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MULTIPLE SOLUTIONS FOR A CLASS OF THE
SYSTEMS OF THE CRITICAL GROWTH SUSPENSION
BRIDGE EQUATIONS

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We show the existence of at least two solutions for a
class of systems of the critical growth nonlinear suspension bridge
equations with Dirichlet boundary condition and periodic condition.
We first show that the system has a positive solution under suit-
able conditions, and next show that the system has another solution
under the same conditions by the linking arguments.

1. Introduction

In this paper we consider the multiplicity of the solutions for the fol-
lowing class of systems of the critical growth nonlinear suspension bridge
equations with Dirichlet boundary condition and periodic condition

( 20
Ut + Uggeg + AVL = ey Goo + €1hy(z, 1)

Ca+p
in (—7/2,7/2) X R,
Vit + Vggaw + buy = 28 w4 boo + €2ha(z, 1)
a—+ 0
in (—7/2,7/2) x R, (1.1)
U(ﬂ:g,t) = UII<ig’t) = U(ig7t> = Uac;r(:l:g7t) = 07

u(z, t+7) =u(z,t) = u(—z,t) = u(x, —t),
| vt +7) =v(z,t) = v(-a,1) = v(z, 1),
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where «, > 1 are real constants, v, = max{u,0}, u_ = min{—wu, 0},
€1, €2 are small numbers and hy(z,t), he(x,t) are bounded, m-periodic
in t and even in x and t and ||h{|| = ||h2|| = 1. Here ¢q is the eigen-

function corresponding to the positive eigenvalue \og = 1 of the eigen-
value problem wuy + Uzzze = Amnu With u(£75,1) = uge(£5,1) = 0,
u(z,t +m) =u(z,t) =u(—z,t) = u(x, —t).

McKenna and Walter([6]) found the physical model of jumping prob-
lem from a bridge suspended by cables under a load. The nonlinear
suspension bridge equation with length 7 is as follows

T

272

Utt + Ugzzs + bu+ = f(flf, t) in ( ) X R7

™ ™
£ 1) = ugy (=

This equation represents a bending beam supported by cables under a
load f. The constant b represents the restoring force if the cables stretch.
The nonlinearity ™ models the fact that cables resist expansion but
do not resist compression. Choi and Jung ([3], [4], [5]) investigate the
existence and multiplicity of solutions for the single nonlinear suspension
bridge equation with Dirichlet boundary condition. The system (1.1) can
be rewritten by

Utt + U:c:c:(;x —FV(%(AUJF, U))

) = 0.

= V(Eueed) + (iahi): (12)
UZ,t) =Un(+3t) = (),
Ulx,t+7n) =U(z,t)=U(—x,t) =U(z,—t),
where U = (7). U* = (%), U + Ussaw = (i100007), A = ( b 0 ) -

M2X2<R>.

The eigenvalue problem for u(z,t),

. ™ T
Uy + Ugppe = AU in (—§,§)><R,
Vs T
+ 5 1) = upp(d— 1) = 0,
WD 1) = (2 1)

u(z,t+m) = u(z,t) = u(—x,t) = u(z, —t)
has infinitely many eigenvalues

Aom = 2n+1D)* —4m?  (m,n=0,1,2,...)
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and corresponding normalized eigenfunctions ¢,,, (m,n > 0) given by

2
Pon = £ cos(2n+ 1)z  for n >0,
7r

2
Gmn = — cos2mt - cos(2n + 1)z for m >0,n > 0.
m

We can check easily that the eigenvalues in the interval (-19,45) are given
by
Aog=—-10<Ap=-3<Ap=1< Ay =17
We assume that
A2 +ab # 0 for all m,n with (m,n) # (0,0), (1.3)
a <0, b<0, (1.4)

Vab < 1. (1.5)

Our main result is the following;:

THEOREM 1. Assume that the conditions (1.3), (1.4) and (1.5) hold.
Then, for each hi(x,t), hao(x,t) € Hy with ||hi(x,t)|| = 1, ||ha(z,1)|| = 1,
there exist small numbers €, > 0 and é&; > 0 such that for any (e;, €3) with
€1 < € and € < €&, system (1.1) has at least two nontrivial solutions,
one of which is a positive Uy = (:jg) with ug > 0 and vy > 0, where H,
is introduced in section 2.

In section 2, we show that system (1.1) has a positive solution by
direct computation and operator theory. In section 3, we approach the
variational method and recall the critical point theorem which is the
linking theorem for the strongly indefinite functional to find the second
solution. In section 4, we prove the existence of the second solution of

(1.1).

2. Existence of a positive solution

Let @ be the square [7, 7] x[~F, 7] and H, the Hilbert space defined
by

Hy = {u € L*(Q)| u is even in z and ¢ and /uzO}.
Q
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The set of functions {¢,,,} is an orthonormal basis in Hy. Let us denote
an element u, in Hy, by

We define a Hilbert space H as follows
H={u€Hy: Y |[Ann|h2, <oo}.

Then this space is a Banach space with norm

|uH2 Z‘)‘mn‘h J2.
Let us set ¥ = H x H. We endow the Hilbert space £ the norm
1w )| = llull® +[l]*  Y(u,v) € E.
We are looking for the weak solutions of (1.1) in £, that is, (u,v) such

that w e H, v € H, utt+umm+av+ = O?fﬁ u™! ﬁ + oo + €1h1(x, 1),

Vit + Vpzaa + but = Qfﬁ _v_ + ¢00 + EQhQ(ZE t)

Since |Apn| > 1 for all m, n, we have that

LEMMA 1. (i) |Jul| > |Jullr2(q), where |Ju|r2(q) denotes the L? norm
of u.
(ii) |Ju|| = 0 if and only if ||ul| 12(g) = 0.
(iii) Uy + Upyper € H implies u € H.

LEMMA 2. Suppose that c is not an eigenvalue of L, Lu = uy + Ugzpz,
and let f € Hy. Then we have (L —c)™'f € H.

Proof. When n is fixed, we define
A =1inf{ M\ 0 A > 0} = 80 +8n + 1,

A = sup{Amn i A < 0} = —8n? — 8n — 3.

We see that A} — +00 and A\, — —oo as n — oo. Hence the number
of elements in the set {A\pnn @ |Amn] < |c|} is finite, where A, is an

eigenvalue of L. Let
f = Z hmngbmn'

_ 1
L—C) 1f:Z)\ _Chmn¢mn

Then
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Hence we have the inequality

(L —c) ' fll = Z\Amn\ o how <CY B2,
for some C', which means that
(L =) f < Cillfllzg.  Ci=VC.
O

LEMMA 3. Assume that the conditions (1.3) and (1.4) hold. Then
the system

Ut + Uggge AV = ¢00 in (—%7 %)7
Vit + Vzzaa +bu - ¢00 in (_gu g)’ (21)
u(£3,1) = Upe (£5,1) = v(£5,1) = Ve (£5,1) = 0,
u(z,t+m) =u(r,t) =u(—=z,t) =u(z, —t),
v(x,t+7m) =v(x,t) =v(—=z,t) =v(x,—t),
has a positive solution (u.,v,) € F, which is of the form
—a —b + )\00 1
\ 20 L Yoo, 2.2
u [)\00 2~ ab )\00]%0 (2.2)
—b+ Ao
Proof. We note that (u.,v,) is a solution of the system (2.1) with
u, > 0 and v, > 0. ]

Define LU = (Lu, Lv), Lu = uy + Uzppe. We need to find a spectral
analysis for the linear operator LU + AU. The following lemma need a
simple ‘Fourier Series’ argument.

LEMMA 4. Let a, b € R and let Ly, : H x H — Hy X Hy be defined
by Lap(u,v) = (Lu + av, Lv + bu). For i € R we have
(a) if (Apn — p)* # ab for every m, n, then

(Lap — pd)™ 2 Hy x Hy — Hy x Hy

is well defined and continuous;
(b) if (Apn — p)? = ab for some m, n, then

Ker(Lay, — pl) = span{¢mn : (Amn — p1)* = ab};
moreover if X,, = span{ ¢y, : (Amn — i) # ab}, then
(Lap —p) 7" X x X, — X x X,
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is well defined and continuous.
Notice that if ab < 0, the second alternative can never occur.

Proof. To prove (a) we take (f,g) in Hy x Hy. We can write f =

S oo fon®@mn With > f2 < +ocand g =Y., Gmn@mn With Y. g2 <
+00. We define, for m, n integers,

u _ ()\mn - ﬂ)fmn — G9mn v _ ()\mn - M)gmn - bfmn
" (/\mn - M)Q —ab 7 " </\mn - :U’)2 —ab

which make sense since (\,,,, — ) # ab for every m, n. We have

C

for suitable constants C', C; not depending on mn. The same inequality

applies for vy,,. Soif u =73 UpmpOmn, V=2, VpmnPmn, then (u,v) €
H x H. Arguing componentwise it is simple to check that L,(u,v) —
pl(u,v) = (f,g). So (Lapy — puI)™t: Hy x Hy — Hy x Hy is well defined.
To prove (b) we first observe that if (A, — p)?> = ab, then (L, —
pl)¢mn = 0, as one can easily check. Secondly given (f,g) in X, we
can argue as in the first case since f,,, = gmn = 0 for all mn such that
(Amn — p)? = ab. This allows to define t,,, and v,,, as before for all
mn such that (A, — p)? # ab and U, = Uy, = 0 for all mn such that
(Amn — )% = ab. O

Using Lemma 2.4 with the case p = 0 we can easily derive Lemma
2.5

LEMMA 5. Assume that the conditions (1.3) and (1.4) hold. Then
for each hy(x,t), he(x,t) € Hy with |hy]| = 1 and ||hs|| = 1, there exist
small numbers €, and €5 such that system

the system

Ut + Ugpee +aAV = 61h1 (:r, t>7

Vgt + [ +bu - €2h2(x7 t), (23)
u(£75,1) = U (£5.1) = v(£5,1) = Ve (£5,1) = 0,

)
u(z, t+m) =u(z,t)=u
v(r,t+m) =v(r,t)="v
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Proof of the existence of a positive solution

By Lemma 2.3 and Lemma 2.5, (ts + Ueyey, Vs + Veye, ) 18 a solution of
the system

U + Ugzzx +av = ¢00 + 61h1 x, t)7

(
Vit + Vpzaa —i—bv = Cboo + €2h2( ,t) (2.4)
u(r,t+m) = U(l’ t) ( z, ) U( —t),
vz, t+m) =v(x,t) =v(—z,t) =v(x,—t),
where u, = [;—0‘;% + )\_io](boo >0, v, = [7=% b+’\°°]¢ > 0. By Lemma

2.4, ue., € H and v, € H. Since the elements of H lies in C!, the
elements U, c,, Ve, € C'. Thus we can find small numbers €, and &
such that for any (€1, €2) with ¢ < € and €3 < €, Uy + Uge, > 0 and
Uy + Ueyep, > 0, which is also a positive solution of system (1.1).

3. Variational approach

Now we are looking for the other weak solutions of system (1.1). To
find the other nontrivial weak solutions of system (1.1) we approach the
variational method and recall the linking theorem for the strongly in-
definite functional. We observe that the weak solutions of (1.1) coincide
with the critical points of the corresponding functional

I:E— Re(CY,

1

1
—/EU-Ud:cdt+§/(AU U)dea:dt——/ ¥ dwdt
Q Q

10) =3

- / (¢o0 + €1hy (2, t))udxdt — / (oo + €aha(z,t))vdadt. (3.1)
Q Q

We notice that the solution (u,v) of system (1.1) is of the form (u,v) =
(@, v)+(uo, vo), where (ug, vg) is a positive solution with ug = U+ e, ¢, >
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0 and vy = v+ Ve,e, > 0, and (@, ©) is a nontrivial solution of the system

(U + Upgar + a(v +vg)p —avy = j—fﬁ(u + ) (v + vg)”?
in (_§7 %) X (_gv %)7 .
Vgt + Vggaw + 0(u + o)y —buy = az—fﬁ(u + o) (v + 1)
\ in (_%7g X (_%7 %)7 (32)
u(£73,1) =v(£5,t) =0,
u(z,t + ) =u(x,t) = u(—=x,t) = u(x, —t),
[ v(z,t+7) =v(z,t) = v(—2x,t) = v(z, —t),

Thus it suffices to find the nontrivial solution of system (3.2). We observe
that the weak solutions of (3.2) are the critical points of the functional

J:E— ReCY,

1 1
J(U) = —/ £U-dedt+—/(A(U+Uo)+,U)dexdt
2 Jq 2 Jq
/(AU U) pedadt — —
Q 0 R O{‘l'ﬁ

where (U 4+ Up)y = (((Zizg)ﬁ ). Thus we shall find the critical points for

J. Now we recall the linking theorem for strongly indefinite functional
(cf. [8]).

LEMMA 6. (Linking Theorem)
Let E be a real Hilbert space with E = FE & Ey and Fy = Ef We
suppose that
(J1) J € CY(E, R), satisfies (P.S.)* condition, and
(J2) J(u) = %(Lu, w) + bu, where Lu = LiPyu+ LoPyu and L; : E; — E;
is bounded and selfadjoint, 1 = 1, 2,
(J3) V' is compact, and
(J4) there exists a subspace E C E and sets S C E, T C E and constants
v > w such that,

(i) S C Ey and J|g > 7,

(ii) T' is bounded and J|sr < w,

(iii) S and OT link.
Then J possesses a critical value ¢ > .

/ (u + 10)® (v 4 vo)’ dadt, (3.3)
Q

Let E—, E°, E* be the subspaces of E on which the functional U
% /. 0 LU - U is negative definite, null, positive definite and E~, E° and
E* are mutually orthogonal. Let P be the projection for E onto E™,
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PY the one from E onto EY and P~ the one from E onto E~. Let (E,),
be a sequence of closed subspaces of E with the conditions:

E,=E, ® E°® E}, where Ef C ET, E;, CE foralln, (3.4)
(E} and E, are subspaces of E),dim E,, < +00, E, C Epy 1, UnenE,

is dense in E. Let Pg, be the orthogonal projections from E onto FE,.

Let us define

LU - Udzdt
Cop(@Q) =  inf Jo

—, for U= (u,v). (3.5)
0SB0 ( [, [u][v]sdrdt) =+

Let us prove that the functional J satisfies the linking geometry.

LEMMA 7. Assume that the conditions (1.3), (1.4) and (1.5) hold.
Then
(i) there exist a number p > 0 and a small ball B, C E* with radius p
such that if U € 0B,, then

inf J(U) >0,

U€dB,

(i) there is an e € ET, R > p and a large ball D C E° @ E~ with
radius R > 0 such that if

W= (DrN(E°®E"))®{re| ,ec E*, 0 <r < R},

then

sup J(U) <0.
Ueow

Proof. (i) By (3.5), for U € E*
)= /Q LUVt /Q (AU + Up), U — /Q (AU, U

2
a+ 3

1 1 1
:—/cU-U+—/<AU,U>R2+—/<A<U+Uo>,U>Ra
2 Jq 2Jq 2Jq

2
a+ [

/ (u + 10)® (v + vo)’ dadt
Q

/ (u + uo)® (v + vo)’ dadt
Q
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Since a < 0, b < 0 and (A(U + Uy)—,U)ge > (AU_, U_) gz, we have
1
/,CU U+ /(AU, U) e _5/(AU_,U_)32
Q

(Clap (@) |U|I5

2

1 O‘+ﬁ a+p
/Q LUUt s /Q (AU Ui = == (Clap (@) U5

1 2 a+5 o
2 331Ul = VabliUslza = o5 (Clan(@) 2 IUIE™
11—+ab 2 ats
> = 2=
2 550 WUl = 575 (Clan(@) %

a—i—ﬁ

N | —

[\DI»—t

Ul

Since vVab < 1 = \gp and o + 3 > 2, there exist a small number p>0
and a small ball B, C E* with radius p such that if U € 9B, C E™,
then inf J(U) > 0.

(ii) Let us choose an element e € E*. Let us fix U = (@, 9) = P~U+re(#
(0,0)) € E°® E~ @ {re| 0 < r} such that

/(a+1)i(@+1)ﬂ > 0. (3.6)
Q
For s > 0 we have
2 2
. N .
2 Q 2 Q S

Uog

. 2
—S/Q(AUO,U)dexdt - a—wsa+5/Q(a+ UM CRS 20V8 dudt

S

Since a < 0, b < 0 and (A(U + Ly, U)ge < (AU, U, ) g2, we have that

82

~ o~ 82 o~ o~ 52
J(SU) < E(—?))HP U’|%Q(Q)+E/Q<A(P U+,P U+)R2+§)\mnHreH%2(Q)

+§/Q(A(7"€)+,(T€)+)R2 —S/Q(AUOa(j)R?dxdt

2
— 2 goth / (@ + 22 (5 + ) dadt
a+ 0 0 S S
52 - 52
< 5(—3 +Vab)| P U7z + 3(/\mn + Vab)|lrel 2o
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—s /Q (AU, U) pedxdt — aiwsw’ /Q (@ + %)ﬁ(f) + %)fid:cdt

for some \,,, > 0 Choosing s; > 0 such that UO(T t), ”O(f At > 1, V(z,t) €

Q), we get, by (3.6) that the last integral in the inequality above is
positive for s < s; since a + 3 > 2. Since a + § > 2, J(s(j) — —00
as s — 0o. Therefore we can choose a large number R > 0 and a large
ball (Dr C E°® E~) & {re| 0 < r < R} with radius R > 0 such that if
U€cdDrNE"® E™)®{re|] 0 <r < R}, then sup J(U) < 0. So the
assertion (ii) hold. Thus the lemma is proved. O

We shall prove that the functional J satisfies the (P.S.)} condition
with respect to (E,), for any ¢ € R.

LEMMA 8. Assume that the conditions (1.3), (1.4) and (1.5) hold.
Then the functional J satisfies the (P.S.)% condition with respect to
(E,)n for any real number c.

Proof. Let ¢ € R and (h,,) be a sequence in N such that h, — +o0,
(Uy,)n be a sequence such that

Up = (tUn,vn) € Ey,,,Vn,J(U,) — ¢, Pg, VJ(U,) — 0.

We claim that (U,), is bounded By contradiction we suppose that

|Uy ||z — 400 and set U, = HU s—. Then

J(Un)

(Pg, VJ(U,),U,) =210
i 1UnllE

Jo (25 (un 4 10) ™ (v 4 v0) 2 + 225 (un + 10)* (v + v0)2 0,

a+p
1Unll&
a+5 (tn + 10)* (vn + v0)" )dadt 0
1Un]| 2
Hence
fQ arg(tn +u0)” Yoy + v0)° uy + fﬁ (U, + 10)* (U 4 v0)” v )dazdt
[Unll&

 ai Jolun + o) (vn + wo)  dad
1Unlle

_>O
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ﬁ fQ (un+uo)® (’UnJr’Uo)Lidmdt
1Unlle
grad( [y, 225 (un + o) (v + vo) dadt) - U,

Since ||U,||g — oo and is bounded in @,

converges to 0

and U, — 0. We get
Pg, VJ(U,) Uy
Pg,, grad( [, 735 (un +u0)® (v, + vo)” dzdt)
B 1Ualle
SO PEhnEﬁn + A(Un + HUUﬁ)JF — AHUUﬁ converges. Since ((jn)n and

J—HUZHE are bounded and £ and A are compact mappings, up to subse-

quence, ((jn)n has a limit. Since U,, — (0,0), we get U, — (0,0), which
is a contradiction to the fact that |U,||z = 1. Thus (U,), is bounded.
We can now suppose that U, — U for some U € E. Since the map-
ping U — grad(fQ aiw(un + ) (v, 4 vp)? dadt) is a compact mapping,
grad(fo, 235 (un + u0) (vn + o)’ dxdt) — grad( [, 25w + uo)2 (v +
vo)? dxdt). Thus (Pg,, (LU, + A(U, + Uo)4 )n converges. Since £ and
A are compact operators and (U,), is bounded, we deduce that, up

to a subsequence, (U,), converges to some U strongly with VJ(U) =
lim VJ(U,) = 0. Thus we prove the lemma. O

Uo
—A
|Unll&

)+

= Pg,, / (LU, + A(Un + ]
Q

_>07

4. Existence of the second solution

We note that J(0,0) = 0 and (u,v) — grad(%ﬁ fQ(u + up)* (v +

vo)[j dxdt) is a compact mapping. By Lemma 3.2, there exist a small
number p > 0 and a small ball B, C E° ® E* with radius p such
that if U € 0B,, then v = inf J(U) > 0, and there is an e € ET,
R > p > 0 and a large ball Dy with radius R > 0 such that if W =
(DrN(E°® E7)) & {re|] 0 < r < R}, then supy gy J(U) < 0. Let us
set 7 = supy, J. We note that 7 < +o00. Let (E,), be a sequence of
subspaces of E satisfying (3.4). Clearly E° C E,, for all n, and 9B, and
OW link. We have, for all n € N,

v< sup J< inf J
OWNE, OB,NEn
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Moreover, by Lemma 3.3, J, = J|g, satisfies the (P.S.)% condition for

c

any ¢ € R. Thus by Lemma 3.1 (Linking Theorem), there exists a critical
point (uy,,v,) for J, with

< inf J < J(up,v,) < sup J <7
7_aB,,mEn < J{un ")_ngn -

Since J,, satisfies the (P.S.)% condition, we obtain that, up to a subse-

quence, (u,,v,) — (u,0), with (u,v) a critical point for J such that
v < J(u,v) < 7. Hence (u,v) # (0,0). Thus the functional I has two
nontrivial solutions, one of which is a positive solution (ug,v9) and the
second solution of which is (@ + ug, 7 + vg). Thus system (1.1) has at
least two nontrivial solutions. Thus Theorem 1.1 is proved.
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