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Abstract

In this paper, we investigate some characterizations for fuzzy weakly (r, s)-continuous mapping on an intuitionistic fuzzy

topological space in Sostak’s sense.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [13].
As a generalization of fuzzy sets, the concept of intuitionis-
tic fuzzy sets was introduced by Atanassov [1]. Chang {2]
defined fuzzy topological spaces using fuzzy sets. In [3],
Chattopadhyay, Hazra and Samanta introduced the concept
of smooth fuzzy topological spaces which are a general-
ization of fuzzy topological spaces. Coker and his col-
leagues [4,5,6,7] introduced intuitionistic fuzzy topologi-
cal spaces using intuitionistic fuzzy sets. In [5], Coker and
Demirci introduced intuitionistic fuzzy topological spaces
in Sostak’s sense as a generalization of smooth fuzzy topo-
logical spaces and intuitionistic fuzzy topological spaces.

The concepts of fuzzy (r, s)-open sets, fuzzy (r,s)-
semiopen sets and fuzzy (r, $)-preopen sets are introduced
in [8,9]. Lee and Kim [10] introduced and studied the
concept of fuzzy weakly (r, s)-continuous mappings. In
this paper, we investigate some characterizations for fuzzy
weakly (7, s)-continuous mappings on the intuitionistic
fuzzy topological space in Sostak’s sense.

2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A mem-
ber p of IX is called a fuzzy set of X. For any u € IX,
u¢ denotes the complement 1 — . By 0 and 1 we denote
constant maps on X with value 0 and 1, respectively. All
other notations are standard notations of fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set A
is an ordered pair

A={<z,pa(z),va(x) > € X}(simply, A = (1a,74))
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where the functions 14 : X — I and v4 : X — I denote
the degree of membership and the degree of nonmember-
ship, respectively, and 0 < pa(z) +va(z) < 1lforzx € X.
An intuitionistic fuzzy point T, gy in X is an intuition-
istic fuzzy set
T(a,p) = (Ha,7V4)

where the functions g : X — Tand v4 : X — I are
defined as follows.

(a, ),

(MA(y)ﬁA(y))={ 01, if y=ugz,

if y#uz,

and0<a+ <1,

An intuitionistic fuzzy point x4 gy is said to belong to
an intuitionistic fuzzy set A = (u4,v4) in X, denoted by
T(a,p) € A, if pa(z) > aand y4(z) < Bforz € X.

An intuitionistic fuzzy set A in X is the union of all
intuitionistic fuzzy points which belong to A.

Definition 2.1. ([1]) Let A = (pa,v4)and B = (up,7v5)
be intuitionistic fuzzy sets on X. Then

(DACBiff ug < up andv4 > vp.

(2)A=Biff AC Band B C A.

(3) A° = (va, 1ta).

A ANB = (uaApp,YaVYB).

() AUB = (uaV pup,v4 A vB).

(6)0. =(0,1)and 1. = (1,0).

Let f be amap fromaset X toasetY. Let A =
(#a,7v4) be an intuitionistic fuzzy set of X and B =
(1B, yB) an intuitionistic fuzzy set of Y,

The image of A under f, denoted by f(A), is an intu-
itionistic fuzzy set in Y defined by

F(A) = (f(1a), 1 = F(1 - 7a)).
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The inverse image of B under f, denoted by f~1(B), is an
intuitionistic fuzzy set in X defined by

F7HB) = (fHus), [ (vB))-

A smooth fuzzy topology [111on X isamap T : IX —
which satisfies the following properties:

MHTO)=TA) = 1.

) T(u1 A pz) 2 T(pa) A T(psg) for pa, pg € I

BTV i) 2 NT(s) for ps € IX,

The pair (X,T") is called a smooth fuzzy topological
space.

An intuitionistic fuzzy topology on X is a family T of
intuitionistic fuzzy sets in X which satisfies the following
properties:

(Ho., 1. eT.

Q) If A, 42 €T, then A NA €T,

MO A e Tforalli,then|JA; € T.

The pair (X,T') is called an intuitionistic fuzzy topo-
logical space.

Let I{X) be a family of all intuitionistic fuzzy sets of
X and let I® I be the set of the pair (7, 8) such thatr, s € 1
and0 <r+s<1.

Definition 2.2, ([6]) Let X be a nonempty set. An infu-
itionistic fuzzy topology in Sostak’s sense (SoIFT for short)
7 =(T;,73) on X isamap 7 : I(X) — I ® I which
satisfies the following properties:

() T3(0a) = T3 (1) = 1 and T3(0..) = T3(1.) = 0.

(@ Ti(AN B) > T,(A) A Ti(B) and To(AN B) <
T3(A) vV To(B).

@ TUA) 2 ATi(A) and (U A) < V Ta(Ad).

The (X, T) = (X,T1,72) is said to be an intuitionis-
tic fuzzy topological space in Sostak’s sense (SoIFTS for
short). Also, we call 7;(A) a gradation of openness of A
and 72(A) a gradation of nonopenness of A.

Definition 2.3. ([10]) Let z(, ) be an intuitionistic fuzzy
point in an SoIFTS (X, 7;,72) and (r,s) € T ® I. Then
an intuitionistic fuzzy set A is said to be a fuzzy (1, s)-
neighborhood of x4 g) if there is a fuzzy (r, s)-open set
Bin X such thatx(, 5y € B C A

3. Main Results

Definition 3.1. ([10]) Let f : (X, 71, %) — (Y, Uy, Us)
be a mapping from an SoIFTS X to another SoIFTS Y
and (r,s) € I ® I. Then f is said to be fuzzy weakly
(r, s)-continuous if for each fuzzy (r, s)-open set B of Y,
FYB) Cint(f~Hcl(B,r,8)),7,5).

Theorem 3.2. Let f : (X, 71,72) — (Y,Uy,Us) be a
mapping from an SoIFTS X to another SoIFTS Y and
(o, 8),(r,s) € I ®I. Then f is a fuzzy weakly (r, s)-
continuous mapping if and only if for every intuitionistic
fuzzy point z(, ) and each fuzzy (r, s)-neighborhood V
of f((a,p)), there exists a fuzzy (r, s)-neighborhood U of
Z(a,p) such that f(U) C cl(V,r, s).

Proof. Let (4, gy be an intuitionistic fuzzy point in X and
V a fuzzy (r, s)-neighborhood of f(z(4,s)); then there ex-
ists a fuzzy (r, s)-open set B such that f(za) € B C
V. Since f is a fuzzy weakly (r, s)-continuous mapping,

fH(B) < int(f7M(cl(B,r,9)),1,s)
C int(fH(cl(V,r,8)),7,8).

SetU = f'l(cl(V, r,$)); then
Z(ap) € FTH(B) Cint(U,r,s) CU.

Hence U is a fuzzy (r,s)-neighborhood of z(4 g) and
fU) € dV,r,s).

For the converse, let V' be a fuzzy (r, s)-open set in
Y. By hypothesis, for each z(4 6y € f ~“1(V), there ex-
ists a fuzzy (r, s)-neighborhood Uy, ,, ,, of #(a, g) such that
fUs, 4) € cl(V,r,5). Now we can say there exists a

fuzzy (r, s)-open set G, ,, such that

Ta,5) € Copopy G Uspasy © STV, 7, 8))

for each (o5 € fH(V).
Thus we have

FHV) € U{Gapp  T(ap € FHV)}
C

FHEV, ).

Since U{Go,, 4, * T(a,p) € F71(V)} is a fuzzy (r, 5)-
open set, we have f~1(V) C int(f~(cl(V,r,38)),7,5).
O

Theorem 3.3. Let f : (X, T, T2) — (Y,U,Uz) be a
mapping from an SoIFTS X to another SoIFTS Y and
(,8),(r,s) € I ® I. Then the following statements are
equivalent:

(1) f is a fuzzy weakly (r, s)-continuous mapping.

(2) For each intuitionistic fuzzy point z(, gy and each
fuzzy (r,s)-open set V containing f(z(s,5)), there ex-
ists a fuzzy (r, s)-open set U containing x(q g) such that
fU) S c(V,r,s).

(3) c(f~t(int(F,r, s)),r8) C f~YF) for each
fuzzy (r, s)-closed set Fin Y.

@ c(f (int(cl(B,r,8),7,8)),7,8) C f1(cl(B,r,s))
for each fuzzy intuitionistic fuzzy set Bin Y.

(5) £~ Y(int(B,r,8)) Cint(f~(cl(int(B,r,8),7,8)),7,8)
for each fuzzy intuitionistic fuzzy set Bin Y.

6) c(f~YV),r,8) C f~Ycl(V,r5)) for a fuzzy
{r,s)-opensetVinY.
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Proof. (1) < (2) From Theorem 3.2, it is obvious.

(1) = (3) Let F be any fuzzy (r, s)-
Then 1., — Fis a fuzzy (r, 8)-open set in Y and by (1),
71 el

= int(f (A — int(F,r,)),1,8)

= int(l. — fY(int(F,r,s),7,8))

= 1. —c(f (int(F,r,s)),7,5).
Hence we have cl(f 1 (int(F,r,s)),r,s) C f~

— F) Cint(f Hcl(ln — F,1,5)),7,5)

YF).
(3) = (4) Let B be any intuitionistic fuzzy set in Y.

Since cl(B, 1, s) is a fuzzy (r, s)-closed setin Y, by (3),
cl(f~Y(int(cl(B,r,s),1,8))) C fcl(B,7,5)).

(4) = (5) Let B be any intuitionistic fuzzy set of Y.
Then,

F i nt(B,r, 8))

= 1. {(f"Yd(1~ - B,1,3)))
C 1. —c(f Hint(cl(ln — B,7,8),7,8)),7,5)
= int(fH(cl(int(B,r,8),7,8)),7,5).

Hence,

F int(B,r, s)) Cint(f~Hcl(int(B,r, 8),7,5)),7,5).
(5) = (6) Let V be any fuzzy (r, s)-open set of Y. Then
by (5),
1~ f7Hel(V,r,s))
(1 = V,1,5))
int(fH(cl(int(1 — V,r,s),7,8)),7,8)
int(lo — (f(int(cl(V,r,8),7,8)),7,8))
1. — cl(f~*(int(cl(V,r,8),1,8)),T,5)
C - d(f(V),rs).

N

Il

fl

Hence we have

d(f Y V),rs) C f

(6) = (2) Let V be a fuzzy (r, s)-open set containing
f(z(a,p))- By (6),

Yel(V,r, s)).

Tap € fTV)
C  fiant(cl(V,r,8), 1, 8))
= 1. - (1o = cl(V,1,8),7,38))
C 1. —c{f (1 —c(V,r,8)),7,8)
= int(f~Hc(V,r,35)),T,8).
Set U = int(f~(cl(V,r,s)),r,8). Then U is a fuzzy

(r, 8)-open set satisfying f(U) C cl(V,r, s).
OJ
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closed set of Y.

Definition 3.4. Let A be an intuitionistic fuzzy set in an
SoIFTS (X,71,73) and (r,s) € I @ I. Then A is said to
be

(1) fuzzy (r, s)-semiopen (8] if there is a fuzzy (r, s)-
open set Bin X suchthat B C A C ¢l(B,r,s),

(2) fuzzy (r, s)-preopen [9] if A C int(cl(A,r,s),7,3),

(3) fuzzy (r,s)-regular open [10] if A =
int(cl(A,r, s),7,8),

4) fuzzy (r, s)-B-openif A C cl(int(cl(A,r,s),r,8),7,5).

fuzzy (r, s)-semiopen
/ N\
fuzzy (r, s}-open fuzzy (r, s}-5-open
hN /

fuzzy {r, s)-preopen
The following examples show that the converses of the

above diagram may not be true.

Example 3.5. Let X = {z,y} and 4;, A5 and A3 be in-
tuitionistic fuzzy sets of X defined as

Aq(z) = (0,0.8), A;(y)=1(0.3,0.5);
A2(‘T) = (0830)3 AQ(y) = (03>05):
and
As(z) = (0.8,0), As(y) = (0.6,0.3);
Define 7 : I{X) — I ® I by
(1,0) if A=0.,1.
ﬂm=um%zm»={@g>ﬁA=m,
(0,1) otherwise.

Then (77, T5) is an SoIFT on X. Since cl(4s, 3,3) =1,
clearly As is a fuzzy (3, 3)-0-open set but it is not fuzzy
(3, 3)-semiopen.

Example 3.6. Let X = {z,y,2} and A;, A and Az be
intuitionistic fuzzy sets of X defined as

Ai(z) = (0,0.8), Ai(y) = (0.3,0.6),
(0.3,0.6);

Az(z) = As(y) =
(0.6,0.3;

and

As(z) = (08,0), As(z) =
(0.5,0.3).

Consider an SOIFT 7 : I(X)} — I ® I on X defined as
follows.

A](Z) =

(0.8,0), (0.6,0.3), As(z) =

As(y) = (0.5,0.3),

(170) if A=0.,1.,
T(4) = (Ti(A), T(4) = { (3,5) if A= A4y,
(0,1) otherwise.

Since Az C

int<Cl(A37 %a 3) %a
set but not a fuzzy (3,

and

14
5 3)--open

Cl('Lfo(Cl(A.'Sa 5 3) é—
1:%) C Aj, Az is afuzzy (
21

%)-preopen set.
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Theorem 3.7. Let f : (X,7;,T2) — (Y.Uy,Uy) be a
mapping from an SolFTS X to another SoIFTS Y and
(r,s) € I ® I. Then the following statements are equiva-
lent:

(1) f is a fuzzy weakly {r, s)-continuous mapping.

Q) c(fH(int(cl(G, 1, 8),1,8)),7,8) C f~H(G,7,3))
for each fuzzy (r, s)-openset Gin Y.

G)cl(f~Hant(cl(V, 7, 5),7,8)),7,8) C f~H(cl(V,7,5))
for each fuzzy (7, s)-preopen set Vin Y.

4) cd(f~(int(K,r,s)),m8) C f 1K) for each
fuzzy (r, s)-regular closed set K in Y,

BS) c(f 2 (int(c(G, 7, 8),7,8)),7,8) C f~Y(G, 1, 3))
for each fuzzy (r, s)-B-openset Gin Y.

(6) cl(f(int(cl(G, 7, 8),7,8)),7,8) C f~H{cl(G,7,8))
for each fuzzy (r, s)-semiopenset Gin Y.

Proof. (1) = (2) let G be a fuzzy (r,s)-open
set of Y, then by Theorem 3.3 (3), we have
c(fHint(d(G,r,8),m,8)),7,8) T fF~Hl(G,,5)).

(2) = (3) Let V be a fuzzy (r,s)-preopen set in
Y. Then V. C int(cd(V,r,s),r,s). Set A
int(cl(V,r,s),r 8). Since A is a fuzzy fuzzy (r, s)-open
set, from (2), it follows

c(f~int{cl(A, 7, 8),7,8)),7,8) C fHcl(A,r,5)).

Since cl(A,r,s) = cl(V,r,s), we have
el(f~ (it (cl(V,r,5),7,5)),7,8) C f(cl(V, T, 9)).

(3) = (4) Let K be a fuzzy (r, s)-regular closed set of
Y. Since int{ K, r, 8) is a fuzzy (7, s)-preopen set, by (3),

c(f(int(cl(int(K,r,s),7,5),7,5)),7,5)

C fHd(int(K, T, 8),7,5)).

Since int(K,r,s) = int{cl(int(K,r,s),r,s),7,s) and
K = cd(int(K,r, s),r,s), we have

cd(f~int(K,r,s)),r,s) C fHK).

(4) = (5) Let G be a fuzzy (r, s)-B-open set. Then
G C (c@int(c(G,r,s),r,8),r,s) and cl(G,r,s) is a
fuzzy (r, s)-regular closed set. Hence by (4), we have

cl(f int(cl(G, T, 8),71,8)),1,8) C Y el(G,r, 5)).
(5) = (6) It is obvious.

(6) = (1) Let V be a fuzzy (r,s)-open set; then
since V is a fuzzy (r, s)-semiopen set, by (6) and V C
int(cl(V,r, s),r,8), we have

A(fHV),7,8) © cd(F 7 (int(cl(V,7,5),7,5)), 7,5)
< FEA(Vir, ).

Hence, f is a fuzzy weakly (r, s)-continuous mapping. [
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