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��x¥�²é u���U[� ��<jí #,äÈ }ç*�Ò]#×4É Z�u�

þj�Ér�â
1) 5ÅxK��¾Ó2)

¹כ ���

+þA]j �©�(sibpair)_� ���5Åq+þA +þA|9�(continuous traits) ��«Ñ\�¦ s�6 xô�Ç Ä»�������'a$í
 ���

&ñ
ZO�(linkage test)Ü¼�Ð"f Hasemanõ� Elston (1972)_� þj�è]jY�L(ordinary least square,

OLS) �r)ì�r$3�ZO�s� ÅÒ�Ð ��6 x�)a��. q��̧Ãº&h� ~½ÓZO�Ü¼�Ð"f ]jr��)a Kruglyakõ� Lander

(1995)_� ���&ñ
:�x>�|¾Ó�Ér Hasemanõ� Elston (1972)_� ~½ÓZO�\� @/6£x÷&��H ~½ÓZO�%�!3� �Ðs�t�

ëß� z�́]j�Ð��H B�Äº ��ØÔ��. �:r �7Hë�H\�"f��H Kruglyakü< Lander (1995)_� ���&ñ
:�x>�|¾Óõ�

Hasemanõ� Elston (1972)_� ���&ñ
:�x>�|¾Ó_� �'a>�\�¦ [O�"î
��¦ �̧_�z�́+«>Ü¼�Ð ¿º ���&ñ
:�x>�

|¾Ó_� ���&ñ
§4��̀¦ q��§ô�Ç��. Ä»�������'a$í
\� ��6 x÷&��H +þA]j ��«Ñ_� :£¤fç
�Ér ô�Ç&ñ
�)a [O�"î
���Ãº

_�°úכ\�B�Äº ú́§�Ér��«Ñ��ìøÍ4�¤(replicated)÷&%3�����H&h�s� 9,s��Qô�ÇìøÍ4�¤��«Ñ\��8¹¡¤&h�

]X�ô�Ç ��×�æ �r)ì�r$3�ZO��̀¦ ]jîß�ô�Ç��. ��×�æ �r)ì�r$3�ZO�_� ò́Ö�¦$í
�̀¦ &ñ
½©ì�r�í ¢̧��H &ñ
½©ì�r

�í�� ����� ���5Åq+þA +þA|9� �̧_�z�́+«> ��«Ñ�Ð ·ú����:r ���õ� +þA]j �©� ��«Ñ_� Ä»�������'a$í
 ���&ñ


\�"f ��×�æ �r)ì�r$3�ZO�s� ���Ér ���&ñ
ZO�[þt�Ð���̧ ���&ñ
§4�s� Z�}6£§�̀¦ SX�����%i���.

ÅÒ¹6כ x#Q: Hasemanõ� Elston_� �r)ì�r$3�ZO�, Kruglyakü< Lander_� q��̧Ãº :�x>�|¾Ó, +þA]j �©�
��«Ñ, Ä»�������'a$í
 ���&ñ
.

1. "V*́0

+þA]j �©�(sibpair) ��«Ñ\�¦ s�6 xô�Ç Ä»�������'a$í
 ���&ñ
(linkage test) ~½ÓZO�Ü¼�Ð"f Hasemanõ�
Elston (1972)_�þj�è]jY�L�r)ì�r$3�ZO�s����©��������>���6 x÷&�¦e����HX<,s���H0py�Ér���§î
\�
"f µ1Ï#î
���H |9�#î
(late-onset disease)\� @/ô�Ç ���½̈\�"f 8̈���_� ÂÒ�̧�� Òqt�>ru� ·ú§��H �â
Äº\�
+þA]j�©�_���«Ñ\�¦s�6 x�#��<H~1�>�Ä»�������'a$í
�̀¦·ú��� �̂¦Ãºe������H�©�&h�M:ë�Hs�l��̧ ���.
Hasemanõ� Elston (1972) �r)���&ñ
_� "é¶o���H ÂÒ�̧�ÐÂÒ'� Ä»��� ~ÃÎ�Ér +þA]j[þt_� @/wn� Ä»�����
/BNÄ»(identical by descent, IBD)_� &ñ
�̧�� 7£x������ ½+ÉÃº2�¤ ¿º +þA]j_� +þA|9��Ér q�5pw�#� +þA
|9� 	�(trait difference)_� ]jY�Ls� ������������H �.���s	כ Kruglyakü< Lander (1995)��H s�\� @/
6£x���H q��̧Ãº&h� ~½ÓZO��̀¦ ]jîß��%i���HX< $���[þt�Ér Hasemanõ� Elston (1972)_� þj�è]jY�L �r
)ì�r$3�ZO�õ�_� �'a>�\�¦ Ø�æì�ry� [O�"î
u� ·ú§��¤��. �:r �7Hë�H\�"f ¿º ~½ÓZO�_� �'a>�\�¦ ·ú����Ð�¦�� ô�Ç
��.
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Hasemanõ� Elston (1972) �r)ì�r$3�_� :£¤fç
�Ér 'Í	P:�Ð +þA]j �©�s� /BNÄ»ô�Ç @/wn� Ä»�����Ãº
\� @/ô�Ç &ñ
SX�ô�Ç &ñ
�Ð�� e����H �â
Äº\� Ä»����� /BNÄ»Ãº(1lx{9��>� IBD Ãº�� ÂÒØÔ��x��)�� 0, 1,
2_� [j Ãºï�r\� Ô�¦õ��Ù¼�Ð �r)ì�r$3�\�"f [O�"î
���Ãº�� ÷&��H IBD Ãº\� 7áx5Åq���Ãº��� +þA]j �©�_�
+þA|9� 	�_� ]jY�Ls� õ��̧ ìøÍ4�¤(replicated)�)a &h�s���. �8¹¡¤s� [j Ãºï�r\� ìøÍ4�¤Ãº�� ç�H1px�t� ·ú§
�¦ ����̂ ³ð�:rÃº�� ß¼>� ÷&��� IBD Ãº 0, 1, 2\� ��«Ñ�� ��H��&h�Ü¼�Ð 1:2:1_� q�Ö�¦�Ð ìøÍ4�¤÷&>�
����èß���. ÑütP:�Ð �r)ì�r$3�\�"f ��H&÷̈½¹כ l��:r ��&ñ
��� y�� [O�"î
���Ãº_� Ãºï�r\�"f 7áx5Åq���Ãº
_� ì�ríß�s� 1lx{9�ô�Ç σ2����H $í
|9�s� $í
wn�÷&t� ·ú§��H����H &h�s��� (Wang 1px, 1998). �8¹¡¤s� &ñ
½©
ì�r�í���H +þA|9�_� +þA]j �©� ��«Ñ\�"f 	�_� ]jY�L_� ì�ríß� σ2��H Ä»�������'a$í
s� �>rF�ô�Ç����� IBD
Ãº�� 0, 1, 2�Ð 7£x��½+ÉÃº2�¤ y���è �â
�¾Ó�̀¦ �Ð����� (Kim 1px, 2006). ��r� ú́�K�"f #��Q 8£¤���\�"f
ì�ríß��Ér {9�&ñ
ô�Ç °úכ σ2�̀¦ ���������H ��&ñ
\�"f #Q�FMèß���. �̧+þA [O�&ñ
s� ú̧�3lw�)a �â
Äº\���H {9�ìøÍ&h�
Ü¼�Ð s2�Ér σ2�̀¦õ�@/ÆÒ&ñ
(overestimate)�>�÷&#Q�r)ì�r$3�_�����:r\�e��#Q"f �̧ÀÓ_���0px$í

s� Z�}������� (y©���H$3�õ� �̂�Ø�æ|ÃÌ, 2001). s���� s�Ä»�Ð s�\�¦ �Ð¢-aô�Ç ~½ÓZO�s��� q��̧Ãº&h� ~½ÓZO�s�
&h�]X��<Ê�̀¦ ·ú� Ãº e����.

Kruglyakü< Lander (1995)_� q��̧Ãº&h� ~½ÓZO��Ér Äº��� +þA]j �©�Ü¼�ÐÂÒ'� ½̈ô�Ç +þA|9� 	�_� ]j
Y�L_� ��«Ñ\�¦ í�H0A(rank)�Ð ��õ�H��. s�]j IBD Ãº 0, 1, 2_� [j ç�H_� 0Au� �̧Ãº\� @/ô�Ç ���&ñ
s�
���Ð Kruskalõ� Wallis (1952)_� q��̧Ãº ì�ríß�ì�r$3����X< Kruglyakü< Lander (1995)��H [j ç�H_�
í�H0A½+Ë�̀¦ −1, 0, 1_� ��×�æÜ¼�Ð f�����&h���� ÆÒ[j\�"f ���©� 	�s��� ß¼>� ×¼�Q����H IBD Ãº 0ç�H
õ� 2ç�H_� í�H0A½+Ë q��§\� @/ô�Ç :�x>�|¾Ó�̀¦ ]jr��%i���. :£¤s��>��̧ ����̂ ��«Ñ\� ��H��ô�Ç �r)
ì�r$3�õ� q��§�#� @/|ÄÌ ]X�ìøÍ_� ��«Ñ\� K�{©����H IBD Ãº�� 0õ� 2��� ç�Hëß�_� ��«Ñ\� ��H��ô�Ç ���
&ñ
 :�x>�|¾Ó_� ���õ��� çß�<�Ê �8¹¡¤ Ä»_�ô�Ç �â
Äº�� e����HX<, Õª�Qô�Ç s�Ä» ×�æ �����H #��Q ç�H í�H0A
½+Ë q��§ Êê\� ��×�æq��§�Ð"f IBD Ãº 0ç�Hõ� 2ç�H_� @/q�(contrast)\�¦ ���&ñ
���H ]X�	�\�¦ ��u�t�
·ú§�¦ Kruglyakü< Lander (1995)��H /BI���Ð 0ç�Hõ� 2ç�H_� @/q�ëß�_� ���&ñ
:�x>�|¾Ó�̀¦ ]jr��%i�l�
M:ë�Hs���. ����"f Hasemanõ� Elston (1972) :�x>�|¾Óõ� Kruglyakü< Lander (1995) :�x>�|¾Ó_�
���&ñ
§4� Äº\P��̀¦ ~1�>� ��wn= Ãº \O�Ü¼ 9, Äºo���H �:r �7Hë�H\�"f s� ¿º ���&ñ
ZO��̀¦ ��[jy� q��§½+É �	כ
s���. s��Qô�Ç õ�&ñ
\�"f Hasemanõ� Elston (1972)_� :�x>�|¾Ó\�"f ���H1lx{9&÷̈½¹כ ì�ríß�_� ��&ñ

\� @/ô�Ç ë�H]j&h��̀¦ �Ð¢-aô�Ç ��×�æ �r)ì�r$3�ZO�s� Ä»�������'a$í
 ���&ñ
\�"f #Qb�G>� Ä»6 x½+É �s� 9	כ

s� ~½ÓZO�_� &h�6 xÜ¼�Ð ���&ñ
§4�s� õ���� 7£x��½+É �¦�\����t	כ ·ú����:r��. �̧_�z�́+«>Ü¼�Ð Hasemanõ�
Elston (1972) �r)ì�r$3�õ� Kruglyakü< Lander (1995)_� q��̧Ãº&h� ~½ÓZO� x9� ��×�æ �r)ì�r$3�ZO�
_� ���&ñ
§4��̀¦ q��§K� �̂¦ �.���s	כ

2. �î|q@è

Hasemanõ� Elston (1972)_� +þA]j �©� ì�r$3�ZO��Ér |9�#î
\� %ò
�¾Ó�̀¦ p��2;���¦ f�����÷&��H Ä»���
�� ýa0A(marker locus)\�¦ SX�����l� 0AK� ���5Åq +þA|9� ��«Ñ\�¦ Ãº|9��#� s��Qô�Ç ���5Åq +þA|9�õ�
Ä»����� ýa0A ��s�_� ����'a$í
�̀¦ �r) �̧+þAÜ¼�Ð ·ú����Ð��H ì�r$3�ZO�s���. s�\�¦ Äºo���H éß�í�Hy�
Hasemanõ� Elston (1972)_� �r)���&ñ
ZO�s��� ÂÒØÔ��x��. Hasemanõ� Elston (1972)_� �r)�̧
+þA�Ér ��6£§õ� °ú ��.

E(Yj |xj) = α + βxj , xj = 0, 1, 2; j = 1, . . . , n. (2.1)
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#�l�"f xj��H j���P: +þA]j �©�_� Ä»����� /BNÄ»Ãº�Ð"f, xj = 0s���� +þA]j �©��Ér "f�Ð /BNÄ»���H Ä»
�������\O��¦, xj = 2s����+þA]j�©��Ér1lx{9�Ä»�����+þA(genotype)�̀¦�������. ¢̧ô�Ç j���P:+þA]j�©�

\�"f 'Í	 ���P: +þA]jü< ¿º ���P: +þA]j_� ���5Åq +þA|9� °ú̀�כ¦ y��y�� Y1jü< Y2j�Ð &ñ
_�½+É M: Yj��H ¿º

+þA]j_� +þA|9� Ãºu�_� 	� ]jY�L(square of the difference)Ü¼�Ð ��6£§õ� °ú ��.

Yj = (Y1j − Y2j)2. (2.2)

7£¤, �r)ì�r$3�_� l��:r ��«Ñ��H "f�Ð 1lqwn���� (xj , Yj), (j = 1, . . . , n)s���. Kruglyakü< Lander
(1995)_� q��̧Ãº&h� ì�r$3�ZO��̀¦ [O�"î
��¦ Hasemanõ� Elston (1972) �r)���&ñ
ZO�õ� #Qb�G>� ���
�'a÷&��Ht� ·ú����Ð��x��.

2.1. KruglyakØþ Lander (1995)?ê a��¬�®=.ã �î|q@è

Kruglyakü< Lander (1995)_� Ä»�������'a$í
�̀¦ ·ú����Ð��H q��̧Ãº&h� ~½ÓZO��Ér "f�Ð 1lqwn���� ���
�̂ +þA]j ��«Ñ Yj(j = 1, . . . , n)_� í�H0A r(j)\�¦ ½̈���H �Ü¼�Ð	כ Ø�¦µ1Ïô�Ç�� (Kruglyakü< Lan-
der(1995)��H ¿º +þA]j_� ���5Åq +þA|9�_� ]X�@/°úכ 	�(absolute difference)_� í�H0A�Ð &ñ
_��t�ëß� ]j
Y�L_� í�H0Aü< °ú ��). Kruglyakü< Lander (1995)��H s��Qô�Ç í�H0A\�¦ ¿º +þA]j_� Ä»����� /BNÄ» &ñ

�̧_� �<ÊÃº f(2πj)�Ð ��×�ær�&� ½+Ëô�Ç :�x>�|¾Ó XKL =

∑n
j=1 r(j)f(2πj)�̀¦ ]jîß��%i���. #�l�"f

πj��H +þA]j �©�s� @/wn� Ä»�����\�¦ /BNÄ»ô�Ç &ñ
�̧�Ð &ñ
_�� 9 /BNÄ»ô�Ç IBD Ãº_� &ñ
SX�ô�Ç &ñ
�Ð�� e��
��H �â
Äº\� πj_� ��0pxô�Ç °úכ�Ér 0, 0.5, 1s� �)a��. Õª�QÙ¼�Ð 2πj��H +þA]j �©�s� /BNÄ»���H IBD Ãº
�� ÷&#Q 0, 1, 2_� °úכs� �)a��. ��ZO��̧+þA(additive model) �\�"f Kruglyakü< Lander (1995)��H
��×�æ f(2πj)\�¦ ½̈�̂&h�Ü¼�Ð f(2) = −1, f(1) = 0 Õªo��¦ f(0) = 1�Ð &ñ
��¦ éß�8£¤ ���&ñ
�̀¦ r�
'��ô�Ç��(�:r �7Hë�H\�"f��H Hasemanõ� Elston (1972)_� �r)ì�r$3�\�"f 6£§_� l�Ö�¦l�\� @/ô�Ç éß�8£¤
���&ñ
�̀¦r�'�����H��õ�°ú �Ér~½Ó�¾Ó�̀¦Ä»t	כ�l�0AK� f(2) = 1, f(1) = 0, f(0) = −1�Ð&ñ
ô�Ç��).
7£¤, Kruglyakü< Lander (1995)_� :�x>�|¾Ó�Ér XKL = R2−R0s���. #�l�"f Ri��H IBD Ãº�� i���

ç�H_� í�H0A½+Ës���. Ä»�������'a$í
s� \O�����H )Áº��[O� �\�"f :�x>�|¾Ó XKL_� l�@/°úכ�Ér 0s��¦,
Kruglyakü< Lander (1995)��H ì�ríß�Ü¼�Ð"f V = n(n + 1)(2n + 1)/12�̀¦ ]jîß��%i���. ����"f
ZKL = XKL/

√
Vs� ��H��&h�Ü¼�Ð ³ðï�r &ñ
½©ì�r�í\�¦ ��2£§�̀¦ s�6 x�#� Ä»�������'a$í
�̀¦ ���&ñ
�>�

�)a��. s� ì�ríß�\� @/K�"f /BI ¶ú�(R�̂¦ �.���s	כ

2.2. Haseman-Elston (1972)Ñä Kruglyak-Lander (1995) 5ùç=�ê ïÕ65��ï|?ê fy�5�

¿º ~½ÓZO��̀¦ q��§�l� 0AK�"f��H "é¶ ��«Ñ(raw data)\� ��H�����H Hasemanõ� Elston (1972)
~½ÓZO�õ� í�H0A ��«Ñ(rank data)\� ��H�����H Kruglyakü< Lander (1995)_� :�x>�|¾Ó_� 	�s�\�¦ ���
r� ]X�#Q ¿º�¦"f, ¿º ~½ÓZO� �̧¿º "é¶ ��«Ñ\� &h�6 x���H �â
Äº�Ð q��§\�¦ r�������x��.

Dietz (1989)��H �r) �̧+þA d�� (2.1)\�"f l�Ö�¦l� β_� þj�è]jY�L ÆÒ&ñ
|¾Ó β̂LS\�¦ éß�t� ¿º >h

_� ��«Ñ Ãºu��Ð ½̈$í
�)a þj�è ÂÒì�rç�H(subset)_� l�Ö�¦l�_� #î
½+ËÜ¼�Ð ³ð�&³��¦ e����HX<, s�\�¦
Ä»�������'a$í
 ���&ñ
\� s�6 x�>� ÷&��� β̂LS��H B�Äº éß�í�Hô�Ç +þAI��Ð ³ð�&³|̈c Ãº�� e����. Äº��� ��«Ñ
(xj , Yj), (j = 1, . . . , n)\� ��H���#� ��6£§õ� °ú �Ér ÂÒì�rç�H_� l�Ö�¦l� Ŝij\�¦ &ñ
_�� 9 s��Qô�Ç ÂÒ

ì�rç�H_� Ãº��H N>hs���. ëß���� xi_� °úכ[þts� �̧¿º ��ØÔ����� N =
(
n
2

)
s� �)a��.

Ŝij = (Yj − Yi)/(xj − xi), i < j, xi 6= xj . (2.3)
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s�]j þj�è]jY�L ÆÒ&ñ
|¾Ó β̂LS��H þj�è ÂÒì�rç�H l�Ö�¦l� Ŝij[þt_� ��×�æî̈
ç�HÜ¼�Ð ½̈K������

(Dietz , 1989).

β̂LS =

∑

i<j

ωijŜij

∑

i<j

ωij

. (2.4)

xi�� "f�Ð 1lx{9� °ú̀�כ¦ ��t���H þj�è ÂÒì�rç�H_� �â
Äº\���H ωij�� 0s� ÷&#Q l�Ö�¦l�\�¦ >�íß��t� ·ú§
>� �)a��.

2.2.1. �Ôäכ  ��äfy�;�ê 5ùç=�ê?ê \��×ÿ\� ¢Å=�ê�ï|

Ä»�������'a$í
�̀¦·ú����Ð��H Hasemanõ� Elston (1972)�r)���&ñ
ZO��Ér{9�ìøÍ&h�����r)ì�r$3�ZO�_�
\Vü@&h�����â
Äº�Ð"f1lqwn����Ãº����0pxô�Ç°úכ�Ér[j>h÷�rs� 9 ½̈�̂&h�Ü¼�Ð IBDÃº 0, 1, 2s���.��
��"fy�� IBDÃº 0, 1, 2\�7áx5Åq���Ãº Yj��Ãº\O�s�ìøÍ4�¤�)a�â
Äºs���.�:r�7Hë�H\�"f��H1lqwn����Ãº_�
y��°ú̀�כ¦ x0, x1, x2�Ð ¢̧��H IBDÃº 0, 1, 2�Ð³ð�&³ô�Ç��.y��1lqwn����Ãº_�°ú�7\כáx5Åq���Ãº_�ìøÍ4�¤Ãº
\�¦ n0, n1, n2(n = n0 +n1 +n2)��&ñ
ô�Ç��.����̂ ��«Ñ��"f�Ð1lqwn���� (xj , Yj), (j = 1, . . . , n)�Ð
½̈$í
|̈c M: 0A_� d�� (2.4)\�"f xiü< xj�� �<Êa� 1lx{9��#� ωij�� "f�Ð °ú �Ér °ú̀�כ¦ ��t���H þj�è ÂÒ

ì�rç�H[þt�̀¦ 7áx½+Ë�#� &ñ
o��>� ÷&��� ß¼>� [j  é
#Qo�_� ÂÒì�rç�HÜ¼�Ð ��r� ³ð�&³|̈c Ãº e����.
Äº���[O�"î

¹ô�ÇY>���t�l� ñ\�¦&ñכ���9\_�ô�Ç��. IBDÃº�� 0, 1, 2(7£¤1lqwn����Ãº�� x0, x1, x2

)��� ��«Ñ\�¦ (x0, Yi), (i = 1, . . . , n0); (x1, Yn0+j), (j = 1, . . . , n1); (x2, Yn0+n1+k), (k = 1, . . .

, n2)�Ð ³ð�&³����, s�[þt_� ���5Åq +þA|9� °úכ_� î̈
ç�H�Ér Ȳ0 = 1/n0

∑n0
i=1 yi, Ȳ1 = 1/n1

∑n1
j=1 yn0+j ,

Ȳ2 = 1/n2

∑n2
k=1 yn0+n1+ks���. s�]j 	�H [j  é
#Qo�_� ÂÒì�rç�H�̀¦ &ñ
_��#� IBD Ãº�� 0õ� 1���

°úכëß��̀¦ ��t���H ��«Ñ�Ð ½̈$í
�)a î01ï ÂÒì�rç�H, IBD Ãº�� 1õ� 2��� °úכëß��̀¦ ��t���H ��«Ñ�Ð ½̈$í
�)a
î12ï ÂÒì�rç�H, Õªo��¦ IBD Ãº�� 0õ� 2��� °úכëß��̀¦ ��t���H ��«Ñ�Ð ½̈$í
�)a î02ï ÂÒì�rç�Hs���. xiü<

xj��� °ú̀�כ¦ ��t���H ��«Ñëß�Ü¼�Ð s�ÀÒ#Q��� ÂÒì�rç�H_� þj�è]jY�L l�Ö�¦l� ÆÒ&ñ
|¾Ó�Ér ��6£§õ� °ú s�

³ð�&³�)a��.

β̂ij =
[ninj(xj − xi)(Ȳj − Ȳi)]/(ni + nj)

ninj(xj − xi)2/(ni + nj)
,

=
Ȳj − Ȳi

xj − xi
, i < j. (2.5)

Õª�QÙ¼�Ð y�� ÂÒì�rç�H_� l�Ö�¦l� β̂01, β̂12, β̂02��H ÂÒì�rç�H\� �í�<Ê�)a IBD Ãº�� "f�Ð ���Ér ¿º ç�H_�
Yj_� î̈
ç�H	��Ðéß�í�H�>�³ð�&³÷&%3���.s�]j î01ï, î12ï, î02ïÂÒì�rç�H_���×�æ ω01, ω12, ω02\�¦ ½̈K�

�:r��."f�Ð���Ér x°ú̀�כ¦��t���H��«Ñëß�s�ÂÒì�rç�Hl�Ö�¦l�>�íß�\��í�<Ê÷&Ù¼�Ð ω01 = n0n1(x1−
x0)2, ω12 = n1n2(x2−x1)2, ω02 = n0n2(x2−x0)2s� �)a��. ����"f d�� (2.4)\� ]jr��)a þj�è]j
Y�L l�Ö�¦l� ÆÒ&ñ
|¾Ó β̂LS��H ��6£§õ� °ú s� ³ð�&³�)a��.

β̂LS =
∑

i<j

ninj(xj − xi)2

n0n1(x1 − x0)2 + n1n2(x2 − x1)2 + n0n2(x2 − x0)2
β̂ij . (2.6)
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½̈�̂&h�Ü¼�Ð x0, x1, x2\� IBD Ãº��� 0, 1, 2\�¦ @/{9�r�&� �Ð��� ��×�æ_� ½+Ë�Ér n0n1 + n1n2 +
4n0n2�� ÷& 9 ����"f β̂LS\�"f β̂01, β̂12, β̂02 y��y��_� ��×�æ�Ér n0n1, n1n2, 4n0n2�� �)a��. ����̂
+þA]j �©�_� ³ð�:rÃº�� 9þtÃº2�¤ ¿º +þA]j_� IBD Ãº�� 0, 1, 2�� ÷&��H q�Ö�¦�Ér 0.25, 0.5, 0.25\� ��H
���>� ÷&Ù¼�Ð n0 = n2 = m,n1 = 2mÜ¼�Ð ��&ñ
K� �:r��. s��Qô�Ç ��&ñ
 �\�"f β̂01, β̂12, β̂02

y��y��_� ��×�æ�Ér 2m2, 2m2, 4m2s� ÷&#Q, β̂02�� �� Qt� ¿º �â
Äº\�¦ ½+Ë�2; ��õ	כ 1lx{9�ô�Ç q�×�æÜ¼�Ð

β̂LS\� l�#��>� �)a��. Óüt�:r s��Qô�Ç q��§\� β̂01, β̂12, β̂02 y��y��_� l�Ö�¦l��� "f�Ð ��ØÔ>� ÆÒ&ñ


H�ds� y��îß�÷&t� ·ú§��¤��.
s�]j Hasemanõ� Elston (1972)_� l�Ö�¦l�ü< Kruglyakü< Lander (1995)_� :�x>�|¾Ó XKL�̀¦

q��§K��:r��. n0 = n2 = m_���&ñ
�\�"f"é¶��«Ñ�Ð³ð�&³�)a Kruglyakü< Lander (1995)_�:�x
>�|¾Ó�Érm(Ȳ2−Ȳ0)s���.#�l�"f Ȳ2ü< Ȳ0��H IBDÃº��y��y�� 2ü< 0���°ú̀�כ¦��t���H��«Ñëß�_� î̈
ç�H
s���.ô�Ç¼#� Hasemanõ� Elston (1972)_� î02ïÂÒì�rç�H_�l�Ö�¦l���H β̂02 = (Ȳ2− Ȳ0)/(x2−x0) =
(Ȳ2 − Ȳ0)/2�Ð"f ���²DG ��6£§õ� °ú �Ér �'a>��� $í
wn�ô�Ç��.

β̂02 =
XKL

2m
¢̧��H XKL = 2mβ̂02. (2.7)

����"f ¿º :�x>�|¾Ó�̀¦ �̧¿º "é¶ ��«Ñ\� ��H���#� >�íß�ô�Ç����� Kruglyakü< Lander (1995)_� :�x
>�|¾Ó XKL�Ér Hasemanõ� Elston (1972)_� î02ï ÂÒì�rç�H_� l�Ö�¦l� β̂02ü< �©�Ãº �'a>�\� e��6£§�̀¦

·ú� Ãº e���¦, :�x>�|¾Ó XKLs� �8¹¡¤ ß¼��.
Äºo���H ¿º ~½ÓZO� �̧¿º "é¶ ��«Ñ\� &h�6 xô�Ç �â
Äº�Ð q��§\�¦ r�����%i���. ��r� Òqty��K� �Ð����

���H&h��Ér Kruglyakü< Lander (1995)_�:�x>�|¾Ós�����̂í�H0A��«Ñ\���H������"f�̧ IBDÃº��
0õ� 2��� ç�Hëß�_� í�H0A½+Ë_� �<ÊÃº�Ð ³ð�&³�#� XKL = R2 − R0��� �¦̀�	כ y��îß�ô�Ç����� ����̂ ��«Ñ

\� ��H��ô�Ç Hasemanõ� Elston (1972)_� l�Ö�¦l� β̂LSü< Kruglyakü< Lander (1995)_� :�x>�|¾Ó
�̀¦ q��§�<Ês� ¢̧ ���Ér _�p�\�¦ ��t�>� �)a��. Äº��� �̧|	� n0 = n2�\�"f, ¢̧ô�Ç x0, x1, x2\� IBD
Ãº��� 0, 1, 2\�¦ @/{9�r�&� d�� (2.6)_� l�Ö�¦l� ÆÒ&ñ
|¾Ó β̂LS\�¦ ½̈���� ��6£§õ� °ú ��.

β̂LS =
1

2n0(n1 + 2n0)
[n0n1(β̂01 + β̂12) + 4n0

2β̂02]. (2.8)

s�]j d�� (2.5)_� β̂01, β̂12, β̂02\�¦ @/{9�ô�Ç��.

β̂LS =
1

2n0(n1 + 2n0)
[n0n1(Ȳ2 − Ȳ0) + 2n0

2(Ȳ2 − Ȳ0)]

=
1

2(n1 + 2n0)
[n1(Ȳ2 − Ȳ0) + 2n0(Ȳ2 − Ȳ0)]. (2.9)

��r� ú́����� ¿º ~½ÓZO��Ér ��6£§õ� °ú s� "f�Ð ����'a�)a��. ����̂ ��«Ñ_� �r)d��\�"f n0 = n2_� �̧

|	��\�"f ½̈ô�Ç l�Ö�¦l� β̂LS��H ���Ð IBD Ãº�� 2ü< 0��� ç�Hëß�_� î̈
ç�H	��Ð ³ð�&³÷& 9, s���H ��
�Ð Kruglyakü< Lander (1995)_� :�x>�|¾Ó_� ³ð�&³õ� 1lx{9����. @/|ÄÌ n1õ� 2n0s� 1lx{9���¦ d��

(2.9)_� ÑütP: �½Ós� β̂02\� l����ô�Ç ÂÒì�rs��¦ 'Í	P: �½Ós� β̂01õ� β̂12\� l����ô�Ç ÂÒì�re���̀¦ �¦�9�

��� β̂LSs� �̧¿º Ȳ2 − Ȳ0_� +þAI��Ðëß� ³ð�&³÷&%3��� ��8���̧ ]X�ìøÍ�Ér β̂01õ� β̂12\� _�ô�Ç l�#��Ð
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"f ����ï β̂02ëß�_� l�#��� ��_���̀¦ ·ú� Ãº e����. s���H Kruglyakü< Lander (1995)_� :�x>�|¾Ó\�"f
����̂ ��«Ñ_� í�H0A�� ��6 x�)a ��õ	כ °ú �Ér Ð�o|ÃÌs��� ���x��. ����:r&h�Ü¼�Ð n0 = n2_� �̧|	��\�"f

Kruglyakü< Lander (1995)_� :�x>�|¾Óõ� Hasemanõ� Elston (1972)_� :�x>�|¾Ós� "é¶ ��«Ñü< í�H
0A ��«Ñ_� 	�s�ëß��̀¦ ]jü@��¦��H 1lx{9�ô�Ç +þAI��Ð ³ð�&³÷&t�ëß� n0 6= n2s� ÷&��� ¿º :�x>�|¾Ó�̀¦ ~1�

>� ����'a t��̀¦ Ãº \O���.

2.2.2. ïÕ65��ï|?ê O,0_lv

Äº��� Kruglyakü< Lander (1995)_� :�x>�|¾Ó XKL_� ì�ríß��̀¦ ¶ú�(R�:r��. s�p� ·ú¡\�"f ���/åLô�Ç
��ü<°ú s�Ä»�������'a$í
s�\O�����H��&ñ
�\�"f XKL_�ì�ríß�Ü¼�Ð Kruglyakü< Lander (1995)��H
����̂ ³ð�:rÃºëß�_� �<ÊÃº��� V = n(n + 1)(2n + 1)/12�̀¦ ]jr��%i���. s��Qô�Ç ì�ríß�/BNd��_� C��â

�Ér n0 = n2 = m,n1 = 2m_� ��&ñ
 �\�"f, 7£¤ IBD Ãº�� 2ü< 0��� ç�H_� ��«Ñ�� ����̂ ��«Ñ_�
]X�ìøÍs� �)a���¦ ���� XKL_� l�@/°úכ�Ér 0s� 9 ����"f ì�ríß��Ér éß�í�Hy� ��6£§õ� °ú ��.

Var(XKL) = E(XKL
2) =

1
2

n∑

i=1

i2

=
1
2

n(n + 1)(2n + 1)
6

=
n(n + 1)(2n + 1)

12
. (2.10)

s���H l�@/÷&��H ì�ríß�Ü¼�Ð"f ��r� ú́����� Ãº\O�s� ìøÍ4�¤�)a z�́+«> ���½̈_� ��«Ñ�ÐÂÒ'� ½̈K�t���H

î̈
ç�H&h���� ì�ríß�s���. z�́]j Ãº|9��)a ��«Ñ\� ��H��ô�Ç ì�ríß��̀¦ ��6£§õ� °ú s� ½̈½+É Ãº e����.
Kruglyakü< Lander (1995) :�x>�|¾Ó�Ér XKL = R2 − R0s� 9, #�l�"f R2ü< R0�Ér IBD Ãº

�� y��y�� 2ü< 0��� ç�H\� 5Åqô�Ç ��«Ñ_� í�H0A½+Ës� 9, s� M: y�� ��«Ñ_� í�H0A��H ����̂ ��«Ñ_� í�H
0As���. Hettmansperger (1984)s� Ä»�̧ô�Ç í�H0A½+Ë_� l�@/°úכõ� ì�ríß�, 7£¤, E(Ri) = ni(n +
1)/2, Var(Ri) = ni(n− ni)(n + 1)/12, Cov(Ri, Rj) = −ninj(n + 1)/12 �̀¦ s�6 x�#� í�H0A :�x
>�|¾Ó_� @/³ð�:r ì�ríß��Ér ��6£§õ� °ú ��.

Var(R2 −R0) =
(n + 1)[n(n2 + n0)− (n2 − n0)2]

12
(2.11)

s� ÷& 9 n0 = n2_� ��&ñ
 �\�"f��H Var(R2 −R0) = n(n + 1)(2n0)/12Ü¼�Ð éß�í�Hy� ³ð�&³�)a��.
Kruglyakü< Lander(1995)��]jr�ô�Çì�ríß�/BNd����� V = n(n+1)(2n+1)/12õ�q��§K��:r��.ÆÒ
��&h���� n0 = n2 = m,n1 = 2m_� ��&ñ
 �\�"f d�� (2.11)_� ì�ríß��Ér @/|ÄÌ (4m)2 × 2m/12���X<
ìøÍK�, Kruglyakü< Lander (1995)�� ]jr�ô�Ç ì�ríß��Ér ��H��&h�Ü¼�Ð (4m)2 × 8m/12s�Ù¼�Ð V��

@/|ÄÌ 4C��Ð ß¼��.
s�]j "é¶ ��«Ñ\� ��H��ô�Ç �r) f�����d��_� l�Ö�¦l� ì�ríß��̀¦ Òqty��K� �:r��. Äºo���H ·ú¡\�"f

Kruglyakü< Lander (1995)_� :�x>�|¾Ós� β̂02, Õªo��¦ β̂LSü< #Qb�G>� �'a>�÷&%3���Ht� [O�"î
�%i�

��. ����"f β̂02ü< β̂LS_� ì�ríß��̀¦ ]jr�� 9 ¿º ì�ríß�_� ß¼l�\�¦ ¢̧ô�Ç q��§ô�Ç��. Äº��� ÂÒì�rç�H
β̂ij_� ì�ríß��̀¦ ½̈� 9 ��6£§Ü¼�Ð ����̂ ��«Ñ_� �r)d��\�"f n0 = n2 = m_� �̧|	��\�"f ½̈ô�Ç

�r)d��_� l�Ö�¦l� β̂LS_� ì�ríß��̀¦ ½̈K� �:r��.
s�]j ‘ij’ ÂÒì�rç�H_� ��«Ñ\� ��H��ô�Ç �r) �̧+þAd�� Yi = α + βijxl + el (l = ni + nj)\�"f

el ∼ N(0, σij
2)\�¦ ��&ñ
ô�Ç��. #�l�"f σij

2��H ‘ij’ ÂÒì�rç�H\� ²DGô�Ç�)a, Õª�Q�� IBD Ãº�� i��� ç�Hõ�
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IBD Ãº�� j��� ç�H_� /BN:�xì�ríß�s���. ô�Ç¼#� l�Ö�¦l� β̂ij_� þj�è]jY�L ÆÒ&ñ
|¾Ó�Ér ��6£§õ� °ú ��.

β̂ij =
Ȳj − Ȳi

xj − xi
=

α + βijxj + ēj − (α + βijxi + ēi)
xj − xi

= βij +
ēj − ēi

xj − xi
. (2.12)

#�l�"f βij��H �ÃÐ(true) l�Ö�¦l��Ð �©�Ãºs��¦, ējü< ēi��H SX�Ò�¦���Ãº�Ð y��y�� njü< ni>h �̧	�_� î̈


ç�Hs���. β̂ij_� @/³ð�:r ��H�� ì�ríß��Ér

Var(β̂ij) =
1

(xj − xi)2
Var(ēj − ēi)

=
(

1
nj

+
1
ni

)
σij

2/(xj − xi)2 (2.13)

s� 9 σij
2_� ÆÒ&ñ
|¾ÓÜ¼�Ð"f ‘ij’ ÂÒì�rç�H_� �r) �̧+þAd��\� _�ô�Ç MSEij(Mean squares of error

of the subset ‘ij’)\�¦ ��6 x�#� Var(β̂ij)_� ÆÒ&ñ
|¾Ó�̀¦ ½̈½+É Ãº e����. s�]j ‘ij’ÂÒì�rç�H_� ��
«Ñ�ÐÂÒ'� Ȳ = (niȲi + nj Ȳj)/(ni + nj), x̄ = (nix̄i + nj x̄j)(ni + nj)�� ½̈K�t��¦ s��ÐÂÒ'�
α̂ = Ȳ − β̂ij x̄ü< d�� (2.5)\� ]jr��)a β̂ij�̀¦ s�6 x�#� ÆÒ&ñ
°úכ α̂ + β̂ijxi��H éß�í�Hy� Ȳi�� ÷&�¦,
α̂ + β̂ijxj��H Ȳj�� ÷& 9, s���H �©�d��&h�Ü¼�Ð ~1�>� s�K��)a��. ����"f σij

2_� ÆÒ&ñ
|¾ÓÜ¼�Ð"f éß�

t� ¿º ç�HÜ¼�Ð ½̈$í
�)a ‘ij’ ÂÒì�rç�H_� �r) f�����d��_� MSEij��� sij
2��H ½+Ë1lx ³ð�:rì�ríß�(pooled

sample variance)Ü¼�Ð

sij
2 =

∑ni(Yli − Ȳi)2 +
∑nj (Ylj − Ȳj)2

ni + nj − 2
(2.14)

s� 9 s�\�¦ d�� (2.13)\� @/{9��#� V̂ar(β̂ij)�̀¦ ½̈ô�Ç��. #�l�"f x0, x1, x2�� t�&ñ
÷&#Q e��t� ·ú§�̀¦

M: y�� IBD ç�H ��«Ñ_� ½+Ëíß��̀¦ éß�í�Hy� 1/ni

∑ni Yli�Ð ³ðl��%i���.
s�]j ����̂ ��«Ñ_� �r)d��\�"f n0 = n2_� �̧|	��\�"f ½̈ô�Ç �r)d��_� l�Ö�¦l� β̂LS_� ì�ríß�

�̀¦ ½̈K� �:r��. β̂LS_� ì�ríß�\� y�� ÂÒì�rç�H\� ��H��ô�Ç β̂02_� ì�ríß�õ� q��§�l� 0AK� d�� (2.6)_� ³ð
�&³Ü¼�ÐÂÒ'�Ø�¦µ1Ïô�Ç��.y��ÂÒì�rç�H_��ÃÐì�ríß��Ér �̧¿º σ2�Ð��&ñ
ô�Ç��.�©�Ãº C = n0n1 +n1n2 +
4n0n2, C0 = n0n1/C, C1 = n1n2/C, C2 = 4n0n2/C\�¦ &ñ
_�ô�Ç��. β̂LS = C0β̂01 + C1β̂12 +
C2β̂02\�"f y�� ÂÒì�rç�H_� ì�ríß� d�� (2.13)õ� ¢̧ô�Ç Cov(β̂01, β̂12) = −σ2/n1, Cov(β̂01, β̂02) =
Cov(β̂12, β̂02) = σ2/(2n0)�̀¦ ��6£§ d��\� @/{9��#� β̂LS_� ì�ríß��̀¦ ½̈ô�Ç��.

Var(β̂LS) = C0
2Var(β̂01) + C1

2Var(β̂12) + C2
2Var(β̂02)

+2C0C1Cov(β̂01, β̂12) + 2C0C2Cov(β̂01, β̂02)

+2C1C2Cov(β̂12, β̂02). (2.15)

β̂LS_� ì�ríß� /BNd�� (2.15)\�"f î02ï ÂÒì�rç�H_� ì�ríß� ÂÒì�r, 7£¤ �̧�ÉrAá¤ [j ���P: �½Óõ� �� Qt�
�½Ó[þt�̀¦ q��§K� �Ð��� î02ï ÂÒì�rç�H_� ì�ríß� ÂÒì�r�Ér 2n0σ

2/n2s��¦ �� Qt� �½Ó[þt_� ì�ríß� ÂÒì�r�Ér

n1(n1 + 4n0)σ2/(2n0n
2)s���. ����"f �����\� @/ô�Ç Êê��_� q���H n1(n1 + 4n0)/(4n0

2)s� ÷& 9
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n0 = n2 = m,n1 = 2m_� ��&ñ
 �\�"f 3s� �)a��. s��ÐÂÒ'� β̂LS_� ì�ríß�õ� ÂÒì�rç�H β̂02_� ì�r

íß�s� Var(β̂LS)/Var(β̂02) = 4_� �'a>�\� e��6£§�̀¦ ·ú� Ãº e����. s���H β̂02\� ��H��ô�Ç ���&ñ
_� p°úכs�

β̂LS\� ��H��ô�Ç ���&ñ
_� p°úכ�Ð�� �8¹¡¤ ����̀¦ Ãº e����H ��0px$í
�̀¦ ú́�K� ï�r��. Õª�Q�� l�Ö�¦l� x9� l�
Ö�¦l�_� ì�ríß�, Õªo��¦ ��Ä»�̧_� 8úx�̂&h���� ���õ��Ð ���&ñ
§4�s� ���&ñ
÷&l� M:ë�H\� ì�ríß�_� ß¼l�ëß�
Ü¼�Ð ���&ñ
§4��̀¦ éß�&ñ
 t��̀¦ Ãº��H \O���. s�]j 7áx½+Ë&h���� :�x>�|¾Ó_� q��§\�¦ ��6£§ ]X�\�"f ]jr�ô�Ç
��.

2.2.3. 5ùç=�ê ïÕ65��ï|?ê a���

Kruglyakü< Lander (1995)_� :�x>�|¾Ó�Ér í�H0A ��«Ñ\� ��H��ô�Ç XKL = R2−R0s� 9 ZKL =
XKL/

√
Vs� ��H��&h�Ü¼�Ð ³ðï�r &ñ
½©ì�r�í\�¦ ��2£§�̀¦ s�6 x�#� ���&ñ
ô�Ç��. s�\� @/6£x���H î02ï

ÂÒì�rç�H_� l�Ö�¦l� β02�� 0��� )Áº��[O�_� ���&ñ
:�x>�|¾Ó�̀¦ ¶ú�(R�Ð��� ��6£§õ� °ú ��.

T =
β̂02√

V̂ar(β̂02)
=

Ȳ2 − Ȳ0√
n0+n2

n0n2(n0+n2−2) [
∑n0(Yl0 − Ȳ0)2 +

∑n2(Yl2 − Ȳ2)2]
. (2.16)

6£§Ãº�Ð l�Ö�¦l��� 9þt M: T�� ��Ä»�̧ n0 + n2 − 2��� t ì�r�í�<Ê�̀¦ s�6 x�#� éß�8£¤ ���&ñ
ô�Ç��. Õª
�Q�� Hasemanõ� Elston (1972)_� �r)d���Ér ����̂ ��«Ñ\� ��H��ô�Ç��. l�Ö�¦l� βLS�� 0��� ��[O�

_� ���&ñ
 :�x>�|¾Ó�Ér β̂LS/

√
Var(β̂LS)s� 9 s� õ�&ñ
\�"f ��H&÷̈½¹כ MSE��H ����̂ ��«Ñ_� �r)d��

Ü¼�ÐÂÒ'� ½̈ô�Çïß�	�_�]jY�L½+Ë�̀¦ n−2�Ð��è�H��s���.s	כ β̂LS/

√
Var(β̂LS)�̀¦��Ä»�̧ n− 2_�

t ì�r�í�<Ê�̀¦ s�6 x�#� éß�8£¤ ���&ñ
ô�Ç��. s���H î02ï ÂÒì�rç�H_� �â
Äº��� d�� (2.16)õ� °ú s� çß�éß�ô�Ç +þA
I��Ð �t&÷���¹כ ·ú§��H��.
í�H0A��«Ñ\���H��ô�Ç Kruglyakü< Lander (1995)_�:�x>�|¾Ó ZKLõ�"é¶��«Ñ\���H��ô�Ç Hase-

manõ� Elston (1972)_� :�x>�|¾Ó�Ér ��H�����H ��«Ñ, :�x>�|¾Ó x9� ��Ä»�̧�� ��ØÔl� M:ë�H\� 7£¤y��
&h���� q��§�� #Q§>���. ¿º ç�H_� í�H0A½+Ë\� ��H��ô�Ç Kruglyakü< Lander (1995)_� :�x>�|¾Ós� �̧y�
�9����̂ ��«Ñ\�¦��6 x���H Hasemanõ� Elston (1972)_�:�x>�|¾Ó�Ð���8¹¡¤Ä»_�ô�Ç�â
Äº�̧e����x
��. ����"f �̧_�z�́+«>�̀¦ s�6 xô�Ç q��§�� ]X�z�́y� 9 &÷̈½¹כ y�� :�x>�|¾Ó\�"f ��H&÷̈½¹כ ��&ñ
õ� �<Ê
a� �̧_�z�́+«>Ü¼�Ð ���&ñ
§4��̀¦ q��§½+É �.���s	כ

2.3. ���¾� ÞO�éO,0;.ãq@è

Hasemanõ� Elston (1972) �r)���&ñ
_� ��&ñ
 ×�æ �����H �̧	��½Ó_� ì�ríß�s� σ2Ü¼�Ð {9�&ñ
�

����H �.���s	כ {9�ìøÍ&h�Ü¼�Ð ·ú��94R e��t� ·ú§�Ér ì�ríß�_� ÆÒ&ñ
|¾ÓÜ¼�Ð &h�½+Ë�)a �r)d��_� ïß�	� ]j
Y�L½+Ë_� î̈
ç�H�̀¦ ��6 xô�Ç��. Õª�Q�� [O�"î
���Ãº_� °úכ\� ��«Ñ�� ìøÍ4�¤÷&#Q e���¦, �8¹¡¤s� ìøÍ4�¤Ãº��
��ØÔl� M:ë�H\� 1pxì�ríß� ��&ñ
s� $í
wn��t� ·ú§��H��. ¢̧ô�Ç Ä»�������'a$í
 ���&ñ
\�"f &ñ
½©ì�r�í\�¦ ��
ØÔ��H +þA|9�_� +þA]j �©� 	�_� ]jY�L_� ì�ríß��Ér IBD Ãº�� 0, 1, 2�Ð ���K������"f y���è �â
�¾Ó�̀¦ �Ð
������¦ ·ú¡\�"f ���/åL�%i���. ��r� ú́�K�"f s�ì�ríß�$í
(variance heterogeneity) �\�"f &h�½+Ëô�Ç
Hasemanõ� Elston (1972) �r)���&ñ
�̀¦ ]jîß�� 9 :£¤y� 7áx5Åq���Ãº\�¦ ��×�æ(weight)r�&� �r)ì�r
$3����H ~½ÓZO��̀¦ ]jr�ô�Ç��. 7áx5Åq���Ãº_� ���Ãº���8̈��̧ ì�ríß��̀¦ îß�&ñ
�o r�~�́ Ãº e��t�ëß� s���H l�Ö�¦
l�_� ÆÒ&ñ
|¾Ós� þj�èì�ríß� :£¤$í
�̀¦ °ú�t� ·ú§Ü¼ 9 ÆÒ&ñ
°úכõ� \V8£¤°úכs� ���8̈��)a '���̧�Ð %3�#Qt�Ù¼
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�Ð K�$3�s� 6 xs��t� ·ú§��. ����"f [O�&ñ
�)a �r)�̧+þAs� &h�]X���¦ �̧	��½Ó_� ì�ríß�ëß� 1lx{9��t�
·ú§�������×�æþj�è]jY�LZO�(method of weighted least squares)s���|ÃÐf�����.{9�ìøÍ&h�Ü¼�Ð7áx5Åq
���Ãº_� %i�ì�ríß�(inverse variance)�̀¦ ��×�æ°úכÜ¼�Ð ���×þ�ô�Ç��. ëß���� ì�ríß�s� ·ú��94R e������� ��×�æ
°úכ�Ér �©�Ãºs�t�ëß� z�́]j�Ð ì�ríß��̀¦ �̧ØÔl� M:ë�H\� ��«Ñ ì�r$3�r�\� ì�ríß��̀¦ ÆÒ&ñ
�#� ��×�æ°ú̀�כ¦

&ñ
�>� �)a��. :£¤y� y�� IBD Ãº\� ���5Åq +þA|9�_� ��«Ñ�� õ��̧ ìøÍ4�¤�)a Ä»�������'a$í
 ���&ñ
\�"f ��
×�æ þj�è]jY�L �r)���&ñ
�Ér B�Äº &h�]X�ô�ÇX< Õª s�Ä»��H ì�ríß��̀¦ ÆÒ&ñ
�l� 0AK�"f��H ìøÍ4�¤Ãº�� &�

�� �l� M:ë�Hs���. ìøÍ4�¤Ãº�� B�Äº &h�Ü¼���(ni < 10) ��×�æ þj�è]jY�L ÆÒ&ñ
|¾Ó�Ér {9��'a$í
s� \O�Ü¼
 9 ��«Ñ_� ì�r�í\�¦ ����?/��H ÆÒ&ñ
|¾ÓÜ¼�Ð &h�½+Ë�t� ·ú§�� (Carrollõ� Cline, 1988).

2.3.1. ���¾� ÞO�é�âã?ê \��×ÿ\�

ìøÍ4�¤s� e����H s�ì�ríß� �r)�̧+þA�Ér ��6£§õ� °ú ��.

Yij = α + βxi + eij , j = 1, . . . , ni; ni > 1. (2.17)

y�� xi\� ìøÍ4�¤Ãº��H nis� 9 eij��H î̈
ç�Hs� 0s��¦ ì�ríß��Ér σi
2��� &ñ
½©ì�r�í\�¦ ��ØÔ 9 y��y�� 1lqwn�

e���̀¦ ��&ñ
ô�Ç��. y�� xi���� "f�Ð ���Ér σi
2�Ð ���K� s�ì�ríß�$í
s� @/¿º�)a��. σi

2_� ÆÒ&ñ
|¾ÓÜ¼�Ð

si
2 =

∑
j(yij − ȳi)2/(ni − 1)\�¦ ]jr�½+É M: ��×�æ �r)d���Ér

Q =
∑

i

∑

j

(yij − α− βxi)2/si
2 (2.18)

�̀¦ þj�è�Ð ���H ]X�¼#�õ� l�Ö�¦l�_� ÆÒ&ñ
|¾Ó aü< b\�¦ ½̈�>� ÷& 9, #�l�"f 1/si
2�� ÆÒ&ñ
�)a ��×�æ

s���. ìøÍ4�¤s� e����H �r)�̧+þA\�"f ω̂i = ni/si
2�Ð &ñ
_����� aü< b��H ��6£§õ� °ú ��.

a =
∑

ω̂iȲi

∑
ω̂ixi

2 −∑
ω̂ixi

∑
ω̂ixiȲi∑

ω̂i

∑
ω̂ixi

2 − (
∑

ω̂ixi)2
,

b =
∑

ω̂i

∑
ω̂ixiȲi −

∑
ω̂ixi

∑
ω̂iȲi∑

ω̂i

∑
ω̂ixi

2 − (
∑

ω̂ixi)2
. (2.19)

{9�ìøÍ&h�Ü¼�Ð ��×�æ �r)d��\�"f ��×�æs� ÆÒ&ñ
÷&#Q�� �<Ê\��̧ Ô�¦½̈��¦ ��«Ñ�ÐÂÒ'� ÆÒ&ñ
�)a Êê

\���H, ��×�æ�̀¦ ÅÒ#Q��� �â
Äº�Ð 2[/åL�#� l�Ö�¦l�_� ì�ríß��̀¦ ½̈ô�Ç��. Jacquez 1px (1968)�Ér ��×�æ
ω̂is� SX�Ò�¦���Ãºe���̀¦ y��îß��#� d�� (2.19)\� ]jr��)a l�Ö�¦l� b_� ì�ríß��̀¦ ��6£§õ� °ú s� ]jr��%i�

��.

sb
2 =

∑
ω̂i

Ŝ



1− 4

∑

j

1
nj − 1

[
1 +

D̂j

Ŝ

][
ω̂j∑

ω̂i
+

D̂j

Ŝ

]

 ,

D̂j = 2ω̂jxj

∑
ω̂ixi − ω̂j

∑
ω̂ixi

2 − ω̂jxj
2
∑

ω̂i,

Ŝ =
∑

ω̂i

∑
ω̂ixi

2 −
(∑

ω̂ixi

)2

. (2.20)
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Äºo���H y�� xi\�"f ìøÍ4�¤Ãºü< ì�ríß�s� ��2£§�̀¦ y��îß�ô�Ç ��×�æ°úכ ω̂i = ni/si
2�̀¦ ��6 xô�Ç ��×�æ þj

�è]jY�LZO�_� l�Ö�¦l�ü< Jacquez 1px (1968)s� Ä»�̧ô�Ç ì�ríß�Ü¼�Ð Ä»�������'a$í
 ���&ñ
�̀¦ r�'��½+É �	כ
�̀¦ ]jîß�� 9 �:r �7Hë�H\�"f ���/åLô�Ç Hasemanõ� Elston (1972) �r)���&ñ
õ� Kruglyakü< Lander
(1995)_� :�x>�|¾Ó�̀¦ s�6 xô�Ç ���&ñ
���õ�ü< q��§��¦�� ô�Ç��. ¢̧ô�Ç ���5Åq +þA|9�_� ��«Ñ�� &ñ
½©ì�r
�í ¢̧��H q�&ñ
½©ì�r�í\�¦ ��2£§\� ���� y��y�� #Q�"� ���&ñ
ZO�s� �8 ò́õ�&h����t� �̧_�z�́+«>�̀¦ :�x�#�

·ú����Ð��x��.

3. �¬?êÍPæB��

3.1. �¬?êÍPæB��?ê 5�É̈Ì

�̧_�z�́+«>��«Ñ��H��6£§õ�°ú s�Òqt$í
ô�Ç��. j���P:+þA]j�©�_�'Í	P:+þA]jü<ÑütP:+þA]j_�+þA|9�

�̀¦ y��y�� Y1jü< Y2j�� ½+É M: Y1jü< Y2j_� {9�ìøÍ&h���� �̧+þA�̀¦ ��6£§õ� °ú s� ��&ñ
ô�Ç��.

Y1j = µ + g1j + ε1j ,

Y2j = µ + g2j + ε2j . (3.1)

#�l�"f µ��H ����̂î̈
ç�Hs��¦, gij��H Ä»���&h� ò́õ�(genetic effect), Õªo��¦ εij��H 8̈��â
&h� ò́õ� (en-
vironmental effect)\�¦�����·p��.@/wn�Ä»����� Bü< b��e���̀¦M:y��y��_�@/wn�Ä»���������̧(allele
frequency)��H pü< q(= 1−p)�Ð����?/ 9, �̧_�z�́+«>\�"f p��H 0.1, 0.3, 0.5, 0.7, 0.9�Ð��&ñ
ô�Ç��.
Ä»�����+þA\�����������H gij��H BB_��â
Äº\� as��¦, bb_��â
Äº\�−a,Õªo��¦ Bb_��â
Äº\� d�Ð

&ñ
_�ô�Ç��. aü< d_����&ñ
�Ér/BI�è>h�>�÷&��HÄ»���Ö�¦\�����&ñ
ô�Ç��. 8̈��â
&h� ò́õ�\�¦����?/��H
εij��H �̧Ãº&h�~½ÓZO�õ�q��̧Ãº&h�~½ÓZO�_� ò́Ö�¦$í
�̀¦q��§�l�0AK�&ñ
½©ì�r�í ¢̧��Hq�&ñ
½©ì�r�í�Ð

Òqt$í
�%i���. &ñ
½©ì�r�í_� �â
Äº î̈
ç�Hs� 0s��¦ ì�ríß�s� 1��� ³ðï�r &ñ
½©ì�r�í�Ð Òqt$í
�%i��¦, q�&ñ

½©ì�r�í�Ð"f @/g�A&h���� �D¥½+Ë�)a(contaminated) &ñ
½©ì�r�íü< u�Äº�2;(skewed) ì�r�í�Ð"f �ÐÕª&ñ

½©ì�r�í�Ð Òqt$í
�%i���. �D¥½+Ë�)a &ñ
½©ì�r�í_� ¾º&h��<ÊÃº��H ½̈�̂&h�Ü¼�Ð (1− δ)Φ(x) + δΦ(x/k)\�
"f δ = 0.025ü< k = 5�Ð ¿º#Q ����̂ ³ðï�r &ñ
½©ì�r�í ��«Ñ_� 2.5%��H î̈
ç�Hs� 0s��¦ ³ðï�r¼#�	�
�� 5��� &ñ
½©ì�r�í�Ð @/u��%i���. ô�Ç¼#� ¿º +þA]j_� ���5Åq +þA|9�_� �©��'a$í
�Ér 0.5�� ÷&�̧2�¤ Òqt$í

�%i���. �̧_�z�́+«>\�"f q�&ñ
½©ì�r�í ��«Ñ\�¦ �¦�9ô�Ç s�Ä»��H _��<Æ\�"f &ñ
½©ì�r�í\�¦ ��ØÔ��H ���
5Åq +þA|9� ��«Ñ�̧ e��t�ëß� &ñ
½©ì�r�í�� ����� ��«Ñ�̧ e��l� M:ë�Hs���. \V\�¦ [þt#Q ×�æ$í
t�~½Ó, a�=Ò�o
�è, a�=�èóøÍ Ãº, Ñþ�a�=½̈ Ãº 1px�Ér &ñ
½©ì�r�í�\�¦ ��ØÔ��H �Ü¼�Ð	כ ·ú��94R e��t�ëß�, c+tYUÛ¼_�\�¦õ�
LDL-c+tYUÛ¼_�\�¦ Ãºu���H &ñ
½©ì�r�í\�¦ ��ØÔt� ·ú§��H�� (s����ðøÍ 1px, 2006).
+þA|9�_� ³ð�&³+þAs� ��6£§ [j@/\� #QÖ¼ &ñ
�̧ Ä»���÷&��Ht�\�¦ ����?/��H Ä»���Ö�¦(heritability)

h2��H ��6£§õ� °ú s� &ñ
_��)a��.

h2 =
σg

2

σg
2 + σe

2
. (3.2)

�:r �7Hë�H\�"f h2��H y��y�� 0, 0.2, 0.4, 0.6, 0.8�Ð ��&ñ
ô�Ç��. ô�Ç¼#� σe
2 = 1�Ð ��&ñ
��¦ Ä»�����

ò́õ� gij_� ì�ríß���� σg
2��H σa

2 + σd
2�Ð ³ð�&³÷& 9 σa

2õ� σd
2��H y��y�� ��6£§õ� °ú s� ÅÒ#Q�����
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(Hasemanõ� Elston, 1972).

σa
2 = 2pq[a− d(p− q)]2,

σd
2 = 4p2q2d2. (3.3)

Äº$í
 �̧+þA(dominance model)_� �â
Äº\� d = as��¦ ��ZO� �̧+þA(additive model)��� �â
Äº\�
d = 0s� 9, \P�$í
 �̧+þA(recessive mode)s� ÷&��� d = −as���. ����"f Ä»���Ö�¦õ� @/wn�Ä»����� ���
�̧�� &ñ
K�t���� d�� (3.2)ü< (3.3)\� _�K� y�� �̧+þA �\�"f aü< d�� >�íß��)a��.
��«Ñ Òqt$í
_� ��6£§ éß�>��Ð ¿º +þA]j�� @/wn�Ä»�����\�¦ /BNÄ»���H &ñ
�̧, 7£¤, IBD Ãº\� ����

¿º +þA]j_� Ä»�����+þA�̀¦ Òqt$í
ô�Ç��. Äº��� ¿º +þA]j_� +þA|9� IBD Ãº�� y��y�� 0, 1, 2�� ÷&��H q�
Ö�¦ 0.25, 0.5, 0.25�� ÷&�̧2�¤ ���½Óì�r�í(multinomial distribution) ��«Ñ\�¦ �½� ü��>� Òqt$í
ô�Ç��.
y�� >h�̂_� Ä»�����+þA_� BB, Bb, bb ×�æ ����Ð y��y��_� µ1ÏÒqtSX�Ò�¦�Ér p2, 2pq, q2s��� (Falconerü<
Mackay, 1996). ����"f ¿º +þA]j_� Ä»�����+þA_� �̧½+ËÜ¼�Ð"f 9��t��� e��Ü¼ 9, ·ú¡\�"f Òqt$í

�)a IBD Ãº\� ���� y�� �â
Äº_� �̧|	�ÂÒ SX�Ò�¦�Ér Hasemanõ� Elston (1972)_� �7Hë�H\� Ãº2�¤÷&
#Q e����H ³ð 1\� ��H��ô�Ç�� (¼#�_��©� ³ð 1�̀¦ �:r �7Hë�H\� ³ð 3.1�Ð ]jr��%i���). ³ð 3.1�̀¦ çß�|ÄÌ
y� [O�"î
���� ¿º���P: \P�\���H ¿º +þA]j_� +þA|9� 	�_� ]jY�L��� Yj = (Y1j − Y2j)2s� ]jr�÷&%3�Ü¼
 9 s���H éß�í�Hy� ¿º +þA]j_� Ä»�����+þA �̧½+Ë\� ���� d�� (3.1)�ÐÂÒ'� ½̈K���� �.���s	כ \V\�¦ [þt#Q,
¿º +þA]j_� Ä»�����+þA �̧½+Ës� BB − Bbs���� x1j = µ + a + e1jü< x2j = µ + d + e2j�ÐÂÒ'�

Yj = (a + e1j − d− e2j)2 = (a− d + ej)2s� �)a��.
³ð 3.1_� ��t�}�� [j \P�\� ]jr��)a πj\� ���Ér ¿º +þA]j Ä»�����+þA �̧½+Ë_� �̧|	�ÂÒ SX�Ò�¦�Ér ��

6£§õ� °ú s� ½̈ô�Ç��. πj = 0��� �â
Äº��H ¿º +þA]j�� /BNÄ»���H @/wn�Ä»������� \O���H "f�Ð 1lqwn��)a
�©�S!�s�Ù¼�Ð K�{©�� 9 s��Qô�Ç �â
Äº_� SX�Ò�¦�Ér y�� +þA]j_� Ä»�����+þA_� SX�Ò�¦�̀¦ Y�Lô�Ç ��s	כ �)a��.
πj = 1��� �â
Äº��H ¿º +þA]j�� "f�Ð 1lx{9�ô�Ç Ä»�����+þA�̀¦ ����� �â
Äº�Ð %�6£§ [j '��ëß�s� ��0px�
#� y�� '��_� K�{©� SX�Ò�¦�Ér ô�Ç +þA]j_� Ä»�����+þA_� SX�Ò�¦��� p2, 2pq, q2Ü¼�Ð ���&ñ
�)a��. πj = 0.5��H
¿º +þA]j�� ô�Ç >h_� @/wn�Ä»�����ëß��̀¦ /BNÄ»�Ð ���H �â
Äº�Ð /BNÄ»÷&��H @/wn�Ä»�����\� @/ô�Ç SX�

Ò�¦õ� ÕªXO�t� ·ú§�Ér @/wn�Ä»�����\�¦ ��|9� SX�Ò�¦_� Y�LÜ¼�Ð ½̈K������. 7£¤, BB − BBs���� p3s��¦,
bb− bbs���� q3s���. BB −Bbs���� p× p× q�� ÷&#Q p2qs��¦, Bb− bbs���� q × q × p�� ÷&#Q

³ð 3.1: πj\� ���Ér ¿º +þA]j Ä»�����+þA_� �̧|	�ÂÒ �̧½+Ë SX�Ò�¦

Conditional probability

Sib pair Yj πj = 0 πj = 1
2

πj = 1

BB −BB ej
2 p4 p3 p2

bb− bb ej
2 q4 q3 q2

Bb−Bb ej
2 4p2q2 pq 2pq

BB −Bb (a− d + ej)
2 2p3q p2q 0

Bb−BB (−a + d + ej)
2 2p3q p2q 0

Bb− bb (a + d + ej)
2 2pq3 pq2 0

bb−Bb (−a− d + ej)
2 2pq3 pq2 0

BB − bb (2a + ej)
2 p2q2 0 0

bb−BB (−2a + ej)
2 p2q2 0 0
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ÕªaË> 3.1: ì�r�í\� ���Ér #��Q ���&ñ
ZO�_� ���&ñ
§4�

pq2s���. ��t�}��Ü¼�Ð Bb − Bbs���� pq2 + p2q = pqs���. s�]j ³ð 3.1_� �̧|	�ÂÒ SX�Ò�¦�̀¦ s�6 x
�#� ¿º +þA]j_� Ä»�����+þA_� �̧½+Ë�̀¦ Òqt$í
��¦ ·ú¡\�"f ���/åLô�Ç ~½ÓZO�[þt_� ���&ñ
§4��̀¦ q��§ô�Ç��.
�:r �7Hë�H\�"f ���/åLô�Ç #��Q ���&ñ
ZO�[þt_� q��§�Ð"f ��6£§_� ���&ñ
ZO�[þt�̀¦ �̧_�z�́+«>\�"f q��§

½+É �.���s	כ "é¶ ��«Ñ\� Hasemanõ� Elston (1972) �r)���&ñ
(HE)�̀¦ &h�6 x��¦, î02ï ÂÒì�rç�H_�
��«Ñ\� Hasemanõ� Elston (1972) �r)���&ñ
(HE_02)�̀¦ &h�6 xô�Ç��. s���H β̂02\� ��H��ô�Ç ���&ñ
_�

p°úכs� β̂LS\���H��ô�Ç���&ñ
_� p°úכ�Ð���8¹¡¤����̀¦Ãºe����H��0px$í
�̀¦SX����K��Ðl�0A�<Ês���.s�
]j ����̂ ��«Ñ\�¦ í�H0A ��«Ñ�Ð ���8̈��#� Hasemanõ� Elston (1972) �r)���&ñ
(HE_r)�̀¦ &h�6 x�
�¦, í�H0A ��«Ñ\�¦ Kruglyakü< Lander (1995)_� ~½ÓZO�Ü¼�Ð ���&ñ
(KL)ô�Ç��. d�� (2.11)\� ]jr�ô�Ç
ì�ríß��̀¦s�6 x�#� Kruglyakü< Lander (1995)_�~½ÓZO��̀¦���&ñ
(KL_n)�#� �̧&ñ
�)aì�ríß�{9��â
Äº
_� ���&ñ
§4�õ� q��§ô�Ç��. ��t�}��Ü¼�Ð "é¶ ��«Ñ\� ��×�æ �r)���&ñ
(WLS_HE)�̀¦, í�H0A ��«Ñ\� ��
×�æ �r)���&ñ
(WLS_HE_r)�̀¦ &h�6 xô�Ç��. s���H {9�ÂÒ ���&ñ
ZO��Ér "é¶ ��«Ñ\� ��H����¦ {9�ÂÒ ���&ñ

ZO��Ér í�H0A ��«Ñ\� ��H���l� M:ë�Hs���.
��ZO� �̧+þA�\�"f �̧_�z�́+«>�̀¦���'���%i�Ü¼ 9,³ð�:r_�ß¼l���H#��Që�H��³\���H���#� 500>h

_� +þA]j �©� ��«Ñ\�¦ Òqt$í
�%i��¦ �̧_�z�́+«>_� ìøÍ4�¤�rÃº��H 1,000���Ü¼�Ð &ñ
�%i���.

3.2. �¬?êÍPæB��?ê l5æÑä

³ð 3.2��H&ñ
½©ì�r�í�\�"f,³ð 3.4��H@/g�A&h�����D¥½+Ë�)a&ñ
½©ì�r�í�\�"f"f�Ð���Ér@/wn�Ä»
����� ����̧\� ���� #��Q ���&ñ
ZO�_� Ä»_�Ãºï�r�̀¦ ]jr�ô�Ç �.���s	כ &ñ
½©ì�r�í �\�"f Ä»_�Ãºï�r�Ér
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³ð 3.2: &ñ
½©ì�r�í\�¦ ��ØÔ��H +þA|9� ��«Ñ\� &h�6 xô�Ç #��Q ���&ñ
ZO�_� Ä»_�Ãºï�r
original data rank transformed data

p h2 HE HE_02 WLS_HE HE_r KL KL_n WLS_HE_r

0.1 0 0.043 0.045 0.052 0.051 0.042 0.048 0.049

0.3 0 0.052 0.047 0.050 0.038 0.043 0.040 0.036

0.5 0 0.046 0.047 0.049 0.045 0.049 0.042 0.048

0.7 0 0.051 0.047 0.055 0.056 0.049 0.044 0.057

0.9 0 0.050 0.047 0.049 0.056 0.052 0.045 0.054

³ð 3.3: &ñ
½©ì�r�í\�¦ ��ØÔ��H +þA|9� ��«Ñ\� &h�6 xô�Ç #��Q ���&ñ
ZO�_� ���&ñ
§4�
original data rank transformed data

p h2 HE HE_02 WLS_HE HE_r KL KL_n WLS_HE_r

0.1

0.2 0.705 0.696 0.705 0.460 0.191 0.307 0.464

0.4 0.996 0.997 0.997 0.905 0.444 0.621 0.909

0.6 1.000 1.000 1.000 0.993 0.607 0.800 0.995

0.8 1.000 1.000 1.000 0.999 0.686 0.859 0.999

0.3

0.2 0.692 0.707 0.706 0.542 0.195 0.344 0.550

0.4 0.998 0.999 0.999 0.979 0.579 0.787 0.980

0.6 1.000 1.000 1.000 1.000 0.901 0.977 1.000

0.8 1.000 1.000 1.000 1.000 0.986 0.997 1.000

0.5

0.2 0.752 0.748 0.737 0.588 0.235 0.367 0.593

0.4 0.999 0.999 0.999 0.987 0.585 0.794 0.984

0.6 1.000 1.000 1.000 1.000 0.937 0.979 1.000

0.8 1.000 1.000 1.000 1.000 0.998 1.000 1.000

0.7

0.2 0.732 0.735 0.739 0.536 0.216 0.330 0.544

0.4 0.997 0.998 0.998 0.981 0.564 0.774 0.983

0.6 1.000 1.000 1.000 1.000 0.886 0.966 1.000

0.8 1.000 1.000 1.000 1.000 0.995 1.000 1.000

0.9

0.2 0.710 0.722 0.708 0.476 0.194 0.301 0.476

0.4 0.996 0.995 1.000 0.920 0.426 0.654 0.923

0.6 1.000 1.000 1.000 0.990 0.645 0.838 0.992

0.8 1.000 1.000 1.000 0.997 0.694 0.863 0.999

³ð 3.4: q�&ñ
½©ì�r�í���H +þA|9� ��«Ñ\� &h�6 xô�Ç #��Q ���&ñ
ZO�_� Ä»_�Ãºï�r
original data rank transformed data

p h2 HE HE_02 WLS_HE HE_r KL KL_n WLS_HE_r

0.1 0 0.048 0.038 0.077 0.046 0.050 0.045 0.045

0.3 0 0.052 0.042 0.098 0.053 0.053 0.051 0.051

0.5 0 0.059 0.054 0.115 0.047 0.051 0.049 0.053

0.7 0 0.042 0.049 0.086 0.048 0.048 0.054 0.049

0.9 0 0.060 0.046 0.093 0.050 0.052 0.047 0.052
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³ð 3.5: q�&ñ
½©ì�r�í���H +þA|9� ��«Ñ\� &h�6 xô�Ç #��Q ���&ñ
ZO�_� ���&ñ
§4�
original data rank transformed data

p h2 HE HE_02 WLS_HE HE_r KL KL_n WLS_HE_r

0.1

0.2 0.151 0.182 0.219 0.457 0.186 0.293 0.455

0.4 0.431 0.489 0.485 0.875 0.384 0.612 0.880

0.6 0.829 0.825 0.833 0.983 0.576 0.786 0.988

0.8 0.997 0.997 0.997 0.995 0.662 0.831 0.996

0.3

0.2 0.128 0.163 0.207 0.501 0.209 0.318 0.510

0.4 0.398 0.466 0.464 0.956 0.518 0.723 0.959

0.6 0.856 0.841 0.869 1.000 0.870 0.957 1.000

0.8 1.000 1.000 1.000 1.000 0.980 0.996 1.000

0.5

0.2 0.152 0.180 0.227 0.496 0.213 0.327 0.496

0.4 0.413 0.495 0.498 0.964 0.530 0.736 0.967

0.6 0.842 0.828 0.859 1.000 0.867 0.960 1.000

0.8 0.999 0.999 0.999 1.000 0.992 1.000 1.000

0.7

0.2 0.125 0.167 0.208 0.516 0.169 0.306 0.516

0.4 0.431 0.479 0.478 0.963 0.511 0.751 0.968

0.6 0.848 0.861 0.879 1.000 0.875 0.962 1.000

0.8 1.000 0.998 1.000 1.000 0.978 0.993 1.000

0.9

0.2 0.150 0.175 0.216 0.454 0.175 0.298 0.457

0.4 0.430 0.487 0.488 0.876 0.398 0.613 0.884

0.6 0.814 0.835 0.847 0.978 0.597 0.781 0.986

0.8 0.999 0.999 0.999 0.988 0.673 0.842 0.992

@/ÂÒì�r 0.05 îß�¼1ÚÜ¼�Ð q�5pw�%i�Ü¼�� @/g�A&h���� �D¥½+Ë�)a &ñ
½©ì�r�í �\�"f_� ���õ���� ³ð 3.4\�¦
�Ð��� í�H0A ��«Ñ_� ÆÒ&ñ
�)a Ä»_�Ãºï�rs� 0.05 îß�¼1Ú��� ��\	כ ìøÍ�#� "é¶ ��«Ñ_� ÆÒ&ñ
�)a Ä»_�Ãºï�r
�Ér Õª�Ð�� ���çß� Z�}��¤��. u�Äº�2; ì�r�í�Ð"f �ÐÕª&ñ
½©ì�r�í �\�"f_� ���&ñ
§4��Ér @/g�A&h���� �D¥½+Ë
�)a &ñ
½©ì�r�í �\�"f_� �â
Äº�Ð�� ���çß� b��#Qt�t�ëß� q�5pwô�Ç �â
�¾Ó�̀¦ �Ðs��¦ e��#Q ³ð�Ð ���Ð ]j

r��t���H ·ú§�¦ p = 0.5s��¦ h2 = 0.2��� �â
Äº_� �̧_�z�́+«> ���&ñ
§4� ���õ�\�¦ ÕªaË> 3.1\� ]jr��
%i���.
³ð 3.3�Ér&ñ
½©ì�r�í�\�"f,³ð 3.5��Hq�&ñ
½©ì�r�í�\�"fÄ»���Ö�¦s� 0.2, 0.4, 0.6, 0.8s��¦@/

wn�Ä»����� ����̧�� 0.1, 0.3, 0.5, 0.7, 0.9�Ð ��\�¦ M: #��Q ���&ñ
ZO�_� ���&ñ
§4� ���õ�s���. /BN:�x&h����
���õ���H ��ZO� �̧+þA\�"f @/wn�Ä»����� ����̧\� ���Ér ���&ñ
§4��Ér "f�Ð q�5pwô�Ç �â
�¾Ó�̀¦ ����?/%3�Ü¼

 9,@/wn�Ä»���������̧��°ú �̀¦M:Ä»���Ö�¦s�7£x��½+ÉÃº2�¤���&ñ
§4�s�Z�}>�����z�¤��.@/ÂÒì�r_��©�
S!�\�"f Hasemanõ� Elston (1972) �r)���&ñ
�Ð�� "f�Ð ���Ér ìøÍ4�¤Ãº\�¦ ��×�æÜ¼�Ð"f �Ð&ñ
K� ï�r
��×�æ �r)ì�r$3�ZO�_� ���&ñ
§4�s� �8 Z�}��¤��. þj�è]jY�LZO�_� ���&ñ
§4�s� �8 ±ú��Ér �â
Äº��H Ä»���Ö�¦s�
0.2��� �â
Äºs�t�ëß� ³ð\�"f �̂¦ Ãº e��1pws� �½Ó�©� Õª��� ��Ér	כ ��m���. î02ï ÂÒì�rç�H\�"f Hasemanõ�
Elston (1972) �r)���&ñ
_� ���&ñ
§4�s� "é¶ ��«Ñ\�"f Hasemanõ� Elston (1972) �r)���&ñ
�Ð��
�8 Z�}�Ér �â
Äº�� e����. 2.2.2]X�\�"f [O�"î
�%i�1pws� β̂02_� ì�ríß�s� β̂LS_� ì�ríß�_� 1/4 &ñ
�̧s�Ù¼
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�Ð s��Qô�Ç ���õ��� µ1ÏÒqt�%i���. Óüt�:r ��Ä»�̧�� ��� 1/2�Ð �����t���H �̧�	כ çß�õ�½+É Ãº \O�Ü¼�� �̧
_�z�́+«>\�"f ³ð�:rÃº�� 500�©�s�%3�Ü¼Ù¼�Ð ��Ä»�̧\� _�ô�Ç 	�s���H ��_� \O����¦ �̂¦ Ãº e����. Õª
�Q�� ³ð�:rÃº�� ���>� ÷&��� ��\�¦ �Ü¼�Ð	כ ÆÒ8£¤�)a��. d�� (2.11)_� �̧&ñ
�)a ì�ríß��̀¦ ��6 xô�Ç Dh�Ðs�
]jr��)a ~½ÓZO��Ér Kruglyakü< Lander (1995)_� ~½ÓZO��Ð�� �½Ó�©� ���&ñ
§4�s� �8 Z�}>� ��M®o��. 7£¤ �̧
&ñ
�)a ì�ríß��Ér l��>r_� ì�ríß��Ð�� 1/4 &ñ
�̧s�l� M:ë�H\� @/wn���[O� �\�"f l�y��s� �8 �������<Ê�̀¦
·ú� Ãº e����. ¢̧ô�Ç q��̧Ãº&h� ~½ÓZO���� Kruglyakü< Lander (1995)_� ~½ÓZO��Ð�� í�H0A��«Ñ\�"f ��
×�æ�r)ì�r$3�ZO�s��8Z�}�Ér���&ñ
§4��̀¦����?/#Qq�&ñ
½©ì�r�í��«Ñ\�"f�̧ ��×�æ�r)ì�r$3�ZO�s�&h�

]X��<Ê�̀¦ ·ú� Ãº e����. #��Q ���&ñ
ZO�[þt_� Äº$í
õ� \P�$í
 �̧+þA �\�"f ���&ñ
§4�_� Äº\P��Ér ����<Ês� \O�
%3���.
#��Q ~½ÓZO� çß�_� ���õ�\�¦ ���¹כ���� ³ð 3.3\�"f "é¶ ��«Ñü< í�H0A ��«Ñ_� ���õ�\�¦ �Ð��� "é¶ ��

«Ñ_� ���&ñ
§4�s� �8 Z�}>� ����z�¤��. ìøÍ���\� ³ð 3.5\�"f��H í�H0A ��«Ñ_� ���&ñ
§4�s� �8 Z�}>� ��
��z�¤��. Kruglyakü< Lander (1995)_� ~½ÓZO�s� ���©� ±ú��Ér ���&ñ
§4��̀¦ ����?/%3��¦, Hasemanõ�
Elston (1972) �r)���&ñ
�Ð�� ��×�æ �r)ì�r$3�ZO�s� Z�}�Ér ���&ñ
§4��̀¦ ����?/%3���. q�&ñ
½©ì�r�í ��
«Ñ_� �â
Äº\���H í�H0A ��«Ñ�Ð ���8̈��#� ���&ñ
���H ��s	כ �8 Z�}�Ér ���&ñ
§4��̀¦ ����?/%3���.

4. l5æ*́0 Ë�ì ��ÐHx

Ä»�������'a$í
 ���½̈��H |9�#î
�̀¦ ��t��¦ e����H ��>��� +þA]j�ÐÂÒ'� ��«Ñ\�¦ Ãº|9��#� |9�#î
õ� �<Ê

a� ÂÒ�̧�ÐÂÒ'� ���²ú�÷&��H ��&�_� %i�Ò�o�̂�©� 0Au�\�¦ SX����ô�Ç Êê, �Ð�� [jx9��>� |9�#î
_� "é¶���Ü¼
�Ð f�����÷&��H :£¤&ñ
 Ä»�����ü< Ä»���&h� ���+þA_� ����'a$í
�̀¦ ½©"î
�#� |9�#î
_� µ1ÏÒqt l�����̀¦ µ1ßy���H

~½ÓZO�s���. s� ~½ÓZO��Ér éß�{9�Ä»������Ð ���ô�Ç |9�#î
÷�rëß� ��m��� #��Q Ä»�����_� 4�¤½+Ë&h���� "é¶���\�
_�ô�Ç |9�#î
_� Ä»����� �ÃÐÒ�o\��̧ Ä»6 x�>� �Ö̧6 x�)a��.
s� �7Hë�H\�"f��H s��Qô�Ç éß�{9� Ä»������Ð ���ô�Ç Ä»�������'a$í
 ���&ñ
_� ~½ÓZO�Ü¼�Ð Kruglyakü<

Lander (1995)_� ~½ÓZO�õ� Hasemanõ� Elston (1972) �r)���&ñ
�̀¦ q��§K� �Ð��¤��. ô�Ç&ñ
�)a [O�"î

���Ãº_� °úכ\� B�Äº ú́§�Ér ��«Ñ�� ìøÍ4�¤÷&#Q e����H &h��̀¦ �Ð¢-aô�Ç ��×�æ �r)ì�r$3�ZO��̀¦ ]jîß��%i�Ü¼

 9 ���&ñ
§4��Ér �̧_�z�́+«>Ü¼�Ð ·ú����Ð��¤��. "é¶ ��«Ñ�� &ñ
½©ì�r�í\�¦ ��ØÔ��H ���5Åq +þA|9�_� �â
Äº\�
��H &ñ
½©$í
 ��&ñ
�̀¦ ëß�7á¤K��� ÷&��H Hasemanõ� Elston (1972) �r)���&ñ
s��� ��×�æ �r)ì�r$3�ZO�
s�&h�]X����.ìøÍ���\�"é¶��«Ñ��q�&ñ
½©ì�r�í\�¦��ØÔ��H���5Åq+þA|9�_��â
Äº\���H"é¶��«Ñ\�¦í�H0A
��«Ñ�Ð ���8̈��#� ��×�æ �r)ì�r$3�ZO��̀¦ ���H ��s	כ �8¹¡¤ &h�]X����. ��×�æ �r)ì�r$3�ZO��Ér Jacquez
1px (1968)s� ]jîß�ô�Ç ��×�æ þj�è]jY�L ÆÒ&ñ
|¾Ó�̀¦ ��6 x�#� ì�r$3�Ùþ¡��HX< ���&ñ
§4��Ér ���©� Z�}��¤Ü¼
�� >�íß�õ�&ñ
s� ���è 4�¤ú̧�ô�Ç éß�&h�s� e����. q�&ñ
½©ì�r�í ��«Ñ�� ��8���̧ Kruglyakü< Lander
(1995)_� ~½ÓZO�s� q��̧Ãº&h� ~½ÓZO�Ü¼�Ð��H &h�]X��t� ·ú§6£§�̀¦ ·ú� Ãº e����.
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Comparisons of Kruglyak and Lander’s Nonparametric

Linkage Test and Weighted Regression Incorporating

Replications

Eun-Kyeong Choi1) Hae-Hiang Song2)

Abstract

The ordinary least squares regression method of Haseman and Elston(1972) is most

widely used in genetic linkage studies for continuous traits of sib pairs. Kruglyak and

Lander(1995) suggested a statistic which appears to be a nonparametric counterpart to

the Haseman and Elston(1972)’s regression method, but in fact these two methods are

quite different. In this paper the relationships between these two methods are described

and will be compared by simulation studies. One of the characteristics of the sib-pair

linkage study is that the explanatory variable has only three different values and thus

dependent variable is heavily replicated in each value of the explanatory variable. We

propose a weighted least squares regression method which is more appropriate to this

situation and the efficiency of the weighted regression in genetic linkage study was

explored with normal and non-normal simulated continuous traits data. Simulation

studies demonstrated that the weighted regression is more powerful than other tests.

Keywords: Haseman and Elston regression, Kruglyak and Lander nonparametric statistic,
sib pairs, linkage test.
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