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Identifying Strain Associated with Damping Ratio from Tosional
Test Using a Combined Damping Model
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ABSTRACT »>> The complexity of determining strain associated with shear modulus and damping ratio in torsional tests has been
resolved by means of several approaches. Particularly, the modified equivalent radius approach is adequate to when generating
the plots of equivalent radius ratio versus strain more effectively over any range of strains in resonant column and torsional shear
(RC/TS) tests. The modified equivalent radius approach was applied for hyperbolic, modified hyperbolic, and Ramberg-Osgood
models in evaluating damping ratio. Results showed that using a single value of equivalent radius ratio based on conventional
equivalent radius approach is not appropriate. A new model was developed to consider the soil damping behavior at small strains
as well as hysteretic damping and it was attempted to determine adjustments are required in evaluating strain associated damping

when combining the two damping components.

Key words damping ratio, nonlinear soil model, strain calculation

1. INTRODUCTION

When a soil specimen is subjected to cyclic loading in
torsional tests, hysteresis loops generated in the torque-
twist plane provide energy dissipation due to hysteretic
behaviour. Effective damping ratio is defined as the
energy dissipated in the area loops divided by the areas

of the triangle in the torque-twist plane. Evaluation of
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damping requires identification of a specific strain
associated with the effective damping ratio at given
twist. Hence, attempts have been made to deal with
nonuniform stress-strain effects occurring over the radius
of soil specimen in the resonant column and torsional
sherar (RC/TS) test with an equivalent radius approach
by Chen and Stokoe™ and modified equivalent radius
approach by Sasanakul®.

In this study, the modified equivalent radius approach
was extended to damping ratio using both the modified
hyperbolic model (Darendeli and Stokoe') and Ramberg
-Osgood model (Ishihara(4)). Damping ratio is calculated

from hysteresis loop assuming Masing rules”’
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Soil damping behavior is described in several aspects.
It is known that soils generally exhibit constant damping
for strains in the linear range, but increasing damping as
strains increase into the nonlinear range. And damping in
soil is generally constant with frequency of loading®.
Several models are used to describe these damping
behaviors of soil but no single mechanistic damping
model has all of these behaviors. A viscous model is
used to describe the energy loss due to nonhysteretic
behavior, which is called viscous damping. Two
weaknesses of the model is that it lacks in describing the
hysteretic damping behavior and rate-independent nature
of soil damping. On the other hand, hysteretic model
describes the energy loss due to nonlinear stress-strain
relationship. However, it does not contain the damping
ratios at small strains.

Each of these models describes part of soils actual
damping behavior but none of them completely describe
the combined damping behavior. Hence, a combined
hystereticnonviscous model was developed and
employed to determine if any adjustments are needed in
applying the modified equivalent radius approach to

measured damping considering of both hysteretic and

nonviscous components.

2, EQUIVALENT RADIUS APPROACH BY
CHEN AND STOKOE (1979)

2.1 Investigation of Damping from Torsional Soil
Tests

Dealing with linearly varying strains in torsional
testing is complicated and one of the weaknesses in the
RC/TS testing. Chen and Stokoe'” developed an equivalent
radius approach to account for the the nonuniform
distribution of strain in the soil specimen.

When a soil element is subjected to cyclic loading, it
generates hysteresis loop on the stressstrain plane as

shown in Figure 1 and hysteretic damping ratio, D, is

defined as:
D=t
In-A,, )

{Figure 1) Definition of hysteretic damping

where, AL = the areas of the loop, and

Ar

the areas of the triangle.

When a soil specimen is subjected to torsional loading,
hysteresis loops are measured in the torque-twist plane.
The effective hysterctic damping ratio, Desr, can be
calculated similarly following Equation 1 except that the
damping calculated in this way is associated with a given
twist, O, and not with a strain, Y.

To obtain the hysteresis loop, it is assumed that the
soil behaves according to Masing behavior. Once the
hysteresis loops have been determined, damping ratio, D
and effective damping ratio, De are determined from the
area of the loop as shown in Equation 1 and Figure 1.

There are two notable differences between the
hysteretic damping ratio and actual soil damping ratio.
First, damping calculated based on Masing behavior
lacks small-strain damping, Dmin. Second, the asymptote
of hysteretic damping has a value of 2/7 or 63.7 percent.
This value is much larger than those predicted by Seed
and Idriss” or Hardin and Drnevich®. However, Chen
and Stokoe indicated that the strains at which hysteretic
damping approaches this asymptote are also much larger
than the strains which were used in typical tests. They
also stated that if high strain tests (1 to 5 percent) are
performed, then the calculated hysteretic damping value
is 30 to 55 percent which is in good agreement with
theoretical maximum values.

They compared the effective hysteretic damping ratio,

Do determined from solid sample with hysteretic
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{Figure 2} Damping correction factors for solid specimen
(from Chen and Stokoe, 1979)

Note: A = hysteretic damping ratio, D and }\4eff = effective
hysteretic damping ratio, Dey

damping ratio, D, from the stressstrain curves. Figure 2
presents the ratio of D to D with respect to normalized

twist, 0/0;. The reference rotation, O, is defined as

reference strain, Y, multiplied by specimen height, L
divided by specimen radius, r. It shows that effective
damping ratio, Desr is always smaller than damping ratio,
D at the strain at the periphery of the sample for a given
twist, 0.

An equivalent radius ratio, Req, which is defined as the
ratio of the equivalent radius and the radius of soil
specimen was used to relate Deg with D as well as Geg
with G. The same equivalent radius ratio, Req, was used
for damping ratio as was used for shear modulus. A
value for the equivalent radius ratio of about 0.82 times
the outside radius is a good estimate for torsional testing
below 0.001 (%) strain and 0.79 for between 0.001 (%)
and 0.1 (%) strains.

2.2 Weaknesses of the Equivalent Radius Ratio

There are two weaknesses in using equivalent radius
ratio, Reg, to determine damping ratio. The first weakness
is that it does not account for differences in nonlinearity
in different soils. The nonlinearity in soil can be
expressed relative to reference strain, Yr using equation
(Pyke®):

T
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G max * (2)
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{Figure 3) Req values based on damping from Chen and
Stokoe (1979)

where, Tmax = maximum shear stress, and

Gmax = shear modulus at low strains.

Soils with larger values of reference strain have greater
shear strengths relative to their small strain moduli and
show more elastic, less nonlinear, stress-strain behavior
than soils with smaller values of reference strain. Figure
3 shows the Chen and Stokoe'” recommended values for
Reg, which are independent of reference strain. The
second weakness is that the Chen and Stokoe' approach
developed the value of R based upon shear modulus but
it is also used to calculate strain in damping measurements.

Sasanakul and Bay(lo) demonstrated that is not accurate.

3. MODIFIED EQUIVALENT RADIUS APPROACH

A more general approach to account for nonuniform
stress-strain than the conventional equivalent radius
approach, the modified stress integration approach was
developed(2). The nonuniform stress-strain was accounted
for more precisely by integrating the stress over the
radius of soil specimen to obtain a twist-torque
relationship. A theoretical twisttorque relationship was
developed using closed form integration with hyperbolic
model®, or numerical integration using the modified
hyperbolic model or Ramberg-Osgood model™?.

It is believed that hysteresis loops do not alone
provide the mechanism of all damping for soils. Hence,
a certain amount of viscous (or nonviscous) damping
should be considered in addition to hysteretic damping in

(12)

nonlinear analyses A combined damping model

describing nonviscous and hysteretic damping was
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developed to better approximate soil behavior'". The
new combined damping model was employed to
determine adjustments are required when combining the

two soil damping behaviors.

3.1 Req Based on Hyperbolic Model

To determine values of Reg, it is required to generate
D versus ¥ curve and Deg versus O curve. The twist-
torque relationship was calculated using closed form
integration developed by Sasanakul®. The closed form
solution was obtained assuming the stress-strain relation
is hyperbolic. The stressstrain relationship and the
closed form solution of torquerotation relationship are

presented in Equation 3 and 4, respectively.

G

Y
“[v,] ©

T=

where, Guax = shear modulus at low strain.
1 2 ot ooty 4L3 ~ or
T= ;nGmaxyrr{Zr - 3r(T) + 6(—0—) + 2"Gmax7r (9) ln(yr) ln(yr + L)
“)
where, T = torque,

= radius of soil specimen,

L = height of soil specimen, and

0 = rotation.

Assuming the soil behaves according to Masing

behavior, the hysteretic damping ratio is calculated by

the equation(4):

T

) 2]‘r(7)d7

[

(Y

)

By introducing Equation 3 into Equation 5, the damping
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{Figure 4) Determination of R, based on damping ratio (from Sasanakul 2005)
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ratio, D can also be expressed as:

D:i[n 1 }[IM]E

T yh, v, n (6)

Equation 6 was used to generate the Dy curve using
hyperbolic model shown in Figure 4a.

The twisttorque relationship is obtained using
Equation 4. The low strain shear modulus, Gpax used in
this analysis is 47,880 kPa. Using the twist torque
relationship, the effective damping raio, Dex is obtained

with the following equation:

b 2:jT(e)d9

n| OT®) T an

9
8( IT(O)dG—%OT(O))
0

Eeff 1
—0T(0

™
Equation 7 was used to generate the Doz~ 0 curve shown
in Figure 4b.

The steps to determine values of R, are as follows.
The damping ratio, D; corresponding to a given shear
strain, Y1 can be obtained from Figure 4a. A value 0,
that is associated with the Deyr value equal to Dy is

determined in Figure 4b. Then using Equation 8, a value

of Req is calculated as shown in Figure 4c, using:

Reqg =10 8)

The Req curves based on damping ratio is shown in
Figure 5 with Req curves based on shear modulus .
The procedure to determine Req curves based on shear
modulus is described in detail by Sasanakul ?.

As shown in Figure 5, several advantages using
modified equivalent radius approach to determine Req

values are as follows:

1. The conventional equivalent radius approach uses
single values of Ry irrespective of reference strain, ¥,
and shear strain, y. The actual Req decreases with

increasing strains and the point where the Reg

decreases is associated with the value of reference
rotation, O, which is defined as Equation 9.

Therefore, the equivalent radius approach accounts for

this variation of Req over the range of strains and the

soil nonlinearity.

"o ©

2. The conventional equivalent radius approach was
limited at strain levels up to 0.1% while the modified
equivalent radius approach can be applied for high
strains.

3. The conventional equivalent radius approach developed
the value of Ry on shear modulus and the values are
also applied for the determination of strains for
damping. As shown in Figure 5, the Req values for
damping is less than the R.q values for shear modulus
and the difference increases as the strain level
increases. Hence, the modified equivalent approach
provides more precise damping curves in RC/TS

testing.

3.2 Req Based on Modified Hyperbolic Model

The modified equivalent radius approach was extended
to generate Ry values for damping using modified
hyperbolic model. To obtain Req based on modified
hyperbolic stress-strain relationship, the approach starts

by numerically relating the shear stress, T acting on a

circular cross section to strain, Y using:

e Gmwa
Y
1+ —
(“{,J > (10)
where,  Gmax = shear modulus at low strain (47,880 kPa),
a = curvature coefficient, and
¥r = reference strain.
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{Figure 5 R, curves based on G and D (from Sasanakul 2005)
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{Figure 6) Stress strain curves for moditied hyperbolic
model with different curvature coefficients
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{Figure 7) Damping ratio for modified hyperbolic model

The stress strain curves for different curvature

coefficients are presented in Figure 6, using strain

normalized with respect to reference strain.

To generate the Dy curve numerically, Equation 5
was employed using Equation 10. The Figure 7 shows
the Dy curve for modified hyperbolic model, again
using normalized strain.

The T-O relationships were then determined numerically

using Equation 11:

T= Ade = _[rrdA = J2nrzrdr’ an

where, M = resultant moment over the entire cross

section area,

A = cross section area, and

T = shear stress obtained using Equation 10.

Sasanakul® presented the numerical procedure obtaining

torque for given stress-strain relationship based on
modified hyperbolic model. For a given twist, 0, the

relationship between radius, r and shear strain, ¥ can be

0.82 —T—— I

---a=12
---a=11

R

=
e NETEREEETT| e T
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{Figure 8) R, curves based on damping with modified
hyperbolic model

obtained using Equation 12.

Sy (12)

Then, the relationship between the differential of strain,
dv, and the differential of radius, dr, is as follows:
L
dr==—d
A (13)
Substitution of Equation 12 and 13 into Equation 11 and
changing the upper limit of integration t0 Ymax

corresponding to exterior radius gives, t:

Tzz”(%ﬁ’(”’;dy, (14)

where, T(y) is stressstrain relationship based on
Equation 10.

And, the effective damping ratio was obtained by
numerical integration using Equation 7.

After obtaining the effective damping ratio, D, the
same procedures presented in Figure 4 are applied to
determine Req based on modified hyperbolic model.

Figure 8 presents the Ry based on damping ratio with
modified hyperbolic model using different curvature

coefficients. Rotations are normalized with respect to
reference rotation, O, as defined in Equation 9. As

shown in Figure 8, the ranges of Req value are wider at

high strains.

3.3 Rq Based on Ramberg-Osgood Model

The modified equivalent radius approach was also
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{Figure 9} Stress strain curves for Ramberg—0Osgood model
with different model parameters (0, b)
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{Figure 10} Damping ratio for Ramberg—Osgood model

extended to generate R.q values for damping using
RambergOsgood model. To obtain R, based on
Ramberg-Osgood stress-strain relationship, the approach

starts by numerically relating the shear stress, T acting

on a circular cross section to strain, v using:

] (15)

The model parameters for Ramberg-Osgood model are:

= ll+a
e

max

Gru?

Gmax, Y, O, and b. The reference strain is the same as

the reference strain used in the hyperbolic model. The

stress strain curves, relative to normalized strain, for
different model parameters (O and b) are presented in

Figure 9. The damping ratio from this Ramberg-Osgood

formulation can be explicitly expressed as a function of

parameters, (O and b) as:
D= lZa(b - IXr/Gmaxy, )b }/[ﬂ'(b + 1)(;//;/, )] (16)

Figure 10 shows the Dy curve based on Equation 16.
Torque for Ramberg-Osgood model was also obtained

numericallya>, The Ramberg-Osgood model presents 7y as

0.82__1_J,4_|.J,ll7u_ T T T T T T T T
~ — - R-Oalpha=3 b=3

0.80 = NN — - R-O alpha=1 b=3 —|
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0.76 1~
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0.68 el el eyl Ly
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T

{Figure 11} Req curves based on D with Ramberg—Osgood
model

a function of shear stress, T. For a given twist, 0, the

relationship between radius, r and shear strain, Y can be

obtained using Equation 12. Then, radius, r can be
expressed as:

L . b-1
r=— 1+
0 G, (17)

Torque is calculated numerically integrating the stress-

Gra?»

strain relationship using:

T= 211:r T(r)¥dr
6[ , (18)

where, T(Y)is stress-strain relationship based on Equation 15.
And the effective damping ratio was obtained by
numerical integration using Equation 7.

After obtaining the effective damping ratio, Des, the
same procedures presented in Figure 4 are applied to
determine Req based on Ramberg-Osgood model.

Figure 11 presents the R relative to normalized
rotation based on damping ratio with Ramberg-Osgood
model using model parameters (0 and b). Figure 11
shows that the scatter of Req values in high strain range
is less than the scatter in Req values for the modified
hyperbolic model. But the range of Req value is increased

in lower strain range.

3.4 Req Based on Combined Model

So far the correction of material damping is based on
the assumption that the measured damping is hysteretic

only. Hysteresis loop, however, do not alone provide the
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mechanism of all damping for soils particularly at small
strains, and a certain amount of viscous (or nonviscous)
damping should be considered in addition to hysteretic
damping in a nonlinear analyses. Hence, a new model
was developed and employed to determine adjustments
are required when combining the two damping
components.

To consider two components, a nonlinear spring with
a varying spring constant, G and rate independent
dashpot, Go' were employed shown in Figure 12. The
nonlinear spring constant, G is the secant modulus
calculated by using hyperbolic model. To eliminate
frequency dependence, rate independent dashpot, Go' was
introduced. The rate independent dashpot, Go¢' can be
calculated using G, determined for specific shear strain

using:

G0’=2"Gsec 'Dmin (19)

where, G = secant modulus based on hyperbolic

model and
Duin = nonviscous damping occurred at low

strains.

Then the total stress, T = (G + 1Go')Y, Wwas obtained
at several strain levels. The imaginary term is used
because T is 90 ° out of phase with 1.

To plot the stress induced by the dashpot (12), it is
required to plot each stress component in time domain.
Hence stress caused by nonlinear spring (T1), stress

induced by the dashpot (T2), and total stress (T = T| +
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{Figure 13) Strain, and stresses determined by nonlinear
shear modulus and dashpot for a maximum rotation
of 0.63 %
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{Figure 14) Total stress vs strain

T2) was plotted in terms of period, (t/27) in Figure
13. Figure 13 shows the results based on a maximum
shear strain of 0.63 % and Duin of 2 %. Figure 14
presents the total stress (T = T; + T2) vs strain.

The damping ratio using combined nonviscous
hyperbolic nonlinear model then can be calculated by

using following equation:

T (20)
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*
where, Ap = area inside the loop generated by total
stress and shear strain, and

Ar = area of the triangle.

Figure 15 presents the calculation of damping ratio for
the combined hysteretic and nonviscous damping. The
dotted line indicated the hysteresis loop based on the
hyperbolic nonlinear stress-strain relationship without
considering damping at low strains, Dipin.

The effective damping ratio can also be computed
using Equation 20. However, effective damping computed
in this manner is associated with rotation, 0, and T
To define total torque (Tiw), a mechanical analog is
introduced in Figure 16. Total torque, Ty is defined as
summation of torque in the nonlinear spring (Ges), Ti
and the torque in the nonviscous dashpot (Go*), To.

At a given rotation, T can be obtained from the
closed form integration of the twist-torque relationship in
Equation 4. By linearizing the problem, T, can be

determined using the equation:

T T
4 ——— combined model
- - - hysteretic model only

shear stress (kPa)
(=]
T

shear strain, y

{Figure 15} Calculation of damping ratic combined hysteretic
and nonviscous damping

L
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{Figure 16) Nonviscous type Kelvin model with nonlinear
spring showing T vs, 0

L 21

where, Go = 2-Dmin- Ges.

The imaginary term is also used because T, is 90 © out
of phase with T

To plot the T induced by the dashpot, it is also
required to plot each torque component in time domain.
Therefore, rotation, Ty, Tz, and total torque T, (T = T
+ T3) are plotted in terms of period, /27 in Figure
17. Figure 17 presents the results based on a rotation of
0.0252 rad and Duin of 2 %. Figure 18 shows the total
torque (T = T; + T2) vs rotation, 6.

A procedure to determine R.q based on combined non-
viscous hyperbolic nonlinear model is illustrated in
Figure 19. Using Equation 20, damping ratios, D are
obtained at several strains shown in Figure 19a. Figure

19b shows the curve fitting technique applied to obtain
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shear modulus and dashpot for a maximum
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D-y curve. For a given rotation, 0, effective damping
ratio, Der 13 obtained shown in Figure 19c. The shear
strain, ¥1 at which D equals Dey in the T—Y relation is
obtained as shown in Figure 19d. R.q at given 0 is

calculated using Equation 8 shown in Figure 19e.
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{Figure 18) Total toque vs rotation
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a) Calculate D at several strain levels

The same procedures are repeated at several rotations
and Req values at several rotations in case of Dpin equal
to 4 % are shown in Figure 20. Figure 21 presents Req
values based on damping with viscous damping,
Duin=0.5, 1.0, 2.0, 4.0 %, respectively. The dotted line in
Figure 21 is the Req values for damping from Figure 5,
obtained from only hysteretic damping. It can be seen in
Figure 21, that damping ratio at small strain, Dy, does

not effect the Req values.

4, APPLYING THE MODIFIED EQUIVALENT
RADIUS APPROACH TO RC/TS TESTING

The RC/TS tests measure torquerotation relationship.

The theoretical torquerotation relationship can be
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€) Calculate Rq ratio with vy and 6y
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d) Find shear strain at which D equals D 4 in the 1y relation

{Figure 19) Determination of Req based on combined nonviscous hyperbolic nonlinear model
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obtained by closed form solution or numerical method
shown in Equations 4, 14, and 18, respectively. Curve
fitting techniques are then used to match the theoretical
torquerotation relationship with the measured torque-
relationship to obtain the best fit model parameters. The

model parameters are used to develop the stress-strain
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0.80 +— o o —
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0.75 - o -
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7 o e} 0
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0.1 1 10 100 1000
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{Figure 20) R.q values based on damping with viscous
damping, Dmin = 4 %
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{Figure 21) R, values based on damping with viscous
damping, Dmin = 0.5, 1.0, 2,0, 4.0 %, respectively

hyperbolic model 7
modified hyperbolic model ?
Ramberg-Osgood model 7

curve fitting technique
{Sasanakul, 2005)

l measuredBvs T l

T

D= Ap/(4n*AT)

relationship for soil. The Req curves based on damping
ratio are then determined using the stress-strain
relationship.

Effective damping of soil is determined using the half
power band width method or the free vibration decay
method for the RC tests. The area of the hysteresis loop
is used to determine effective damping in TS tests. It has
been shown that for soils with elliptical hysteretic stress-
strain curves, material damping measured using these
two tests should be identical”.

A summary of the application of modified equivalent
radius approach for damping calculations in TS testing is
presented in Figure 22.

The methods for calculating damping ratio using half
power band width method are described in detail'”. The

damping ratio can be calculated using Equation 22.

oA 22)

where  f, = resonant frequency, and

fi and f; = two points on the response curve at

M is equal to 1/+2 Mpx.

Figure 23 summarized application of the modified
equivalent radius approach to the half power band width
method.

{Figure 22) Summary of the application of the modified equivalent radius approach to torsion shear tests
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Free vibration decay is the method used to determine
damping utilizing the decay of vibration at resonance?.

The natural logarithm of two successive amplitude of

motion is called the logarithmic decrement, & expressed as:

5= 2aD
v1-D?. (23)

hyperbolic model ?

modified hyperbolicmodel 7 ey

Ramberg-Osgood model ?
curve fitting technique
{Sasanakul, 2005}

measured Bvs T
6T
M
0.707*Mmpay

Equation 23 can be used for calculating the material
damping, D using the free vibration decay method.
The modified equivalent radius approach is applied by
using the following equation to determine the strain, Y,
corresponding to a measured effective damping ratio in

rotation-time domain during free vibration decay:

&
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a
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1

{Figure 23) Summary of the application of the modified equivalent radius approach to haif power band width method in RC

testing
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{Figure 24} Summary of the application of the modified equivalent

radius approach to free vibration decay method in RC testing



ALHI0] &&oh= HEEB A 55

(24)
where,

O.ve = average of the first three cycles of the

free vibration decay curve.

Figure 24 shows the summary of application of the
modified equivalent radius approach to the free vibration

decay method.

5.CONCLUSIONS

The modified equivalent radius approach was applied
using the hyperbolic model, the modified hyperbolic
model, and the Ramberg-Osgood model to determine
values of Req for damping ratio. The results based on
modified hyperbolic model varying curvature coefficient,
a, show that the range of Req is wider at higher strain
levels than for other models. Changing soil parameters
(a,b,yr) in Ramberg-Osgood model also caused scattered
in value of Rey both low and high strains but not as
significant as occurred at higher strain using modified
hyperbolic model.

The actual soil damping has a significant component
of nonhysteretic damping. In order to check the validity
of the Sasanakul’s Req values for damping, the combined
non-viscous hyperbolic model was employed. The results
show identical values of R., to those obtained by
Sasanakul.

Finally, methods for application of the modified
equivalent radius approach to RC/TS testing are
presented. Two methods are presented for RC testing
based upon the half power band width method and the
free vibration decay method. And an approach for TS

testing is presented.
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