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1. "V*́0

&ñ
½©s��:r\� ��H��ô�Ç ���+þA�̧+þA\�"f��H [O�"î
���Ãº_� ���+þA���½+Ë(linear predictor)s� f��]X� ìøÍ6£x
���Ãº\�¦ [O�"î
ô�Ç��. s��Qô�Ç ���+þA�̧+þA�Ér ì�ríß�ì�r$3�, ���+þA�r)ì�r$3� 1px\�"f B�Äº ���ª�ô�Ç �̧+þA_�
d�¦�̀¦ ]j/BN���H ��s	כ ��z�́s�t�ëß� �̧��H �©�S!�\�"f Ø�æì�rô�Ç ��Ér	כ ��m���. ìøÍ6£x���Ãº�� s��½ÓìøÍ6£x
��«Ñ%�!3� s�íß�+þA��� �â
Äº\���H {9�ìøÍ ���+þA�̧+þA�Ér &h�]X��t� ·ú§�¦ &ñ
½©s��:r\� _�ô�Ç �¦���&h� ���

+þA�̧+þA�̀¦ SX��©�ô�Ç {9�ìøÍ�o���+þA�̧+þA(generalized linear models)Ü¼�Ð K����s� ��0px���.
�r)ì�r$3�\�"f l��>r\� ��6 x÷&�¦ e����H �̧+þA\� Dh�Ðî�r [O�"î
���Ãº\�¦ ÆÒ����¦�� ½+É M: ÆÒ��

���Ãº���r)�̧+þA\�#Q�"�%ò
�¾Ó�̀¦p�u���Ht�\�¦·ú����Ð������¦ÆÒ��|̈cM:_�+þAI�\�@/ô�ÇóøÍéß�

s��9¹כ�� 9���+þAs������+þAI��ÐÆÒ��÷&#Q��ô�Ç�����#Q�"�+þAI��Ð���8̈�÷&#Q�����Ht�\�¦���éß�

�#��� ô�Ç��. s��Qô�Ç ���éß��Ér ÕªaË>�̀¦ :�xô�Ç ~½ÓZO�Ü¼�Ð ��0px� 9 t��FK��t� �Ö̧µ1Ïy� ���½̈�� ���'��
÷&�¦e����H~½ÓZO�Ü¼�ÐÆÒ�����ÃºÕªaË>(added variable plot)õ�¼#�ïß�	�ÕªaË>(partial residual plot),
Õªo��¦ ¼#�ïß�	�ÕªaË>�̀¦ SX��©�r����  »	¼#�ïß�	�ÕªaË>(augmented partial residual plot)õ� CERES
ÕªaË>(combining conditional expectations and residuals plot)s� e����.
¼#�ïß�	�ÕªaË>�Ér Ezekiel (1924)\� _�K� %�6£§ ]jr�÷&%3��¦ Cookõ� Weisberg (1982) 1px\� _�

K��r)���éß�_� �̧½̈�Ð��6 x÷&%3���.¼#�ïß�	�ÕªaË>�̀¦>h���ô�Ç »	¼#�ïß�	�ÕªaË>�Ér Mallows (1986)\�
_�K� �è>h÷&%3��¦ Cook (1993)�Ér �8¹¡¤ {9�ìøÍ�or���� CERESÕªaË>�̀¦ Dh�Ðî�r ���éß�~½ÓZO�Ü¼�Ð ]j
r��%i���. s��Qô�Ç ÕªaË>�̀¦ s�6 xô�Ç q����+þA$í
_� �ÃÐÒ�o�Ér Atkinson (1985), Chatterjeeü< Hadi
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(1988), Cookõ�Weisberg (1999)1px\�_�K��r)���éß�_� �̧½̈�Ð ú́§�Ér���½̈��e��#QM®o��.þj��H
\���H Kahngõ� Jeong (2000)s� q����+þA�̧+þA\�"f_� CERESÕªaË>\� @/ô�Ç ���½̈�Ð µ1Ï���r�(���¦,
Kahngõ� Lee (2004)��H 2	�"é¶ CERESÕªaË>�̀¦ :�xK� {9�ìøÍ�o���+þA�̧+þA\�"f ÆÒ�����Ãº_� Ä»_�$í

x9� q����+þA$í
\� @/ô�Ç ���éß�Ü¼�Ð SX��©��%i���.
�:r ���½̈\�"f��H {9�ìøÍ�o���+þA�̧+þA\�"f CERESÕªaË>�̀¦ :�xô�Ç ÆÒ�����Ãº_� 
¹$íכ��9õ� �<ÊÃº_�

+þAI�\� @/K� ���½̈��¦�� ô�Ç��. 2]X�\�"f��H {9�ìøÍ�o���+þA�̧+þA�̀¦ �è>h��¦ 3]X�\�"f��H 3	�"é¶
CERESÕªaË>�̀¦ {9�ìøÍ�o���+þA�̧+þA\� &h�6 xr�&��:r��. 4]X�\�"f��H {9�ìøÍ�o���+þA�̧+þA_� ������ s�
�½Ó�r)�̧+þA(binomial regression model)\�"f CERESÕªaË>�̀¦ :�x�#� ÆÒ�����Ãº_� +þAI�\�¦ ·ú�
Ãº e����Ht�\�¦ SX����K��:r��.

2. ÎPæl̂vÞK�ÔäB�!�¬B�!

Nelderü< Wedderburn (1972)\� _�K� �̂>��o�)a {9�ìøÍ�o���+þA�̧+þA�Ér t�Ãº7á¤(exponential
family) ì�r�íü< �������<ÊÃº(link function)\�¦ s�6 x�#� &ñ
½©s��:r\� _�ô�Ç ���+þA�̧+þA�̀¦ ��6£§õ� °ú 
�Ér¿º��t�õ�&ñ
�̀¦:�xK�{9�ìøÍ�oô�Ç�,:P	s���.'Í	כ �̧	�_�ì�r�í��H&ñ
½©ì�r�í\�¦�í�<Ê���Ht�Ãº7á¤
_� #��Q ��t� ì�r�í\�¦ ��6 xô�Ç��. ÑütP:, ìøÍ6£x���Ãº_� l�@/°úכõ� [O�"î
���Ãº_� ���+þA���½+Ë�̀¦ ������r�
v���H�������<ÊÃº\�¦[O�&ñ
ô�Ç��.�¦���&h����+þA�̧+þA�ÉrìøÍ6£x���Ãº��"f�Ð1lqwn�&h�s� 9&ñ
½©ì�r�í\�¦��
ØÔ�¦ �������<ÊÃº�� �½Ó1px�<ÊÃº(identity function)��� {9�ìøÍ�o���+þA�̧+þA_� :£¤Ãºô�Ç +þAI����¦ ½+É Ãº
e����.
{9�ìøÍ�o���+þA�̧+þA\�"f ìøÍ6£x���Ãº Y��H [O�"î
���Ãº xT = (x1, . . . , xp)_� ���+þA���½+Ë η\�¦ :�x�

#� ���&ñ
�)a��. s�M: ���+þA���½+Ë η��H �������<ÊÃº g(·)\� _��#� µ = E(Y )ü< �������)a��. [O�"î
���Ãº
xT_� n>h_� �'a8£¤°úכ\� @/�#� ���+þA���½+Ë�Ér

g(µi) = ηi = xT
i β = β1xi1 + · · ·+ βpxip, i = 1, . . . , n (2.1)

s���. ���+þA���½+Ë (2.1)\� ÆÒ��r�v��9�¦ ���H Dh�Ðî�r [O�"î
���Ãº z�� ���+þA ¢̧��H q����+þA�<ÊÃº

h(z)_� +þAI��Ð ÆÒ���)a���¦ ���� ���+þA���½+Ë�̀¦ ��6£§õ� °ú s� ����èq Ãº e���¦

g(µi) = ηi = xT
i β∗ + h(zi), i = 1, . . . , n (2.2)

s� �̧+þA (2.2)\�¦[O�"î
���Ãºü<ìøÍ6£x���Ãº_��'a>�\�¦����?/��H�ÃÐ�̧+þAs����¦���.#�l�"f h(·)��H
���+þA ¢̧��H +þAI��� ·ú��9t�t� ·ú§�Ér q����+þA�<ÊÃºs���.

3. CERES°��âç

3.1. 2	�«°¿ CERES°��âç

���+þA�̧+þA\�"fü< ��ðøÍ��t��Ð {9�ìøÍ�o���+þA�̧+þA\�"f�̧ ÆÒ�����Ãº z\� @/ô�Ç ���8̈�_� 
¹$íכ��9

�̀¦ SX�����l� 0A�#� ïß�	�íß�&h��̧ü< ïß�	�-[O�"î
���Ãºíß�&h��̧\�¦ Õª�9�Ð�¦ ëß���� q����+þA_� +þAI���
��������� z�� #Q*�ô�Ç +þAI�_� q����+þA�<ÊÃº h(z)�Ð ���8̈�÷&#Q�� ���Ht�\�¦ ·ú����Ðl� 0AK� ¼#�ïß�
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	�ÕªaË>�̀¦ ��6 x½+É Ãº e����. ëß���� �̧+þA (2.2)\�"f h(z)_� �<ÊÃº+þAI��� z_� ���+þA�<ÊÃº����� s� �̧

+þA�Ér ��6£§õ� °ú �Ér �̧+þAs� �)a��.

ηi = xT
i β + αzi, i = 1, . . . , n. (3.1)

ÆÒ�����Ãº z_� ¼#�ïß�	�ÕªaË>�Ér �̧+þA (3.1)\� &h�½+Ër���� Êê %3�#Qt���H ïß�	� e\� α̂z\�¦ �8ô�Ç ¼#�

ïß�	�\�¦ [j�Ð»¡¤Ü¼�Ð ��¦ ÆÒ�����Ãº z\�¦ ���Ð»¡¤Ü¼�Ð ���H {ei + α̂zi, zi}_� íß�&h��̧s���. s� M:
α̂�Ér �̧+þA (3.1)\�"f ½̈ô�Ç z_� �r)>�ÃºÆÒ&ñ
°úכs���.
ëß���� h(z)�� z\� @/ô�Ç ���+þA�<ÊÃº����� ¼#�ïß�	�ÕªaË>�Ér h(z)_� +þAI�\�¦ ú̧� ����?/>� �)a��.

h(z)�� z\� @/ô�Ç q����+þA��� �â
Äº\��̧ Cook (1993)\� _����� �̧+þA (2.2)�� �ÃÐ�̧+þAs��¦ �̧|	�
ÂÒl�@/°úכ E(x|z)s� zü< ����'a$í
s� �������� z\� @/K� ���+þAs���� �̧+þA (3.1)\�"f_� ÆÒ&ñ
|¾Ó�Ér
β∗_� {9�u�ÆÒ&ñ
|¾Ós� ÷&Ù¼�Ð ¼#�_��� \O�#Q4R"f ¼#�ïß�	�ÕªaË>�Ér h(z)_� +þAI�\�¦ ����èq Ãº e����.
Õª�Q�� E(x|z)�� z\� @/K� ���+þAs� ��m���� ¼#�ïß�	�ÕªaË>�Ér h(z)_� +þAI�\� @/ô�Ç �̀¦���Ér &ñ
�Ð\�¦
ÅÒt� 3lw� 9 q����+þA$í
�̀¦ y��t�½+É Ãº \O���.
{9�ìøÍ�o���+þA�̧+þA\�"f ��6£§õ� °ú �Ér ���+þA���½+Ë�̀¦ Òqty��K��Ð��.

ηi = xT
i β + αT m(zi), i = 1, . . . , n. (3.2)

#�l�"f m(z) = {mj(z)}��H p × 1 7�'�s��¦ �̧|	�ÂÒl�@/°úכ E(x|z)�Ð &ñ
_�� 9 m(z)_� °úכs�
�����\� ·ú��9t�t� ·ú§��¤l� M:ë�H\� mj(z), j = 1, . . . , p��H y��y�� xj\�¦ ìøÍ6£x���Ãº�Ð��¦ z\� _�K�

q��̧Ãº�r)\�¦ r�&� ½̈ô�Ç &h�½+Ë°úכÜ¼�Ð ��6£§õ� °ú s� ÆÒ&ñ
ô�Ç��.

m̂(z) = {m̂j(z)} = {Ê(xj |z)}, j = 1, . . . , p. (3.3)

q��̧Ãº�r)&h�½+Ë�Ér s�p� ·ú��94R e����H #��Q ��t� ~½ÓZO� ×�æ #QÖ¼ �¦̀�	כ ��6 x�#��̧ Õª ���õ�

\� ��_� 	�s��� \O��� (Cook, 1993). #�l�"f��H Õª ×�æ LOESS~½ÓZO��̀¦ ��6 xô�Ç��. �̧+þA (3.2)\�
"f m(zi)\�¦ d�� (3.3)_� m̂(zi)�Ð ��Ë̈��� ��6£§õ� °ú �Ér �̧+þAs� �)a��.

ηi = xT
i β + αT m̂(zi), i = 1, . . . , n. (3.4)

ÆÒ�����Ãº z_� CERESÕªaË>�Ér �̧+þA (3.4)\�&h�½+Ër����Êê%3�#Qt���Hïß�	� e\� α̂T m̂(z)\�¦�8
ô�Ç CERES\�¦ [j�Ð»¡¤Ü¼�Ð ��¦ ÆÒ�����Ãº z\�¦ ���Ð»¡¤Ü¼�Ð ���H {ei + α̂T m̂(zi), zi}_� íß�&h��̧
s���. s� M: α̂�Ér �̧+þA (3.4)\�"f ½̈ô�Ç m̂(z)_� �r)>�ÃºÆÒ&ñ
°ú7 כ�'�s���. �̧+þA (2.2)�� �ÃÐ�̧
+þAs������ CERESÕªaË>_� [j�Ð»¡¤�̀¦ s�ÀÒ��H CERES_� l�@/°úכ�Ér ��6£§õ� °ú ��.

E(ei + α̂T m̂(zi)|zi) = E(xi|zi)T (β∗ − β) + h(zi). (3.5)

�̧+þA (3.4)_� β�� �ÃÐ�̧+þA (2.2)\�"f_� z�́]j�̧Ãº β∗\� ��H]X����� d�� (3.5)\� _�K� CERES
ÕªaË>�Ér h(z)_�+þAI�\�¦ ú̧�¬¹��½+ÉÃºe����. �̧+þA (3.2)ü< (3.4)\�"fm(z)\�¦ E(x|z)�Ð&ñ
_���¦
Ê(x|z)�Ð ÆÒ&ñ
�%i�Ü¼Ù¼�Ð E(x|z)��H {©����y� mj(z)_� ���+þA�<ÊÃº�Ð �̂¦ Ãº e��Ü¼ 9 �̧+þA (3.4)\�
"f β_� ÆÒ&ñ
|¾Ó�Ér z�́]j�̧Ãº β∗_� {9�u�ÆÒ&ñ
|¾Ós��� ½+É Ãº e���¦, ����"f d�� (3.5)\�"f ¼#�_���
\O�#Qt�Ù¼�Ð CERESÕªaË>s� h(z)_� +þAI�\�¦ ú̧� ¬¹��ô�Ç����H ��z�́�̀¦ Kahngõ� Lee (2004)\�"f
SX�����%i���.
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3.2. 3	�«°¿ CERES°��âç

�̧+þA (2.1)\� ¿º >h_� [O�"î
���Ãº z1õ� z2�� ���+þA ¢̧��H q����+þA�<ÊÃº h(z1, z2)_� +þAI��Ð ÆÒ��
�)a���¦ ���� ÆÒ�����Ãº_� ò́õ�\�¦ ����?/��H ��6£§_� �̧+þA�̀¦ Òqty��½+É Ãº e���¦ s� �̧+þA�̀¦ �ÃÐ�̧+þA

s����¦ ���.
ηi = xT

i β∗ + h(zi1, zi2), i = 1, . . . , n. (3.6)

#�l�"f h(·, ·)��H ���+þA ¢̧��H +þAI��� ·ú��9t�t� ·ú§�Ér q����+þA�<ÊÃºs���.
�̧|	�ÂÒl�@/°úכ E(x|z1, z2)�� z1õ� z2_� ���+þA�<ÊÃº�Ð ³ð�&³÷&t� ·ú§�̀¦ �â
Äº 3	�"é¶ ¼#�ïß�	�Õª

aË>�Ér h(·, ·)\� @/ô�Ç &ñ
�Ð\�¦ ]j@/�Ð ]j/BN�t� 3lwô�Ç��. s��Qô�Ç ë�H]j&h��̀¦ K�����l� 0AK�"f �Ð
�� ¢-a�o�)a �̧|	�\�"f�̧ &h�]X�ô�Ç &ñ
�Ð\�¦ ]j/BNK� ÅÒ��H 3	�"é¶ CERESÕªaË>�̀¦ &h�6 xK� �̂¦ Ãº e����.
��6£§_� ���+þA���½+Ë�̀¦ Òqty��K��Ð��.

ηi = xT
i β + αT

1 m1(zi1) + αT
2 m2(zi2), i = 1, . . . , n. (3.7)

#�l�"f m1(z1) = {m1j(z1)}õ� m2(z2) = {m2j(z2)}��H p × 1 7�'�s��¦ y��y�� �̧|	�ÂÒl�@/°úכ
E(x|z1)õ� E(x|z2)�Ð &ñ
_�� 9 m1(z1)õ� m2(z2)_� °úכ[þt�Ér �����\� ·ú��94R e��t� ·ú§l� M:ë�H
\� s�[þt�̀¦ ÆÒ&ñ
K��� ô�Ç��. m1j(z1), j = 1, . . . , p��H y��y�� xj\�¦ ìøÍ6£x���Ãº�Ð��¦ z1\� _�K� q�

�̧Ãº�r)\�¦ r�&� ½̈ô�Ç &h�½+Ë°úכÜ¼�Ð ÆÒ&ñ
ô�Ç��. ¢̧ô�Ç m2(z2)�̧ °ú �Ér ~½ÓZO�Ü¼�Ð ÆÒ&ñ
ô�Ç��. 7£¤,

m̂1(z1) = {m̂1j(z1)} = {Ê(xj |z1)},
m̂2(z2) = {m̂2j(z2)} = {Ê(xj |z2)}, j = 1, . . . , p (3.8)

s���. �̧+þA (3.7)\�"f m1(zi1)õ� m2(zi2)\�¦ d�� (3.8)_� m̂1(zi1)õ� m̂2(zi2)�Ð ��Ë̈��� ��6£§õ�
°ú �Ér �̧+þAs� �)a��.

ηi = xT
i β + αT

1 m̂1(zi1) + αT
2 m̂2(zi2), i = 1, . . . , n. (3.9)

CERESÕªaË>�Ér �̧+þA (3.9)\� &h�½+Ër���� Êê %3�#Qt���H ïß�	� e\� α̂T
1 m̂1(z1)õ� α̂T

2 m̂2(z2)\�¦
�8ô�Ç CERES\�¦ Ãºf��»¡¤Ü¼�Ð ��¦ ÆÒ�����Ãº z1õ� z2\�¦ "f�Ð f��y���̀¦ s�ÀÒ��H ¿º >h_� Ãºî̈
»¡¤Ü¼

�Ð ���H {ei + α̂T
1 m̂1(zi1) + α̂T

2 m̂2(zi2), zi1, zi2}_� 3	�"é¶ íß�&h��̧s���. s� M: α̂T
1 , α̂T

2��H �̧+þA

(3.9)\�"f ½̈ô�Ç m̂1(zi1)õ� m̂2(zi2)\� @/ô�Ç �r)>�ÃºÆÒ&ñ
°ú7 כ�'�s���.
�̧+þA (3.6)s� �ÃÐ�̧+þAs������ 3	�"é¶ CERESÕªaË>_� Ãºf��»¡¤�̀¦ s�ÀÒ��H CERES_� l�@/°úכ�Ér

��6£§õ� °ú ��.

E(ei + α̂T
1 m̂1(zi1) + α̂T

2 m̂2(zi2)|zi1, zi2) = E(xi|zi1, zi2)T (β∗ − β) + h(zi1, zi2) (3.10)

3	�"é¶ CERESÕªaË>s� h(z1, z2)_� +þAI�\�¦ ú̧� ����?/l� 0AK�"f��H �̧+þA (3.9)_� β�� �ÃÐ�̧

+þA (3.6)_� z�́]j�̧Ãº β∗\� ��H]X�K��� ô�Ç��. h(z1, z2)�� m1j(z1),m2j(z2), j = 1, . . . , p_� ���

+þA�<ÊÃº�Ð ��������H �â
Äº h(z1, z2)��H αT
1 m̂1(z1) + αT

2 m̂2(z2)�Ð ��H���� ��0px� 9 s� M: �̧
+þA (3.9)��H �̧+þA (3.6)_� ��H���̧+þAs� ÷&�¦ �̧+þA (3.9)\�"f_� β��H �̧+þA (3.6)\�"f_� z�́]j�̧Ãº
β∗\� ��H]X��>� �)a��. ����"f 3	�"é¶ CERESÕªaË>�Ér h(z1, z2)_� +þAI�\�¦ ú̧� ¬¹���>� �)a��. Õª
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�Q�� h(z1, z2)�� αT
1 m̂1(z1) + αT

2 m̂2(z2)�Ð ��H���� ÷&t� ·ú§Ü¼��� β∗ü< β��H ��H]X�ô�Ç���¦ �l�

#Q§>��¦ ¼#�_��� µ1ÏÒqt�Ù¼�Ð 3	�"é¶ CERESÕªaË>�Ér h(z1, z2)_� +þAI�\�¦ ]j@/�Ð ����?/t� 3lw½+É
�¦����s	כ Òqty��½+É Ãº�̧ e����.
�t�ëß� �̧+þA (3.9)\�"f m1(z1)õ� m2(z2)��H y��y�� Ê(x|z1)õ� Ê(x|z2)�Ð ÆÒ&ñ
�%i�Ü¼Ù¼�Ð

E(x|z1)õ� E(x|z2)��H {©����y� m1j(z1)õ� m2j(z2)_� ���+þA�<ÊÃº�Ð �̂¦ Ãº e����. ����"f s� �̧+þA
\�"f ½̈ô�Ç β_� þj�è]jY�LÆÒ&ñ
|¾Ó β̂�Ér β∗_� {9�u�ÆÒ&ñ
|¾Ós��� ½+É Ãº e���¦ d�� (3.10)\�"f_� ¼#�_�
��H \O�#Qt�Ù¼�Ð 3	�"é¶ CERESÕªaË>s� h(z1, z2)_� +þAI�\�¦ ú̧� ����?/>� �)a��.

3	�"é¶ CERESÕªaË>_�Ãºf��»¡¤�̀¦×�æd��Ü¼�Ð�r���½+ÉM:�Ð#�t���H���5Åq�)a 2	�"é¶_�íß�&h��̧×�æ
\�"f q����+þA_� +þAI�\�¦ ���©� ú̧� ����?/��H íß�&h��̧\�¦ Òqty��K� �Ð��. s� íß�&h��̧_� ���Ð»¡¤�Ér �r
���y���̧��� ω_� �<ÊÃº��� z(ω)�� ³ð�&³½+É Ãº e����. 7£¤ z(ω)��H 3	�"é¶ CERESÕªaË>�̀¦ Ãºf��»¡¤Ü¼�Ð
�r���½+É M: ��������H 2	�"é¶ íß�&h��̧ ×�æ CERES\�¦ [j�Ð»¡¤Ü¼�Ð ��¦ z1�̀¦ ���Ð»¡¤Ü¼�Ð ���H íß�

&h��̧\�¦ r����Ü¼�Ð �#� ωëß��pu �r���ô�Ç Êê\� ��������H íß�&h��̧\�"f_� ���Ð»¡¤Ü¼�Ð ��6£§õ� °ú s�

z1õ� z2_� ���+þA���½+Ë_� +þAI��Ð ³ð�&³½+É Ãº e����.

z(ω) = z1 cos(ω) + z2 sin(ω).

¿º >h_� [O�"î
���Ãº z1õ� z2_� #Q*�ô�Ç q����+þA�<ÊÃº h(z1, z2)\�¦ ¿º ���Ãº_� ���+þA���½+Ë\� @/ô�Ç
q����+þA�<ÊÃº h∗(z(ω))�Ð ��H��½+É Ãº e������� ��6£§_� �̧+þA�̀¦ �ÃÐ�̧+þA (3.6)_� ��H���̧+þAs����¦ ½+É
Ãº e����.

ηi = xT
i β∗ + h∗(z(ω)), i = 1, . . . , n.

����"f h∗(·)_� +þAI���H z(ω)_� 2	�"é¶ CERESÕªaË>�̀¦ :�xK� %3��̀¦ Ãº e���¦ s���H 3	�"é¶ CERES
ÕªaË>_� Ãºf��»¡¤�̀¦ ×�æd��Ü¼�Ð ���H �r���\�"f q����+þA+þAI�\�¦ ���©� ú̧� ����?/��H íß�&h��̧ü< {9�u�

ô�Ç��.

4. Qr=�

{9�ìøÍ�o���+þA�̧+þA\�"f E(x|z1, z2)�� z1õ� z2\� @/K� ���+þAs� ����� �â
Äº CERESÕªaË>s� ÆÒ
�����Ãº_� q����+þA�<ÊÃº_� +þAI�\�¦ ú̧� ����?/ ÅÒ��Ht�\�¦ ·ú����Ð�¦�� ô�Ç��. ��6£§�̀¦ z�́]j ���+þA���
½+Ës��� ���.

η = −3 + 2x + e−(.5z1+.9z2). (4.1)

[O�"î
���Ãº x��H U(0, 2)\�"f n(= 50)>h_� °ú̀�כ¦ Òqt$í
r�v��¦ ÆÒ�����Ãº��H z1 = 1/x1 + δ,
z2 = .5x1 + δ�� ÷&�̧2�¤ Òqt$í
�#� E(x|z1, z2)�� z1õ� z2\� @/K� q����+þA�'a>��� ÷&�̧2�¤ �%i�

��. δ��H N(0, 1)\�"f Òqt$í
ô�Ç��. s�ü<°ú s� ���&ñ
ô�Ç x, z1, z2\�¦ s�6 x�#� �̧+þA (4.1)\� &h�6 xr�&�
50>h_� η\�¦ >�íß��%i���.
s�M: η = log[π(x)/(1− π(x))]���¦ ���� π(x) = exp(η)/(1 + exp(η))�Ð 50>h_� q�Ö�¦+þAI�

_� °úכs� �)a��. π(x)�� m(= 50)���_� r�'��\�"f :£¤&ñ
��|	�s� µ1ÏÒqt½+É SX�Ò�¦s����¦ Òqty����¦ y��H

m���_� r�'��\�"f :£¤&ñ
��|	�s� µ1ÏÒqtô�Ç �̧Ãº�Ð �Ð�¦ B(m,π(x))��� s��½Óì�r�í\� _�K� Òqt$í
�%i�
��. ����"f ìøÍ6£x���Ãº y��H s��½Ó�r)�̧+þA_� ìøÍ6£x���Ãº�Ð �̂¦ Ãº e����. d�� (4.1)_� ���+þA���½+Ë η��H
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(a) before rotation (b) after rotation

ÕªaË> 4.1: 3	�"é¶ CERESÕªaË> (V: CERES, H: z1, O: z2)

−3 + 2x\� ÆÒ�����Ãº z1õ� z2�� h(z1, z2) = e−(.5z1+.9z2) = e−z∗ = h(z∗)_� +þAI��Ð ÆÒ���)a��
�¦ �̂¦ Ãº e����.
ÆÒ�����Ãº�� #Q*�ô�Ç +þAI��Ð ���8̈�÷&#Q �̧+þA\� ÆÒ��÷&#Q�� ���Ht� ·ú����Ðl� 0A�#� ¼#�ïß�

	�ÕªaË>�̀¦ &h�6 xK� �̂¦ Ãº e����HX< E(x|z1, z2)�� z1õ� z2\� @/K� ���+þAs� ��m�Ù¼�Ð ¼#�ïß�	�ÕªaË>

s� ÆÒ�����Ãº z1õ� z2_� �<ÊÃº +þAI�\�¦ �̀¦��ØÔ>� ����èq �Ü¼�Ð	כ l�@/½+É Ãº \O���.
3	�"é¶ CERESÕªaË>�̀¦ Õª�9�Ð��� ÕªaË> 4.1_� (a)ü< °ú �¦ s� ÕªaË>\�"f Ãºf��»¡¤�̀¦ ×�æd��Ü¼�Ð

���H �r���\�"f �Ð#�t���H ���5Åq�)a 2	�"é¶ íß�&h��̧ ×�æ ���©� "î
SX�ô�Ç /BG���s� �Ðs���H íß�&h��̧�� Õª
aË> 4.1_� (b)s���. s���Ér	כ CERES»¡¤�̀¦ [j�Ð»¡¤Ü¼�Ð ��¦ z1\�¦ ���Ð»¡¤Ü¼�Ð ���H ÕªaË> 4.1_�
(a)\�"f 60◦ �r����)a �©�I�s���. s� �r��� y���̧\�¦ s�6 x���� s� íß�&h��̧_� ���Ð»¡¤�Ér z(60◦) ∼=
.5z1 + .87z2�� �)a��. s� ÕªaË>\�"f ��������H q����+þA/BG����Ér t�Ãº�<ÊÃº+þAI��Ð ����z���̀¦ ·ú� Ãº
e����. ����"f E(x|z1, z2)�� z1õ� z2\� @/K� ���+þAs� ����� q����+þA�<ÊÃº{9� �â
Äº\��̧ CERESÕª
aË>s� ���8̈�_� +þAI�\�¦ ú̧� ����?/ ÅÒ��H �¦̀�	כ SX����½+É Ãº e����.

�Úy��Nùý���

Atkinson, A. C. (1985). Plots, Transformations, and Regression: An Introduction to Graph-
ical Methods of Diagnostic Regression Analysis, Oxford University Press, Oxford.

Chatterjee, S. and Hadi, A. S. (1988). Sensitivity Analysis in Linear Regression, John
Wiley & Sons, New York.

Cook, R. D. (1993). Exploring partial residual plots, Technometrics, 35, 351–362.
Cook, R. D. and Weisberg, S. (1982). Residuals and Influence in Regression, Chapman &

Hall/CRC, New York.



{9�ìøÍ�o���+þA�̧+þA\�"f_� 3	�"é¶ CERESÕªaË> 175

Cook, R. D. and Weisberg, S. (1999). Applied Regression Including Computing and Graph-
ics, John Wiley & Sons, New York.

Ezekiel, M. (1924). A method of handling curvilinear correlation for any number of vari-
ables, Journal of the American Statistical Association, 19, 431–453.

Kahng, M. and Jeong, H. (2000). CERES plot in nonlinear regression, The Korean Com-
munications in Statistics, 7, 1–11.

Kahng, M. and Lee, E. (2004). CERES plot in generalized linear models, The Korean
Communications in Statistics, 11, 575–582.

Mallows, C. L. (1986). Augmented partial residuals, Technometrics, 28, 313–319.
Nelder, J. A. and Wedderburn, R. W. M. (1972). Generalized linear models, Journal of the

Royal Statistical Society, Ser. A, 135, 370–384.

[ 2007�̧� 5�Z4 ]X�Ãº, 2007�̧� 10�Z4 G�×þ� ]



176 y©�"î
¹¡¤, �̂�ÂÒ6 x, ������%ò


Three Dimensional CERES Plot

in Generalized Linear Models∗

Myung Wook Kahng1) Bu-Yong Kim2) Jin-Young Jeon3)

Abstract

We explore the structure and usefulness of three dimensional CERES plot as a basic

tool for dealing with curvature as a function of the new predictors in generalized linear

models. If predictors have nonlinear effects and there are nonlinear relationships among

the predictors, the partial residual plot is not able to display the correct functional form

of the predictors. Unlike this plots, the CERES plot can show the correct form. This

is illustrated by simulated data.

Keywords: Generalized linear model, partial residual plot, CERES plot, LOESS.
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