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Abstract

In this paper, a new scheme to calculate the weighting factor of the 2-D isotropic-dispersion finite difference time
domain(ID-FDTD) is proposed. The weighting factor in [1] was formulated in free space, so that it may not be optimal
in dielectric media. Therefore, the weighting factor was reformulated by considering the material properties and using
the least mean square method. As a result, a minimum numerical dispersion error for any dielectric media is guaran-

teed.
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Since it was first proposed in 1966 by Kane Yee”,
the finite-difference time-domain(FDTD) method has
garnered ever increasing attention. The FDTD scheme
has been a very popular and widely-used method, espe-
cially during the past several decades. For example, it has
been applied in the fields of electromagnetics, biology,
materials science and optics, to support scientific resear-
ch. Due to its low computational complexity, great flexi-
bility and easy implementation[3], FDTD is appropriate
for use in various applications. However, standard FDTD
has some disadvantages, one of which is known as "nume-
rical dispersion" that causes wave propagation at diffe-
rent phase velocities along different directions. Conse-
quently, the standard FDTD method can not be applied
to large-scale or phase-sensitive problems. Some schemes
have been proposed to solve this problem[ll’[4]. In [1], a
new algorithm known as isotropic-dispersion FDTD
(ID-FDTD) can solve the numerical dispersion problem
without much extra computational complexity. The ID-
FDTD scheme replaced the central finite different(FD)
scheme, which the standard FDTD method used to
approximate the time and spatial derivatives in Max-
well's equation, with a weighted summation of two diffe-
rent FD schemes!". By choosing the weighting factor,
the ID-FDTD method can minimize the numerical disper-
sion error over the propagation angles.

However, the weighting factor in [1] was formulated only
for free space. Hence, the numerical dispersion error is
not minimal in a dielectric medium. Therefore, in this pa-
per, the weighting factor was modified for different ma-
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terials. Also, the Least-Mean-Square method was applied
to minimize the fluctuation of the numerical dispersion
error. As a result, the new weighting factor is optimal
since it can generate nearly isotropic phase velocities
along the propagation angles for any dielectric media. In
the next section, the new weighting factor is formulated,
and its properties are discussed by comparing it with the
old scheme. To verify the new scheme, three scattering
examples are considered in Section II.

II. Formulation

In this section, the new weighting factor will be ob-
tained and the properties investigated. There are two kinds
of independent factors in the ID-FDTD scheme, the
weighting factor and the scaling factor, both of which
are determined based on the dispersion relation'). The
weighting factor is used to achieve the isotropic nume-
rical dispersion over the propagation angles, while the
scaling factor is used to match the numerical phase ve-
locity to the exact value. For consistency, the scaling
factor formulated in [S] is used.

2-1 Dispersion Relation

As mentioned above, the weighting factor is deter-
mined based on the dispersion relation. Thus, the dis-
persion relation is the key to formulate an optimal wei-
ghting factor. In this paper, a TM, mode is assumed.
The dispersion relation is found in [1]. The dispersion
relation of the ID-FDTD scheme for lossy media is re-
presented here as:
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where, co, #o and ¢z, are the phase velocity, the per-
mittivity and the permeability of the free space, respec-
tively. #r represents the relative permittivity while ¢ ,=
& — ]5 denotes the relative permeability. And the con-
ductivity 4 is related to ¢, as o=we &', j=V —1 and
o is the angular frequency. 7,= ycosg and 7,= ysing,
here 7y is the numerical wavenumber and 4 is an azi-
muth angle (propagation angle). 4x and 4y are cell sizes
of the x and y directions, respectively. 4¢ is a time step.
The numerical wavenumber is the solution to (1), which
corresponds to the exact wave number of =2 /3. Hen-
ce, the numerical wave number indicates the phase velo-
city in a FDTD simulation, which will be different from
the exact value.

If square cell is assumed, Ax=4y=4, the numerical
wave number  can be solved analytically for #=0° as:

- . eudt s . .
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2-2 Weighting Factor

The equation, (1) can be converted into a quadratic
equation of 4 as

C,
AB(A+ Be®—4ABa+ A+ B——* C, =() 3)
.7 .7 __ch
where A =sin 2—22‘4, B=sin Z—ZA’ Ci= cu 4? and
ngzlt;sinz 5 -jmsin(wm)_

Fluctuating over the propagation angle ¢, the old wei-
ghting factor 4 is calculated by solving the quadratic eq-
uation (3) and estimated it!"! as its mean value over all
propagation angles. A closed-form expression of the old
weighting factor can be found in [11.

However, the fluctuation of the old factor is not mi-
nimal over the propagation angle. Therefore, the Least
Mean Square method is applied to calculate the optimal
weighting factor. Then, the following equation is ob-
tained:

/=min.fOZ”K 2 {AB(A+B)a ' —4ABa+ A+ B——§ ]] b (4

The minimum value of equation (4) is obtained when
the partial derivative with respect to , becomes 0,

“g‘f:’ =0. It leads to:
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where C,=A+B, C.=AB and Rd -] denotes the real
part of a complex number, and "*" represents the com-
plex conjugate. It is easy to observe that equation (5) is
a cubic equation of 4. After algebraic manipulations, a
standard form of a cubic equation can be obtained,
which can be expressed as:

ae’+ba’+catd=0 (6)

Let a1=’}‘§‘cos¢5’ a2=A7‘g'sin<;5,
a.=sin’a,+sin %, and a,=sin %, sin ’a, then
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Three solutions exist, one of which is real and belongs
to the interval 0 to 1, and is chosen as the new
weighting factor.

Fig. 1 shows a comparison of the maximum disper-
sion error over the propagation angles generated by the
old and new weighting factors at different dielectric
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Fig. 1. Comparison of the maximum dispersion error ge-
nerated by the old and new weighting factors in
different dielectric media. Here, §=0.7 is fixed,
and the frequency is at 300 MHz
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Fig. 2. Variation of the old and new weighting factors in
different dielectric media. Here, $=0.7 is fixed,
and the frequency is at 300 MHz.

constants. The Courant limit S is fixed to be 0.7. Two
cell sizes of 12 and 20 CPW (cells per wavelength) are
considered. For free space, dielectric constant =1, the
new weighting factor can reduce the dispersion error by
about 50 %. When the dielectric constant reached a
larger value, the error generated by the old weighting
factor drastically increased. For a dielectric medium, the
new scheme can improve the isotropy of dispersion over
1,000 times.

Fig. 2 shows the variation of the old and new wei-
ghting factors at different dielectric constants. The
variation gy is defined as de=a, —a ., . The Courant
limit § is fixed to be 0.7. Since the old weighting factor
is calculated for the free space, it is fixed when S and
CPW are constant. Therefore, the variation should become
larger as the dielectric constant becomes larger, as seen
in the Fig. 2.

M. Numerical Resuits

To verify the new scheme, three scattering problems
were considered. An incident TM, wave that was sca-
ttered by a 2D dielectric cylinder was assumed. The
dielectric constant inside the cylinder was set to be 2,
and outside was the free space. The scattered electric
fields were calculated by the ID-FDTD schemes using
the new/old weighting factors, the standard FDTD sche-
me and the exact eigen-series solution™. The ID-FDTD
scheme utilized the weighting factor to achieve the iso-
tropic numerical dispersion over the propagation angles
and the scaling factor to match the numerical phase
velocity to the exact value!'! Pl In addition, the square
cell was used and the Courant limit § was fixed to be

0.7 for the simulations.

First, scaftering from a lossless cylinder was consi-
dered, whose radius was 5 . Here, A was the wave-
length in free space, and the cell size of 4= A44/20 was
used. Fig. 3 shows the real and imaginary parts of the
scattered electric fields calculated by the different me-
thods mentioned above. The observation line was lo-
cated inside the cylinder, at (0,—5 A¢~5 Ay), as seen in
Fig. 3. Both the old and new ID-FDTD schemes ge-
nerated much more accurate results than the standard
method. However, due to the dispersion error, the dis-
crepancy became larger when the observation line app-
roached the central parts using the old ID-FDTD sche-
me.
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g. 3. Plots of the scattered electric field observed inside
a lossless cylinder. The radius and permittivity of
the dielectric cylinder were 514 and ¢ ,=2.0, re-
spectively. $=0.7, 4=1,/20 and frequency /=300
MHz were assumed.
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The second example replaced the small cylinder with
a larger one whose radius was 15 A¢. The dielectric cons-
tant and the cell size remained the same as in the pre-
vious case. The observation line was located 2 1y away
from the cylinder, at (21 A¢,— 17 A9~17 Ay). Apparently,
the larger cylinder should generate more dispersion
error. As seen in Fig. 4, the standard method was not accu-
rate at all for this case. The result achieved using the
old ID-FDTD scheme became more erroneous, espe-
cially in the imaginary part. However, the new scheme
kept isotropy very well. The error was not obviously in-
creased using the new scheme.

Lastly, scattering from a lossy cylinder was consi-
dered. Instead of the lossless cylinder, a lossy one with
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Fig. 4. Plots of the scattered electric field observed out-

side a lossless cylinder. The radius and permittivity
of the dielectric cylinder were 151, and ¢ ,=2.0,
respectively. $=0.7, 4=41,/20 and frequency /=300
MHz were assumed.
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the same radius was used. The dielectric constant was
€,=2.0—70.01. The scattered electric field was obser-
ved outside the cylinder, 2 A9 away from the cylinder at
(7 Ao,—5A9~5 Ag). The same cell size was used for this
case. The results generated by both the old and new
ID-FDTD scheme maintained very high accuracy. Due
to the conductivity, the dispersion error could be slightly
larger than in the lossless case by using the old scheme,
while the error of the new scheme was as small as in
the previous examples.

IV. Conclusions

In this paper, the weighting factor for 2D ID-FDTD
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Fig. 5. Plots of the scattered electric field observed out-
side a lossy cylinder. The radius and permittivity
of the dielectric cylinder were 549 and e,=
2.0—50.01, respectively. $=0.7, 4=24,/20 and fre-
quency /=300 MHz were assumed.
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was modified and reformulated. The new one was a
function of permittivity, conductivity, cell size, time
step, etc. By applying the Least Mean Square method,
it fluctuated minimally over the propagation angles.
Three scattering examples for lossless and lossy die-
lectric cylinders were given to demonstrate the validity
of the new scheme. For all cases, the new weighting
factor showed better isotropic dispersion and excellent
accuracy for the scattering problem, as expected.
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