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EXISTENCE OF INFINITELY MANY SOLUTIONS OF
THE NONLINEAR HIGHER ORDER ELLIPTIC
EQUATION

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We prove the existence of infinitely many solutions of
the nonlinear higher order elliptic equation with Dirichlet boundary
condition (—A)™u = ¢(z,u) in Q, where m > 1 is an integer and
) C R"™ is a bounded domain with smooth boundary, when q(x,u)
satisfies some conditions.

1. Introduction and the main result

In this paper we investigate the multiplicity result for the solutions
of the following nonlinear higher order elliptic equations with Dirichlet
boundary condition

(—A)"u = q(z,u) in €, (1.1)
u =0, Au=0, ... A™ ' =0on 090,

where m > 1is an integer and €2 C R" is a bounded domain with smooth
boundary. We assume that ¢ satisfies the following conditions:

(ql) g € C(2 x R) is nonnegative,

(¢2) There is a constant C' > 0 such that

lq(z,s)] < C(1+|s]), x €, (1.2)
in particular, we assume that

q(x,s) = A"s + p(z, s), (1.3)
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where \; is the smallest eigenvalue of the problem

and p(z, s) is a fast oscillating function of an arbitrarily small amplitude;
(¢3) There are sequences o, 7 such that o; — oo, 7, — o0,

/QP(:U, \/thgbl(x))dx — —00, /QP(:L‘, —\/thgbl(:v))dx — —00,

(1.5)
and either

/P(x, V271 )dz > 0 or / P(x, —/21:¢1)dx >0, (1.6)
0 0

where ¢; is the positive eigenfunction of the eigenvalue problem (1.4)
corresponding to the eigenvalue Ay and P(z, s) = [ p(z, 0)do.
(g4) the function p is uniformly bounded on Q x R.

Several authors were concerned with the multiple solutions of the
nonlinear elliptic equation with Dirichlet boundary condition

—Au = g(u) in €, (1.7)
u =0, on 0f).

Castro and Lazer ([3]) showed that if the interval (¢'(0), ¢'(00))U(¢'(0), ¢'(0))
contains the eigenvalues A, ..., \; and ¢'(t) < A\jqq for all ¢ € R, then
(1.7) has at least three solutions. The proofs in [4] are based on global
Lyapunov-Schmidt arguments applied to variational problems. Cas-
tro and Cossio ([5]) proved that problem (1.2) has at least five solu-
tions if g is a differentiable function such that g(0) = 0, ¢’(0) < Ay,
g (00) € (Mg, A1) with k£ > 2, and ¢'(t) < v < Agp1. They proved this
by using Lyapunov-Schmidt reduction arguments, the mountain pass
lemma, and characterizations of the local degree of critical points. Chang
([6]) also approached the same problems using Morse theory. For other
results in the study of this type problems we refer [2], [7], [9].

Our main result is the following:

THEOREM 1.1. Assume that q satisfies (q1)-(q4). Then problem (1.1)
has infinitely many solutions.

The proof of Theorem 1.1 is organized as follows: In section 2 we intro-
duce a Banach space H spanned by eigenfunctions and a corresponding
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functional of (1.1) whose critical points correspond to the weak solutions
of problem (1.1), and study the Lagrange multipliers involved in such
critical point equations. In Section 3 we prove Theorem 1.1.

2. The functional on the Banach space

Let 2 C R™ be a bounded domain with smooth boundary. We de-
fine a complete normed inner product subspace H of L?(Q) as follows:
Let A\, k =1,2,... denote the eigenvalues and ¢, k = 1,2, ... the corre-
sponding orthogonal eigenfunctions in L?(2) with respect to L*(€2) inner
product, of the eigenvalue problem

Au+Au=0 in €2, u=20 on 0f),

where each eigenvalue ) is repeated as often as its multiplicity. We recall
that 0 < A < Ay < )\3 < ...,)\Z'—>+OO, and that 9251(1/’) > (0 for x € Q.
For any integer m the eigenvalue problem

(—A)"u = pu in €, u=0Au=0,... A" u=0 on 012,
has infinitely many eigenvalues
Hi = Z‘L’ k Z ]-7

and corresponding eigenfunctions ¢ (). The set of functions {¢;} is an
orthogonal base for L?(€2). Let us denote an element u in L?(Q) as

u:th¢k, Zhi<oo.
We define a subspace H of L*(Q) as follows
H={ueL*) | Z)\kmhi < 00, m : integer }.
Now, we define an inner product (, )y by
(w,0)i = ((=8)"u,v)12(q)
and a norm || - || in H by
lull* = (u, W) = (=)™, u) 20

Then H is a complete normed inner product space with a norm || - ||.
Since A" — +o0 and c is fixed, we have the following simple properties.
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PROPOSITION 2.1. (i) (—A)™u € H implies u € H.
(ii) |Ju]| > C||u||r2(q) for some C > 0.
Moreover ||u|| > Cy||u||7. () for r > 2, C, > 0.
(iii) ||u|| 2y = O if and only if ||u| = 0.

Proof. (i) Let (—=A)™u = > A\"hy¢r € H. Then
D XIAhE < o0,
Since
00 > Y AINThE > C> AR
for some C' > 0, it follows that
D Ah; < o

Thus u € H.
To prove (ii) we compute

lull = (v, u)n

= ((=4)"u, u)r2(0) = Z[)[A;’lhiﬁ]m

> ¢ [ Kdtdo = Clullo
Q

for some C' > 0. Next, we will prove the second statement. Let

1
il = (1) vz = Yo
Q

By a theorem of Riesz [5, p.525] we have

NS
lulr@ < C'O )7, =2, S+ =1
k

Since for every € > 0
> i < o0
P
it follows that for every r € [2, +00) there is C” > 0 such that

lullr@) = C"lull-
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This proves the second statement of (ii).
To prove (iii) we have:

lul| = 0 = /Q[Z AR grlde = 0 <= hy, = 0 <> ||ul|r2(0)-

We define the functional f in H
1 2m 1 m 2
flu) = —|Vul|™™ + A" |u|* + P(x,u) | dz,
P 2
where P(xz,s) = [ p(z,0)do. Then the critical points of f coincide with
the solutions of equation (1.1). Now we have the following proposition.

PROPOSITION 2.2. The functional f(u) is continuous and Fréchet
differentiable in H with Fréchet derivative f’

(f'(u),v)m = /Q [(—A)"u + A'u + p(x, u)| vdx

for allv € H.

Proof. Let u € H. To prove the continuity of f(u), we consider

Fuso) =) = [ (A0 + 50 (-a))

1
+ Aluv + §>\71”v2 + Pz, u+v) — Pz, u)]dz.

Let u =3 hypdp, v = hpop. By Holder inequality we have

- ‘ / > N hihygpda
Q

[ 5o t=arm)

By the Mean Value Theorem we get

P(x,&+n) —P(x, &) = p(x, &+ 0n)n,

< lull - flvll;

/ﬂu- (~A)™v)dz

1
< — 2_
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where 6 € [0,1]. Therefore by (q2) we have
/|7791; u+v) (x,u)\dx:/|p(w,u—|—9v)]—|v[dx
Q
< c/<1+ ] + o)) Joldz
Q

< 0/(1+ | + [v])[o]da
Q

< Olvllzz@) + Cllull 2@ llvll2@) + Cllvll7z@
< Gyllol| + Callul| - [|v]] + Cs[lo]l?
= (C1 + Cof[ul + Cs[v]))[|v]l.

for some constants C, C,Cs, C3. With the above results, we see that
f(u) is continuous at u. To prove that f(u) is Fréchet differentiable at
u € H, it is enough to compute the following :

'f(u +v) — flu) - /Q [(=A)™u + XN"u + p(z, u)] vde
% /Q [0+ (—A)™) + A2 de
+ /Q [Ple,u+v) — Pla,u) — pla, u)o] de
< o (caymo) £ xp?) de
+/ Pla,u+v) — Pla,u) — ple, upo| de
/ o (~8)™)] + /Q AT Pda
+/Q Ple,u+v) — Pla,u) — ple, upo| de
< Sl + Callol? + /Q Pl + ) — Pla,u) — pla, u)o de

for Cy > 0. On the other hand, by the Mean Value Theorem, we have

/|73(m,u+v)—77(x,u)—p(x,u)v|dx:/|p(x,u+9v)v——p(m,u)v|dx.
Q Q
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Define
L ={recQ:|ulx)>p
QD ={reQ:|v) >~}
Q3 = {z € Q:|u(x)] < B and |v(x)] <~}

with § and 7 free for the moment. By the Mean Value Theorem, (q2),
and the Holder inequality we have

|P(z,u+v) —P(x,u)|dx = / p(x,u + Ov)vde

91 Q1

§/ C(1+ |u+ 0v|)|v|dx
951

S/ C(1+ |u| + |v|)|v|dz
Q1

SC’/ |v|dm+0/ |u||v|dx+C’/ lv|*dx
Q1 Q1 Q1

n+2

nt2 1
< Ol = foll 2n, () + ClU[= (lull 2 (@) + ([0l 2 @) vl

2n 5
Ln—2 (Q)

where % + % + "2—;2 = 1. Observe that % + "2—;2 < 1 and hence there exists
a o > 1 satisfying = + 1 + %2 = 1. Combining Propostion 2.1 (ii) and
the above inequality, we have
nt2 1
| 1Pt v) = Ple,u)lde < Collol] {1015+ jou]* (Jull + 1))
1
Similarly
nt2 1
[ Ipw, wyelde < Collol [J005 + jou ] ull].
1

By Proposition 2.1 (ii) and the Holder inequality,

1
ul| > Cyllullz2) = Callullr2@,) > Capl]2.
Therefore
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where My, My — 0 as 3 — oo. Thus we have

[Pz, u+v) —Plx,v) — plz, u)v|de < Csljv]| [Mz + Mi([lull + [Jv]])] -
Q1

We may assume |[v]| < 1. Further choose [ so large that Cs[M, +
Mi(|lull +1)] < 5. Hence

[Pl u+v) = Pla.v) — ple, uel de < o]
951

Similar estimate show that

|P(z,u+v) —P(x,v) — p(x,u)v| dc

Qo

gcﬁ/ (1+ [u] + [o]) |o]dz
Qo

1
< ¢, { / <1+\u|+|v|>2dx] ol oz
Qo

2n _92
U n—2
< Ca(1 + [lull + o) (/ o (‘—') dx)
Qo Y

Therefore we have

1
2

2n

) [P, u+v) — Pla,v) — pla,uol de < Coy 5 (Llfull+[ol) o] 2.

~

Next since P € C1(Qx R, R), given any ¢, 3 > 0 there exists a 4 = (€, B)
such that

[Pz, &+ h) = P(x,§) — p(x,)h| < €|h|
whenever z € @, €| < 3, and |h| < 4. In particular if 5 = 3 and v < 4,
P(z,u+v) —P(z,v) — p(x,u)v|dr < é/ [v|dz < Chpélv]|.
Qg Q3

Choose ¢ so that 3C19é < e. This determines 4. Choose v = 4.

/|77 z,u+v) — Plx,v) — p(z,u)v|dx

n—

<—||v\|+097 (Ll + ol ol ===,
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Finally choose ¢ so small that
n n 5
Coy' 3 (2 4 Jul)mr < 2
Thus we prove that f(u) is Fréchet differentiable in H. O

PROPOSITION 2.3. Let
1
g(u) :/ [iATUQ(x) + P(z,u(z))| de.
Q

Then ¢’ is continuous with respect to weak convergence and

(¢'(u),v)g = /Q [AT'uv + p(x, u)v] dz (2.2)

for all v € H. This implies that g itself is weakly continuous.
To prove Proposition 2.3, we need the following lemma.

LEMMA 2.1. If p satisfies (q1)-(q2), the map u(zx) — p(z,u(z)) be-
longs to
C(L*(2), L*(Q)).

Proof. If u € L*(Q2), then we have
/ Ip(z, u(x))|Pdr < C/(l + |ul)?dz < C/(l + |u|?)dz,
Q Q Q

which shows that p : L2(Q2) — L2(2). To prove the continuity of this
map, observe that it is continuous at v if and only if f(z, z) = p(z, z(x)+
v(x)) — p(z,v(x)) is continuous at z = 0. We show that f(x,u) is
continuous at u = 0. Let € > 0 be given. We claim there is a § > 0 such
that |lul|r2@) < 0 implies || f(-,u)||2¢) < . By (ql) and f(x,0) = 0,
given any & > 0, there is a 4 > 0 such that |f(z,€)| < & if 2 € Q and
€] < 4. Let u € L2(Q) with lull L2 < 9, & being free from now, and
set

Oy = {zeQ: |u(z)| <d}.
Therefore

|f (2, u(@))Pde < €%1u| < %0,

971

where |Q;| denotes the measure of ;. Choose €2 so that £%|Q)] < (%)2 :
This determines . Let Qs = Q\ Q;. Then

|f (2, u(@)[*de < Cy (|Q0] +0°).
Qo
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Moreover

5% > / |uldz > 62|y
Q2
RN
or || < (65‘1> . Thus we have
| f(z, u(z)2de < Cy(1 + 672)0.
Q2
Choose & so that Cy(1+0-2)6% < (%)2 Thus

/Q f(osu(e)Pde = |17 ule)Pdat | (f(u@)Pde < E)+()

which implies

Gl <e if flullz) <0

and the proof is complete. O

Proof of Proposition 2.3
Let 4, — w in H. Then u,, — u in L*(Q). By Holder inequality we
have

g’ (um) = g ()]

= e | [ AT (= ) + (p(, um () = p(a; u(z)))] v(w)dz]

< sup [/QMTHum—UI\U(m)\dx+[2!p(w,um($))—p(fﬂ,U(ﬁf))Hv(fC)\dft]

[[v]l<1
< A — u||L2(Q) + [Ip(@, um) — p(z, U)HLQ(Q)-
By Lemmma 2.1, the right-hand side of the above inequality tends to 0
as m — oo and hence ¢’ is continuous. Finally to prove that g is weakly
continuous, let u,, converge weakly to u in H. Then by Proposition
2.1 (ii), u,, converges to u in L*(2). Consequently Lemma 2.1 implies
9(um) — g(u).
For every t > 0, we define
S, ={uc H:|ul®= 2t} (2.4)

THEOREM 2.1. Let
v(t) = sup g(u). (2.5)

UESy
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Then ~(t) is a continuous, nondecreasing function in [0,00). For every
t > 0, y(t) has left and right hand derivatives +, satisfying

0 <~ '(t) < 24/(t), t>0, (2.6)

If v, (t) #0, then there isu € Y, = {u € Sy : g(u) = y(t)} such that
g'(u) =74 ()u. (2.7)
If ' (t) # 0, then there isau € Y, = {u € Sy : g(u) = y(t)} such that
o (1) =1 (t)u. (25)

The proof is found in [7,8].

3. Proof of theorem 1.1

From the confinuity of v and (2.6) we have

LEMMA 3.1. If0 < a < c¢<bandy(a) <a, y(b) <b, v(c) > ¢, then
there exists a point d € |a,b] such that v'(d) exists and equals to 1.

COROLLARY 1. If there are sequences 0;, 1, such that 6; — oo, 17, —
oo, v(0;) < 8; and y(1,) > i, then there are infinitely many solutions
of

u=g'(u) (3.1)
Proof of Theorem 1.1
In order to apply Corollary 3.1, we note that by Proposition 2.2, (¢'(u),v) gy
is weakly continuous. We shall show that under hypothesis (¢2) — (¢3),

there are sequences {o;}, {7} satisfying the hypotheses of Corollary 3.1.
This will produce an infinite number of solutions of

(U’av)H = (gl(u)7v)H7 (32)

which, given smooth €, translates into the solutions of (1.1). Suppose
that the first inequality of (1.5) holds. Let

b = V2t . (3.3)

Then |
phi||* = 2t = XP[| ¢4 (q)- Thus

(t) = g(d) =t + / P, du())do. (3.4)

Q
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Thus by the first inequality in (1.5),

If the second inequality in (1.5) holds, the above argument can be re-

peated with
—V/2t .

0 be given. For arbitary ¢ > 0 there is a u; € S; such that
g(ut) + €. We can represent this function as

Let € >
() <
Uy = V 2t (Zt COS Qt : le + sin Qt : wt) (36)

for some 0; and w; with w; L ¢1, |Jws| = 1. Representation (3.6) holds
with cosf; > 0 and an appropriate choice of the sign +. Thus we have

v(t) < t(cos® 6, + )\Tl sin? ;) + / P(x,u(x))de + € (3.7)
0

with A > A7, Let
b1 = V2t ¢y

with the same choice of sign as in (3.6). From (3.7), by (3.4) and with
v; being some convex combination of u; and ¢;, we have

m

t(1— )\Tl) sin?6, — e < /Q [P(x,ur) — P(x, ¢r)] dx

= /Qp(:z:,vt)(ut — ¢p)dr < C\/I_S/Q [(1 —cosb)|p1| + | sin by ||w|] dx
< CVt|sin ).
Hence
sin20, < % (3.8)
In particular, we have 6, — 0 as t — co. We see from (3.7), (3.8) that

/Q Pla,ur) — Pla,ér)] < C. (3.9)

Consequently, by (3.7),

y(t)—t < /Pmutdx—t( /\)\)sm9+€

< [ 1Plaw) - Ponldo+ [ Pl e
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Therefore, by (3.9) and since ¢ is arbitrary,

A0 -t <C+ [ Plagfa))ds

Q

We see that (1.4), even though the sign of ¢, is not determined, implies
v(ok) — o — —o0 as k — oo. The theorem follows from Corollary 3.1.

1]
2]
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