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ABSTRACT

This paper presents the study on the stability of nonlinear oscillations of a thin cantilever beam
subject to harmonic base excitation in vertical direction. Two partial differential governing
equations under combined parametric and external excitations were derived and converted into
two—degree~of—~freedom ordinary differential Mathieu equations by using the Galerkin method. We
used the method of multiple scales in order to analyze one—to—one combination resonance. From
these, we could obtain the eigenvalue problem and analyze the stability of the system. From the
thin cantilever experiment using foamax, we could observe the nonlinear modes of bending,
twisting, sway, and snap—through buckling. In addition to qualitative information, the experiment
using aluminum gave also the quantitative information for the stability of combination resonance of

a thin cantilever beam under parametric excitation.

1. M E

A Nzd AAGNN ARHeR Teslolet &
£ Y BAC B NADE ke FHoz
Be A7t 145D Qu?. geEe Asgel A
Yurke NdPel g, A9 uagoR
YA ALY B4e) A2 HUe A3Y
Q7] AR, MARA 2D RS AN
77k 228 2950 i,

of ATE FANUSE gre wo) WHRAE &
Aol B ATtk olHE AL A1 et =
B Beossh ge sk i} vholaz tujol

Ry

i ofn

v AR A Aoigty A0 s 7 Ak
E-mail : tgjeong@konkuk.ac.kr
Tel : (02)450-3471, Fax : (02)447-5886

*  ZAxiEa gk J|AF s

& SoA &g £ A o]AL 1Y Ao g%
A& AR E 77 Yehde w707k (para- metric
excitation) AlZglo]t},

Dugundji®t Mukhopadhyay¥=  Yamamoto®¢]
ol&% ulgog a7k 1o ZFFR(combination
resonance) @& o8 AP Z FHPH. olE
2 Ho| 2337 o|EHtle A4S ¢ AN
o 2 23& $t}. Mukhopadhyay: Hsu®7t
23 HAY A E A2"d H 83t wrlrizl A
2"l dojus  2FFAL  ARAHAI.
Branko$} Milisavljevic®e 9]ZRe o] 4AH
35S 71 9 dojve FH2 R BrEdE
T3%ch Zhang S92 d¥me WAy wgw
Ao A4 71849 EEG8 chaotic dynamics)
BN 3@z 21 RIS 12 &
5

o,
=2
2%3}F 2 (subharmonic resonance), Z#|1 F

160/et=2 85X =2 /A 184 A 235, 20083



i PR ghe e wiad 2 kg

(primary resonance)g 7FA@1 tEIHLH
(method of multiple scale)& A&-3fed B]HE 3

A& 85tk Cusumano$t Moon''”& gk A}z g
HE JH ERE ARG R o AMEHE
w33 HE”Y #% wd¥gR=g  F o
Cartmell# Roberts"'?%= w}aale] HEwe g
AA BAY A% B3 FEA AL 8w, B
o o F WA 2E FAANZ 0 doju= vy

AEE A3

o] AFA4 = Dugundjii$t Mukhopadhyayel ¢
3 Ate A7 Al 2Elo) A dojub= u]HE n)
AR 59 11 233R0E AN 2457 98
THEEE A8t A S sk ol
A2ee) 34 Dokumaci'¥7t 87 WE
HES A FAuAgAE Hol 43
A Hl Qich o] AFME UdEAEES
St 2PTNE olEHor A JIE F

2 o ol 5L

EUAd GFrE AEE AHEY dudYn
249S FIYS AP GME gk BE 7
L2 7RINA o dojus M¥RE=9) HidY Be
g A5 BLFAME dulddes g2 wA
A N FEE vgo dRuF AJHE o
g3te] dd A 2FFA S AEAL 2{F
o] dojks Fag oA A= A
3 HAPEARE FS F dAen, olF o2A

N

. 259y

Fig. 1914 7}A3EE  u() =ucos(Q) o], y=
A%, QF /MRS el BE $302

o

u(t) = ucos(Cx)

Fig. 1 Configuration of a thin cantilever beam subject
to harmonic excitation

JRIATE x5 wEeE WFe] dojusd], ol
v, XYBREAA B9

4
B gepla-arersmi=0 O
-GJo" +%(g —iD[( -2V +16=0 ©

9714 EL,% GJ= 7t B9 §3 74 (flexural
rigidity)® ®E% 7Hd(torsional rigidity)o]lZ =
Y% e 23 AARHE J= $de FHH B
dE o]t}

3. dei7l YYE |88 2Xi7: HHE

Bo %8 %7|(synchronous)&Eo=z 71As
A wz,0) 9 O(z,1) E ol Zo] MYt A7t F
3 o) Fo 7 W3

W(z,t) =1V (2)n() 3

O(z,t) = O(2)p(r) [€))
q714, V(@)% 0@)E 1Y 13 33 2R=9 1%
HEYH REg Jehs AdEFERA olgeh Zol
AL E o] g3l 47t Ao ¢ Qi

V(z) =sin fz —sinh Bz

sin A1 +sinh B! )
_ sinpl+sinh i —cosh
cos Bl + cosh g S Pz eosh z)

@(z):sin% ®)

2(5), )2 E3HAHY (D, 2] Y F 1

o Zolol tatel ARete] YR WEYel B
WA ofefet 2ol FETh

(1) + @, () + (5, + ty cos QN p(t) =0 D

ZLZUS3H=FU/A 184 A 23, 2008d/161



HEE-OAET-2F-AAHY
o474, o
o)+ o (1) + e6,n(t) + () cosQt =0 (13)
ky El,
\/: 352\/ 210, ADE 4 (12), 13l dAYskz AFE
. M@eto] ool ek A2de] BAE okl 2
T o #&h.
3 W 0
pp =28 = 0154320 A e
my )
Dy’ + @y"17 =0 149
PO+ @ (1) + (8, + o cos QtYyp(t) = 0 ® D}g, +@,*p, =0 (15)
3714, e o
@ = \/7 L 57\' Ilz Dozﬂl(t)"'wxz'h(t):— B¢o(’)"2DoD1770(t) 16)
— Hpp, () cos
=% - 9737028 1
" Doz(/’l(t)+a’rz¢1(t)=‘ 1o (£) — 2D, Dy (1) an
=Y - 07370 42 — pomy (f)cosQ
m, 1

A7), (8)2 Al WA <] Ayt Azt uigt
Z35tr ez Wk eln$ 9 A(Mathieu
equationN¥d& ¢ 4 Utk

4. USHEYE 0| AFY iy

4.1 N2H S §Y &5

(D), (®)9 Py Ve ey 9o o
QD Az t, AEAIT e, MEANAL DE o}
& Zo] 2@

T,=t, =t @
d o 0

L_9 162 DD +..

dt T, 8671 o + &L, 10
dZ

F_(D +€D) —D +£DD+ an

AT A2elA wtRge F2 e 7
< FE HEEE A (7), 9)9 7HREE & o
g3t TS obehst o) & + Urk

i)+ @,"1() + £6,0(F) + gpp(t)cos QU =0 (12)

._.
(=]
oo
~
rok
Hi
njo
A
ofn
ok
Jo
ok
rr

=H/AI184A A 235, 2008

gol #F G Ae2HEH F2F 4140, 15E
27 AnE A Yeln o AE olst Zol A9

& 5 ok
1Ty, T,) = 4,(5)e™™ + 4(T)e ™™ (18)
@, 1) = 4,(T)e™™ + 4,(T)e ™ (19)

Zg eje gos
Ax 727 4,49 e

A7IA, 4, 4% Azde A
L9 geoln). B, 4,
&olnt.

2 (18), 19F A 16), AN W3t A
W ot 2o

D02’71 + wszﬂl =[-2iwy ﬁ A Zzeif’Tn e

ar, 2 (20
+cc+ NST
dAz Hr < ioTq ioT,
+ =[2iw, —2 =L 471"
Dyg, mr(ol [ m’rd 5 e Je @D
+cc+NST

o714, ce= AYE LS, NST(nhot produce secular
term)e= AlEe & TFslA e FAFE B
o oe 2¥TY RFAFE 2HI}E 24

/W4 (detuning parameter)®]ll Q=@ +o +é0



o) hse ke ojmuel vHe UE A

2 394,
A(20), 2D AEY & AAZA A==
EAE YeRlE 7 A9 4A4 L 4 5 Aok

sy 4t 7 .
! BdT; Aze (22)

dia, Yoy Z g g 23)
47N, 4,45 2HEo| dolys AL 1% B
U5} 17 MR AEe 278 ek, Ak
HE 43 49 $goR 2gE Furdd

Nedel Ay HNg § 4 ek

4.2 NAY HEY A

(1) THA o] g A A

422, @39 a 4, 45 Tahd olelst 2o|
2FA 27k THE AL 9A 9o,

A(T) = Xe™h 24

A,(T) =Y * ot (25)
A7IM, X Y& 47t 43 4,9 AES e
o X ¥ 837t H7) A9 2U02RE 4
of Be EWAAE T3 Pk

4,0, AL +0) -&4& =0 (26)

oA7\M, 19] A5Ee} HENE BYNA WLsw

A%EE ofehet Zo] 7 4 QU

A7NA 6" - (Ut ) (dw,0,) > 001 ZFHFZ T ol
N S, o () (40,0, <0 0] HPYTE
& & guk

@ FA9 AZv)%} 244 19 2H oy

A3 4 oe)s} go] Helgth.

1 .
A4(T)= 3 ae” (@8)

rot

A4(T)= %azew’ (29)
ojf, a3 a,& 13 F¥H 1z HEHd 2%
AEL gnjstd, 3 L+ 7t S8 dF A%
o] Walge om3ict. aEx, ¥ AY ¥y 2F

719 gelth
21(28), 29 2 (22), (23)o] YT F, A
g e fe vlaste] Ajshd ol ol

9 79 B 2¢ & 9

Hp

0,4, e siny =0 (30
@za B - 4 az cosy =0 3D
Hr =0
o,d, A siny = (32)
r_ /uT _
wra,f, T“l cosy=0 (33
3714,
r=oL-p -5 (39

2 (34)9] FWE 1ol BshA HEI
7 (33)& dilated AYsid,

£ 23D

o-y'= Hy%s cosy+ Hr% cosy (35)
4aw, a,w,
21 (30), (32), (35)& o}k Zo] AgGAIZH
(autonomous system)2.2 FdT 4= it}
a=-+2g,siny (36)
4w,
a,= siny (37)
Or
T Hr
y'=o0-(FE2cosy+-——-cosy)
a0, azwr (38

sl siny =0o|T}
dgd,

AAA e (steady-state) & 1L
Iz

ojuf, A (38) ol#hst 2ol

o= (ﬂBaz y % Hray 4y

4a,w, 4da,0; (39)

ILZSIE =T/ 188 A 23, 20083/163



HEgF- AT - 285 - A8

A @B9NA 3 a/a, 2 FEA ol e

ﬂ=(2““’f)i,/(2"“” 2 - L (40)
a, Hyr Hr Hy @

Ao a/ax 13 FY 2o9 14 HSYR
co) AZlold, $¥ Ee 7 oo 2o} Bxo)
Aol FYaA Fards HAS S ¢ & itk ¥
Woll w20, & 19 ol@s} 2o}

a[/uT =_1_ o+ 0,2_ JuB/'lT (41)
4a,0, 2 4w,

5r. .
.,

Re(d) OF————" et

-?5 R 0 5

(o2
(a)
1-

Im(1) O: w.*

_15 0 B .

(b)

Fig.2 Real and imaginary plots with respect to
frequency. (a) real curve of 1 with respect
to ¢ and (b) imaginary curve of 4 with
respect to o . Solid lines denote 4 and
dashed lines denote 4,

164/t 8XSSHI=28/A 184 A 23, 20083

AYE SFo)E ABEO0XA0X03 mme] S4
Ag A @nd sl 142 15 AN e
3 2},

4:—%[“\/02—1.142]
A, =-——;-[0'—\10'2—1.142]

(42

Fig. 2& ZAWNIF o< Wl g 14X
WH3E B 3 Aot 2AMMES o /MR
T o+ HIE F FoZ I Fhol
288 Fog Qr o, +0, 2 7HA
T, Fek S99 ASE 1 2Y)
Qrw,+o, g FIMIIAY FAEAZ
3t} Fig. 200l-E 2AuA¥EE oo 37]
2hA] Al 2”le] QbR R E #AE + Uk
o2 A7} 0<-1.14% 0>1.142 BF A|2EH9
SHLe A, -1.14<0<1.142 AfodE Ax

[e]
99 o] B e Ae ¢+ vk

do
ot
2 M

e}

<l
tlo o
Y o rir
™

X0 o

=2

o)

=2 o 2 N o N ™

_a_\gﬂlulﬂrz

5.4 #

dulAPAIAE T2 AAE olgsel w2
of W Eo ulg) Wsel Wby AL AYEE
S M4y BSg BIRT BYYAAE AF A
AE YFUEOE w14 FY LRAES
14 HEY LRAEFY FolX Dolte v
e JAse d YU 2FITAL FHAL =
3R Fo5E 234 37 BE FENA A2Y
o RNl B Tahre AARE oM olER
3 st} AFPek

5.1 AEEA

2EHQ Ao g ARl He] IE & FAHY
th BE 7RR7) g 9= 1A
THEte 8z FAMKEE &
3. 2B ANZREY I
= AHE QAR AFI(TDS2002)E AMgglon,
YEANSE M| 8 FL2A7I(HPE116A)E
A& Al2Rle] Fog SHTAFE ASEAY
(HP35670A)2 T3t} HEA AAVA-1DE A}
£3te] 7HNrle AA AF e 7R



o) ZHIEE gkl olEr el HlHg 21F A

5.2 OjH|AE
Ju| Ao M= a}% HE &
Haﬂucg} HAERCE 3
dolgl o] ulE Wi
#E Adolt). 974
st Y FHFE AF
et Fokpo] w2
(= —-fJ]°](sway)
doi= AL & . olw, AlHE uj
g AAolnR 12} g3 Rie Sdog #
Ut He| Zol7l Zof H]s) 3
o ¥ ?—EH—OM E1ocEa=
4e Aol & W3 W dojve

i

A7 o dojyt

#g} Fig. 3¢ 1

o dojube AY

Agncet e 7}

z_}_g AZ9)
, 12} v E
A=V o

__d mlu

O

],,4

2 73
17} B9 B
/R 01

ot N mlm

tlo

N

, 3

c oo ol o2t o rlr
lo
® "

bk
In 1

UQ' rlr A

A~
275 A

P

i

Length / Width
[-24
- ST
:

3]

-oger
20 40 B0 80 100
Freguenoy{Hz}

Fig.3 Linear modes according to the ratio of
length to width. O : 2™ bending, O: 3"
bending, +: 4™ bending, ¢ : 1* twisting, X
. sway

F¥

Length / Width

3]

" L
20 40 B0 80 100
Freguency({Hz}

Fig. 4 Nonlinear modes according to the ratio of
length to width. % : nonlinear bending, < :

nonlinear twisting, ¥ . nonlinear sway, A
buckling

m
i
[Ulﬂl

o

Baet Astolth of 74 widgR=e 3
FogrE Agdes e &
2y oo MIrco= gy

TE T rﬂra} #4087 wAlskH @
onf Zejg F7HA wet EHstA 2
HE AFAZ W B ndYRes B Lojst
29| g7)d wgt 1 REl 2R AL S F
ot Fig. 42 KW, Zof ula] dols}
g ddo] s # vehe 2E 89 @ 5 gk

N ™ rlo oft
Jl
o

<l
i

5.3 i % ZEEre £3

1) B I/AEF 54

BE AYAETE 7190 Fig. b F
re] AEAZE eIt 4FrE AW
(A11010)%} 22 200%40%0.3 mmo]ch. 1353
AFRAEFE 6.2Hz, 27 38 THAFFE 395
Hz, 13} ¥1E98 Z/4AFTrE 61.7H2ES ¢ = &
ot N REgAe 2ol Wit FHPro-E
Mechanica)S AHEsiA E13c).

2 #A7 48

L ‘E—J_EH‘Q

232

rE
oz
o
4l
i)
_o‘_g
N
do
2

617Hza f{M @ 68Hz§
Z24 SEAINEA 7R
Fig. 62 7}Fago] digt &%
Uetd Astolrh, 7RIFATFE 68H2E 7IE2R
60°14 80 Hz7HA WEANAL Bl AFEFIGFE 0

ol 100Hz7HA EAHALE old 1z FFPE
(6.2Hz)8l AFo] UF HAA T& F99 IF9
1" bending 2% bending 3* bending
10° f - v ? T f
o
z
[
S
& :. JK
£ i
<
10 % W % % 00
Frequency(Hz)
Fig.5 Magnitude plot of frequency response

function

ZILZNSIEA=AU/A 18R A 2F, 2008/165



FEE-JAF- 23T -AH A
02 .
)
03 oo o
0.15}
o
S o
3 01 °°
£° 0©
E (o]
< o
°
005 ?
100 °
8
0
20 (H2)
ency o061 H H °
° ipration &% o 6-0-6 75 M

Amplitude(V)

(b)

Fig.6 Waterfall plots for the amplitude of
response with respect to excitation
frequency and vibration frequency of beam.
Range of vibration frequency is: (a) from 0
to 100Hz and (b) from 7 to 100Hz

M3E 2+ o "exy AFFHs 7~100Hz
Abolol Al EAIRE Y Z(Fig, 6(b))E AA A 4
EEE 7RIFHE7E 63Hz oldtel 78Hz oY
o Yebds B 4 Atk 63HzEE 78Hz Abolg
FHrEZ HAE A, BE RFYed ge 3

R s &4% Q¥ & AxH, o= B}
HdRRER AFEHs dugtt 13 39 2/3
T 1A HEY LRAESE 9 @
Qrwe,+o, =68Hz 2o By} vlAdzcg
Asde AL £ 5 o] 2Fd] ok

< 89 ¥ 5 AUk

5.4 N2 oY o

sH &t %73% -’Fi 6Hz 21%“‘:'

s &
2 Yehyr] mZelnt meba, Alzwlel g

[y
(=23
L
2
1
b
olo
r
ot
OH

g_l
o
rr

/A 18 A A 2%, 2008

85 70
Excitation frequency(Hz)
Fig. 7 Response curve with respect to excitation
frequency for 6 Hz vibration component

ARFETGe W] ©E 6Hz WEARY WEo
2 BAY + ok

Fig. 72 7135549} st AB9 AZe
2 29z Jehd Aolth 63HzRE FHo] U
U #2347 ARFE 73%% Aol 48
AL B F g A 2 AES
745HzolW, 1 o] ME AEY 7|7}
sl 78 HzHE ¢4 Fe= Eoddh & 7t
Zul=71 63 Hzolsl, 78 Hz o]ARl A& A3
o7 AAHE QtAdlL, 63 Hz8 78 Hz Alo]l+ H]
Ay Froz AAEL Bobgdt) o T 2
AvjEss TP -4.8<o <1020/t o] @
A olgdoz de A -114<oll4stE ga
2 o] molm Yk olgF 23t WAPSE of
e AzEe) AupdgAels 247t 1EA @}
7] WEoL, E OGE o]fRE BAYA ARE
@ Loy Aue LﬂT koA o] 2ol A g
744 o] ghxg WAL FAEA Eakn gz

Wao] 77 Yot} o]gg fol: A2y
z:e |124¢ g F 9o A BET
d3g XA Pk

é.LrN

6.8 &

of AFANE AN Asge 23N B
A LT LU NES
Fos goId 29 gy wAE BT o
god e ARE APL Faol AFHGL, 9
2y 4y, w4y ZES B2Y F AT A7
a3 de Fee 9o 2o,



o) RIS E gk gt Bty JE A

(D A 259 AR s 3334 vsdo] d¢
A& Hﬁé%ﬂgi zdgsiqth A7 wHe

g3t =

2 F A9 vlug HAAY GEATHS AL
st g o 2T BASE AR AES
Fot. THAE AEA A 2H S FA
g £ Qe S PR, AA2E9E AANE=R
Mo RN nvx 9 BEd oule 1z I3}
1} vlEPel AZulo| BAEG:E AL g &
AN

A Lelke 283 WHY s 1%6}93@.
B Aol 242 ¢ we Faioq 1 mEY
wrAEs elgk 4= 9 gtiou:} o] 01011,}% IR ]

-

Y mE2e Y JY, 499 Sy, MaY &
o), 29T el gasig,
(1) BAZINE Fos S FFE Fole)

o aFATFE FAEAST 9d) A =PIAE
1837 Ak, 1A §3 1H7ESF 6.2Hz9) 1
A HEE 2RAES 61.7HzE s 68 HzollA
28& 7 oy Byt HMYgrsz 1]%5}
AE gt Ul A 2FTHREA) o
g g 7HRlge 7}11%4 < 1-17}
2 AF3e AeFaed digd A28 3x49
= E A o, 6Hz x‘%"é o] 7B & WE
Vg 2 9FE
3L %l%% g F °“315} 63 Hz9t 78 Hz AloellA|
THRAFgrd AEFRgrE AR g uA
AFHL glo], o] F7hoA AlxHle] B

o EEE AEA M FUAYY AAE o}

(1) Nayfeh, A. H and Haider, N. A,
“Nonlinear Response of Cantilever
Combination

1998,
Beams to

and Subcombination Resonances”,

rok

<o =
FLUSSEI=E

Shock and vibration, Vol. 5, No. 5, pp.277~288.

(2) Takahashi, K., Wy, M. and Nakazawa, S.,
1998, “Vibration, Buckling and Dynamic Stability of
a Cantilever Rectangular Plate Subjected to In-plane
Force”, Structural Engineering and Mechanics, Vol.
6, No. 8, pp. 939~953.

(3) Dowell, E. H., Traybar, J. and Hodges, D. H,
1977, “An Experimental-theoretical
Study  of
Deformations of a Cantilever Beam’, Jowrnal of
Sound and Vibration, Vol. 50, No. 4, pp. 533~544.

(4) Dugundji, J. and Mukhopadhyay, V., 1973,
“Lateral Bending-Torsion Vibrations of a Thin

Correlation

Non-linear Bending and Torsion

Beam under Parametric Excitation”, Journal of
Applied Mechanics, Vol. 40, No. 3, pp. 693~698.

(5) Yamamoto, T. and Saito, A., 1970, “On the
Vibrations of ‘Summed and Differential Types’
Memories of the
Faculty of Engineering, Nagoya University, Vol. 22,
No. 1, pp. 54~123.

(6) Hsy, C. S., 1975, “Limit Cycle Oscillations of
Parametrically Excited Second-order

under Parametric Excitation”,

Nonlinear
Systems”, Journal of Applied Mechanics, Vol. 42, pp.
176~182.

(7) Mukhopadhyay, V., 1980, “Combination
Resonance of Parametrically Excited Coupled
Second Order Systems with Non-linear Damping”,
Journal of Sound and Vibration, Vol. 69, No. 2, pp.
297~307.

(8) Branko, M. M., 1995, “On Lateral Buckling of
a Slender Cantilever Beam”, International Journal of
Solids Structures, Vol. 32, No. 16, pp. 2377~2391.

(9) Zhang, W., Wang, F. and Yao, M, 2005,
“Global
Non-linear

Bifurcations and Chaotic Dynamics in
Non-planar  Oscillations of a
parametrically Excited Cantilever Beam”, Nonlinear
Dynamics, Vol. 40, No. 3, pp. 251~279.

(10) Cusumano, J. P. and Moon, F. C., 1995,
“Chaotic Non-planar Vibrations of the Thin Elastica,
Part [: Experimental Observation of Planar
Instability”, Journal of Sound and Vibation, Vol. 179,
No. 2, pp. 185~208.

/A 184 A 2%, 20083/167

=



J&EE-oAEFE- 28 F-AHA

(11) Cartmell, M. P. and Roberts, J. W., 1987, Bending-Torsion Vibrations of Beams under Lateral
“Simultaneous  Combination Resonances in a  Parametric Excitation”, Journal of Sound and
Parametrically Excited Cantilever Beam”, Strain, Vibration, Vol. 58, No. 2, pp. 233~238.

Vol. 23, No. 3, pp. 117~126. (14) Nayfeh, A. H., 1973, Perturbation Method,
(12) Cartmell, M. P. and Roberts, J. W., 1988,  Wiley, New York.

“Simultaneous  Combination Resonances in an (15) Bang, D.-J., 2007, Study on the Stability of

Autoparametrically Resonant System”, Journal of Nonlinear Oscillations of a Thin Cantilever Beam

Sound and Vibration, Vol. 123, No. 1, pp. 81~101. Under Parametric Excitation, MS Thesis, Konkuk

(13) Dokumaci, E., 1978, “Pseudo-coupled  University, Seoul, Korea.

168/t 25X SSH =28/ 184 A 23, 20084



