/(mg+8m) = (equivalent mass of blades) / (equivalent mass of the shaft with rigid blades meq) = mass ratio
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When considering centrifugal effects, blade natural frequency is calculated by:
oy’ = o’ + CQ’ (17)

Where, ay= Blade natural frequency without rotation
C = 1+1.45 a/l —cos’ @ = Centrifugal Coefficient [13]
a = Radius of the boss
| = Blade length

6, = Stagger angle
These variables permit rewriting Eqs. (15) and (16) to give the below equations of motion for the blade-shaft coupled model.
2 .
Z+w§Z+ﬂ%(ﬂre"“)=0 (18)
e+ i + win, =0 (19)

If the damping ratio of the shaft and the blade &, ¢ are considered, and an external harmonic force f(t)=¢/" is whirling
excitation, vbeing the excitation frequency of whirl, the equations of motion become:

. . d? - -
1420 0, +a,§z+ﬂﬁ(;7, gift)= gint (20)

Zeijgt+7‘7‘r+2é,bwb"7r +(0§77r =0 (21)

6. Coupled Resonance and Stability

6.1 Free vibration solution for an undamped system

Considering that the natural frequency w as viewed from a fixed coordinate can be converted to @y as viewed from a rotating
coordinate by:

o, =0—-Q (22)
The solutions of Egs. (18) and (19) can be written as:
z=Agl® | = Belilo-ot (23)
Substituting Eq.(23) into Egs. (18) and (19) yields the characteristic equation:
24 2 2
@ T ws A (24)

o o-F il

The undamped natural frequency o (for a fixed coordinate system) was obtained from Eq. (24). Figure 7 shows the results for
w,= 8.0 Hz, o= 21.5 Hz, 1= 0.067, and C = 0, where e, indicates presentation in a fixed coordinate system and e, in a rotating
coordinate system.
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Rotational Speed Q (rps)

Fig.7 Eigenvalue map
(ws=8.0Hz, po=21.5Hz, = 0.067, C=0)

Fig. 7 shows the representation in a fixed coordinate system with rotational speed €2 (rps) on the horizontal axis and natural
frequency @ (Hz) on the vertical axis. The natural frequency of the blade and that of the shaft are widely separated from each
other when Q = 0 rps (at rest), but they become closer as the rotational speed increases. The two curves come very close to each
other and then separate (“near-miss”) [9] when the difference between the two natural frequencies is around Q= |@—ay| = 13.51ps.
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This indicates blade-shaft coupling. Two natural frequency curves come close again and the two curves are broken at around
O, = wst+m,= 29.51rps, where eigenvalues change to complex numbers with positive real parts, the region represents an unstable
region of the undamping system.
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Fig.8 Eigenvalue map
(ws= 8.0Hz, po=21.5Hz, 1= 0.067, C= 0)

Figure 8 represents the absolute values of the undamped natural frequencies @y (for a rotating coordinate system) obtained
from Eqs. (22) and (24) in a rotating coordinate system. As in Fig. 7, the parameters are w,= 8.0 Hz, &= 21.5 Hz, 2= 0.067, and
C=0; the horizontal axis represents rotational speed Q (rps) and the vertical axis the natural frequency @ (Hz). Each blade and
shaft has a single natural frequency at QQ = 0 rps, which is split into a forward and backward natural frequency at higher rotational
speeds. Blade-shaft coupling occurs at around Q, = |a—ay | = 13.5 rps, separating the two natural frequency curves. Further
increase in the rotational speed leads to a second blade-shaft coupling at around Q,= &+ @,= 29.5 rps. The curves are not broken
as in Fig.7 when they approach Q, because Fig.8 shows the absolute values of the undamped natural frequency a, although an
unstable region does exist.

6.2 Effects of centrifugal force

The natural frequency m, of the blade actually increases with the rotational speed (2 because of centrifugal force. Figures 9
and 10 show the undamped natural frequencies o (for a fixed coordinate system) and @y (for a rotating coordinate system),
respectively, obtained from the blade natural frequency @, calculated for oy= 8.0 Hz, ao=21.5 Hz, £=0.067, and C=0.7.

Because of the natural frequency m, of the blade bending with centrifugal effect, blade-shaft coupled rotational speeds Q2; and
(), as seen from Figs. 9 and 10, move to the high rotational speed side as compared with Figs. 7 and 8: Q, = |@x— @y is around 20
rps and ) = @+ @y is around 70 rps.
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Fig.9 Eigenvalue map Fig.10 Eigenvalue map
(ws=8.0Hz, wpo=21.5Hz, = 0.067, C=0.7) (ws= 8.0Hz, wpo=21.5Hz, u=10.067, C=0.7)

6.3 Stabilization
The free vibration solutions of Eqs. (20) and (21) for the external force = 0 may be written in the following forms.

7= Aest , = Be(sij)t (25)

Substituting Eq. (25) into Eqgs. (20) and (21) gives a characteristic equation:
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2 B (26)

2+ 24,05 + @2 us? {A}:O
s (- jQ)° + 24,0, (s — jQ) + w}

Analysis of complex eigenvalues at Q=0, 20 and 70rps, with values of the damping ratio {=0.04 and £;=0.008, gives results
shown in Table2.

Table2 Complex eigenvalue analysis

Rotational [Natural(] | Damping[’| Q-factor
Speed | Frequency (]| Ratio

(rps) (Hz / Hz)

0-0 8.0/-8.000 |0.039/0.03901| 13 /1301

22.4/-22.4 10.010/0.010 |52/52

8.0/-8.31 |0.040/0.040C| 13/ 120
50/-7.0 0.030/0.006 |16/87

7.9/-8.000 [0.011/0.040L1|47/120]
143/-7.7 10.094/0.004 |53/114

Q=20

Q=70

The natural frequency curves are no longer broken here because the results indicate that the system is stable at Q,= @+, =
70rps. However, a very high value of the Q-factor suggests a significant coupled resonance.
Although we do not show the details here, the stabilization requires a damping ratio satisfying the following condition:

NI Lo @7)
2 w,

Eq. (27) shows that the greater the mass ratio 4, the greater the damping needed for stabilization.

6.4 Response to whirling excitation of the shaft

When the external force in Eq. (20) is whirling excitation of the shaft (forward when v> 0, backward when v < 0), the forced
vibration solution may be written as:

z=Ael", n, =Bl (28)

Substituting Eq. (28) into Egs. (20) and (21) gives an equation for the amplitude:

—1/2+ j2.§sa)sv+a)§ —,u‘/z A 1
2 2, e l= (29)
v — -+ 260, (v - Q) + o | B] |0

The amplitude of the coupled vibration of the shaft and blades was calculated by assigning the same parameter values as above
to the relevant variables in Eq. (29) for both forward and backward excitation.

Figure 11 shows resonance curves at different rotational speeds (Q=0, 10, 20, 50, 70 rps) for forward and backward excitation
by plotting the shaft and blade vibration in fixed coordinates.

For Q=0rps (at rest), the peak of shaft vibration appears at +8Hz (a and a’ in Fig. 11), corresponding to the natural frequency
s of the shaft. Blade vibration shows a peak at £21.5Hz (b and b’ in Fig. 11) and weak resonance +8Hz (c and ¢’ in Fig. 11),
corresponding to the natural frequency @, of the blade and the natural frequency of the shaft, respectively.

For higher rotational speeds, the blade vibration peak shifts from —21.5Hz (—a,) toward higher frequencies, and coincides at
Q=20rps (corresponding to OQ=|ws—ay|) with the natural frequency of the shaft —a=—8Hz. Here, the blades act as dynamic
vibration absorbers of shaft vibration, resulting in an anti-resonance point appearing in shaft vibration (d in Fig. 11) which is
limited to a relatively small amplitude, whereas the blades show a relatively large resonance (e in Fig. 11).

When the rotational speed further increases to Q=70rps corresponding to Q,=ms+am,, the blade vibration peak shifts from
—21.5Hz (—ay) coincides with the natural frequency of the shaft +@=+8Hz. No anti-resonance point appears in this case; a
violent blade-shaft coupled resonance occurs with a very large amplitude (f and g in Fig. 11).
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Figure 12 shows waterfall diagrams for the blade-shaft resonance under forward and backward excitation.

represent the amplitudes as functions of the frequency v (Hz) of the shaft whirling excitation and rotational speed plotted in a
weak shaft vibration peaks split below and above an anti-resonance point.

fixed coordinate system. The blade-shaft coupling around Q=|@s—a,|=20rps leads to increased blade vibration and a relatively
and increasing vibration around Q)=ams+@,=70rps.

7. Experiment

Anti-resonance
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Fig.11 Resonance curve
(ws=8.0Hz, wpo=21.5Hz, u=0.067, C=0.7)

The curves

The curves clearly show a violent coupled resonance

Coupled[]
resonance

Coupled(!
resonance

Amplitude

Fig.12 Waterfall diagram
(ws=8.0Hz, wpo=21.5Hz, u=0.067, C=0.7)

A test rig was configured as shown in the diagram of Figure 13 and photograph of Figure 14. A self-made rotor with blades
was mounted on a rotating shaft supported by a ball bearing at the left end and by an Active Magnetic Bearing (AMB) at the right
end. A 1,200-watt AC servo motor (UNICO JAPAN) was used to drive the shaft. The rotor was provided with eight flat blades
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arranged equidistantly at stagger angle 6,= 0 deg. A weight affixed at each blade tip permits adjustment of the natural frequency
wyo of the blade.

In an experimental run, the shaft was excited vertically via the AMB while the rotating speed was increased gradually. The
frequency of the excitation v was 8.0 Hz which corresponds to the natural frequency of the shaft ay. The shaft vibration was
measured with eddy-current-type displacement pickups (for X and Y) attached to the AMB, and the vibration of the blade with a
strain gauge attached to the root of the blade. The results were analyzed using FFT. The experimental conditions and parameters
were as follows.

Total weight: 2.6 kg Stagger angle: 6, = 0 deg.

Shaft length: 0.465 m Natural frequency of the blade: @,y =21.5 Hz

Number of blades: N=8 Natural frequency of the shaft: o5 = 8.0 Hz (in the first mode)
Blade length: 0.152 m Measurement range of rotational speed: Q2 = 0 to 30 rps
Weight added to the blade: 0.044 kg Excitation frequency: v =8.0 Hz

Strain gauge | =

Strain gauge! |

for Blade Vib.|[] for Blade ' 8-
AC Servo| [ Ball Bearing \ Slip Ring
Motor i
u I
—/ ——
Displacement|’ - Dllcs 13;€ment
ick-upl - r ) P
AU |[for Shat vib. | A —— qisy Shatt vib.
/ (X,Y) : Pl Blade (N=58) il
Blade (N=8) P 7 '
Fig.13 Testrig Fig.14 Photograph of the test rig

Figure 15, which is zoomed in Fig.10, shows the experimental values of the blade natural frequency as dots for comparison
with the @y values calculated from Eq. (24), which are represented by solid lines. The close agreement between the observed data
and the calculated blade natural frequency |=ay| taking the centrifugal force into account confirm the validity of the latter.
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Fig.15 Blade natural frequency
(ws=8.0Hz, wpo=21.5Hz, u=0.067, C=0.7)

Figure 16 shows blade vibration as measured by a strain gauge on a Campbell diagram. The rotational speed Q is on the
horizontal axis and the observed frequency of the blade vibration on the vertical axis. Amplitude is represented by the diameter of
the circle. The large vibration in the 1X component is caused by excited blades with gravity, and falls outside the scope of the
present paper.

The Campbell diagram is used to represent a rotating coordinate system because the data was obtained by the strain gauge
attached to a blade. For clarity, the blade natural frequency a, observed is shown by dotted lines in the diagram, and clearly
increases with increasing rotational speed Q under the influence of centrifugal force. The excitation of the shaft in the vertical
direction (in a fixed coordinate system) at v = 8.0 Hz is represented by the forward natural frequency +ws= +8.0 Hz and the
backward frequency —ax= —8.0 Hz, both being independent of the rotational speed. However, they depend on the rotational speed
in the representation in a rotating coordinate system, as shown by the dotted lines in the figure: the forward |+as— Q| and the
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backward |-ax— Q|. The figure shows that the backward natural frequency |-as— Q| approaches the blade natural frequency ay in
the vicinity of Q= |@s— ay| = 20 rps, where the amplitude is greater than at other rotational speeds.
This experiment visualized the blade vibration increase by the blade-shaft coupling at a rotational speed around Q, = |@s— |

= 20 rps, as calculated by simulation. However, the other coupling at around Q,= @+ @,= 70 rps was not observed due to the
rotational speed limit of 30 rps in the present test rig.

80
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Frequecny o, (Hz)
SIS N
(=T (==}

g

(=]

Rotational speed € (1ps)

Fig.16 Campbell diagram with blade vibration
(wy=8.0Hz, wpp=21.5Hz, In-plane)

8. Conclusion

Analysis of coupling of the translation shaft-radial vibration mode with in-plane vibration of the blade with nodal diameter k =
1 yielded the following results.

(1) A mode synthesis model was presented for vibration of an eight-blade system (N=8, nodal diameter k=1) and vibration of the
shaft.

(2) The equations of motion for the blade and shaft were used for analyzing coupled free vibration.

The natural frequency curves separated from each other at a rotational speed Q, = |w;— ax|, and were broken at Q,= o+ @,
indicating an unstable region.

Stabilization by damping eliminates the breakage at Q,, but complex eigenvalue analysis resulted in a very high Q-factor.

(3) Simulation of forced vibration of a stable damping system showed that, at Q,=|@— |, shaft vibration is relatively weak due
to anti-resonance points resulting from the dynamic vibration absorber effect of the blades, whereas a significant resonance
occurs in the blades. Meanwhile, a violent coupled resonance occurs at Q,=ax+ .

(4) The resonance in blade vibration at Q,=|@—ay| described in (3) was experimentally confirmed.
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Nomenclature

N Number of blades Meg Equivalent mass of the shaft with rigid blades [kg]
Mg Mass of the shaft [kg] s Shaft natural frequency [Hz]
m Equivalent mass of a single blade [kg] Y Blade natural frequency [Hz]
Ks Spring constant of the shaft [N/m] o Blade natural frequency without rotation [Hz]
Ky Spring constant of a single blade [N/m] C Centrifugal Coefficient
S Damping ratio of the shaft 7 Stagger angle [deg.]
% Damping ratio of a single blade a Radius of the boss [m]
Xr s Yr Shaft displacement in a Rotating coordinate system | Blade length [m]

[m] Q Rotational speed [rps]
u Blade displacement in the radial direction [m] v Whirling excitation frequency of the shaft [Hz]
v Blade displacement in the tangential direction [m]
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