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Abstract

The object of this paper is to introduce the notion of compatible mapping of type() in intuitionistic fuzzy metric
space, and to establish common fixed point theorem for five mappings in intuitionistic fuzzy metric space. Our research

are an extension for the results of [1] and [7].
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1. Introduction

Grabiec|1] obtained the Banach contraction theorem in
setting of fuzzy metric spaces introduced by Kramosil and
Michalek[3]. Also, Park and Kim|8] proved a fixed point
theorem in a fuzzy metric space.

Recently, Park et.al.[11] defined the intuitionistic fuzzy
metric space in which it is a little revised in Park{4], and
Park et.al.[6] proved a fixed point theorem of Banach for
the contractive mapping of a complete intuitionistic fuzzy
metric space. Also, Park et. al.[7] obtained a fixed point in
M -fuzzy metric spaces.

The object of the paper is to introduce the notion of
compatible mapping and compatible mapping of type(cy) in
intuitionistic fuzzy metric space, and to establish common
fixed point theorem for five mappings in this space. These
results have been used to obtain generalization of Grabiec’s
contraction principle. Our research are an extension for the
results of [1] and [7].

2. Preliminaries
We give some definitions, properties of the intuitionis-
tic fuzzy metric space as following :

Definition 2.1. ([12]) A operation * : [0, 1]x[0,1] — [0, 1]
is continuous ¢—norm if * is satisfying the following con-
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ditions:
(a)+ is commutative and associative,
(b)« is continuous,
(©)a*x1=aforalla €0,1],
(daxb< cxdwhenevera < candb < d(a,b,c,d e

[0,1]).

Definition 2.2. ([12])A operation o : [0,1] x [0, 1] — [0, 1]
is continuous t—conorm if ¢ is satisfying the following
conditions:

(a)o is commutative and associative,

(b)o is continuous,

(cyaoB=qforalle € {0,1],

(daob > codwhenevera < candb <d (a,b,¢,d €
[0,1]).

Definition 2.3. ([5])The 5—tuple (X, M, N, %, ¢) is said to
be an intuitionistic fuzzy metric space if X is an arbitrary
set,  is a continuous {—norm, ¢ is a continuous t—conorm
and M, N are fuzzy sets on X? x (0,00) satisfying the
following conditions; for all z, y, z € X, such that

@M (z,y,t) > 0,

(b)M(ZC,y,t) =l =y,

(©M(z,y,t) = M(y,a,1),

DM (z,y,1) » M(y, 2,8) < M(z, 2.t +5),

(&M (z,y,-): (0,00) — (0, 1] is continuous,

(ON(z,y,t) >0,

(g)N("E?yvt) =0&=2z=y,
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(h)N(.T, Y, t) = N(y7 z, t)’

(N (z,y,t) o N(y,2,8) > N(z,z,t + s),

()N (z,y,-) : (0,00) — (0,1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric
on X. The functions M(z,y,t) and N(z,y,t) denote the
degree of nearness and the degree of non-nearness between
x and y with respect to ¢, respectively.

Example 2.4. ([10])Let (X, d) be a metric space. Denote
axb=abandaob=min{l,a+ b} forall a,b € [0,1]
and let My, Ny be fuzzy sets on X2 x (0,00) defined as
follows :

kt™
M )= —————
d(x;ya ) kt"+md(:c,y)’
d(x,
Nd(xayat) = ( y)

Kkt 4 md(z, y)

for k,m,n € Rt(m > 1). Then (X, My, Ny, *,0) is an
intuitionistic fuzzy metric space. It is called the intuition-
istic fuzzy metric space induced by the metric d.

Definition 2.5. ([10]) Let X be an intuitionistic fuzzy met-
ric space.

(@) {zr} is said to be convergent to a point z €
X by lim, oz, = z if im0 M(xy,z,t) = 1,
lim,, oo N(zp,z,t) = 0forallt > 0.

(b) {z,,} is called a Cauchy sequence if
lim N(zpip,2n,t) =0

n—o0

lim M(2nyp, zn,t) =1,

n—oo

forall{ > 0andp > 0.
(c) X is complete if every Cauchy sequence converges
in X.

In this paper, X is considered to be the intuitionistic
fuzzy metric space with the following condition:

lim M(z,y,t) =1, lim N(z,y,t)=0 1)
t—ce t—o0

forallz,y € X and t > 0.

Lemma 2.6. ([6])Let {z,,} be a sequence in an intuition-
istic fuzzy metric space X with the condition (1). If there
exist a number k € (0,1) such that for all z,y € X and
t>0,

M(In+2, Tn+1, kt) > M(xn-f—l; Ly, t))
N($n+2a Tn+1, kt) < N(xn—i-la T,y t) (2)

forallt > Oandn = 1,2,---
sequence in X.

, then {z,} is a Cauchy

Proof. From the simple induction with (2), we have

t
M(.’En+2,$n+1,t) Z M($2,I1, k__n)a

t
N(Znt2, Zng1,t) < N(zg, 21, 7@7) (3
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forallt >0andn=1,2,.--.
Hence, by (1) and (3), we have

M(xp, Tpip,t)

t t
S P S A
N(In,xn—i-p’t)

t t
= N(xl’IQ’W)o ...... o N(zy,za, k:"+P—2)

Therefore, from (1), we have

limy, o0 M(:Bn,xn+p,t) >1*x1kecee-- *> 1
hmn—>oo N(.’Dn,xn_;’_p’t) S 0000 ---.-- S S 0’

which implies that {x,,} is a Cauchy sequence in X. O

Lemma 2.7. ([8])Let X be an intuitionistic fuzzy metric
space. If there exists a number & € (0,1) such that for all
z,y € Xandt >0,

M("I/" y) kt) Z M(l‘, y’ t)’ N("‘v7 y) kt) S N(x7 y’ t)’

then x = y.

3. Compatible mapping of type(«)

In this part, we will introduce the concepts of compati-
ble mappings of type(a) and give some properties of these
mappings for our main results.

Definition 3.1. ([7])Let A, B be mappings from intuition-
istic fuzzy metric space X into itself. The mappings are
said to be compatible if

lim M(ABz,,BAz,,t) =1,

n—o0

lim N(ABz,, BAz,,t) =0

n—00
for all ¢ > 0, whenever {z,} C X such that
limy, oo Az, = lim, oo Bz, = z for some z € X.

Definition 3.2. Let A, B be mappings from intuitionistic
fuzzy metric space X into itself. The mappings are said to
be compatible of type(c) if

lim M(ABz,, BBz,,t) =1
and lim M(BAxz,, AAz,,t) =1,

n—oo

lim N(ABzy, BBz,,t) =0

n—00

and lim N(BAz,, AAz,,t) =0

for all ¢ > 0, whenever {z,} <C X such that
lim, o Az, = lim, o Bz, = z forsome z € X.
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Proposition 3.3. Let X be an intuitionistic fuzzy metric
space and A, B be continuous mappings from X into it-
self. Then A and B are compatible iff they are compatible
of type(a).
Proof. Let {z,} <C X such that lim, ,oc Az, =
limy, oo Bz, = z for some x € X. Since A is contin-
uous, we have

lim AAz, = lim ABzx, = Az.

n—oo N-=r00
Also, since A, B are compatible,

lim M(ABz,, BAz,,t) =1,

n-—>0o0

lim N(ABz,, BAz,,t) =0

n—o0

for all £ > 0. From the inequality
M(AAz,, BAz,,t)
> M(AAz,, ABz,, %) « M(ABz,, BAz,, %)
N(AAz,, BAz,,1)
< N(AAz,, ABz,, %) o N(ABz,, BAz,, —;—)
Therefore

lim M(AAz,, BAz,,t) =1,

— 00

lim N(AAz,, BAz,,t) =0.

n—00

Also, we obtain

lim M(BBz,, ABx,,t)

n—o0

=1,
lim N(BBzy, ABzy,,t) = 0.

Hence A, B are compatible of type(a).

Conversely, let {z,} C X such that lim, o, Az, =
lim,, .o Bz, = z for some x € X. Since B is continu-
ous, we have

lim BAz, = lim BBz, = Bz.

n—oo n—00
Also, since A, B are compatible of type(a), we obtain

lim M(ABx,, BBx,, E)

n—o0 2

= lim M(BAz,, AAz,, %) =1,

n—oo
t

lim N(ABz,, BBx,, =

= lim N(BAz,, AAz,, E) =0
n—0c0 2

for all ¢ > 0. From the inequality
M(ABz,, BAz,,1)
> M(ABz,, BBz, %) + M(BBz,, BAz,, %)
N(ABz,,BAz,,t)
< N(ABzn, BBz, %) o N(BBz,, BAz,, %

).

Therefore
lim M(ABz,, BAz,,t) =1,
n—00
lim N(ABz,, BAz,,t) =0.
Ty OO
Hence A and B are compatible. W]

Proposition 3.4. Let X be an intuitionistic fuzzy metric
space and A, B be mappings from X into itself. If A, B
are compatible of type(a) and Az = Bz for some z € X,
then ABx = BBz = BAx = AAx.

Proof. Let {z,} C X defined by lim,, o z, = z for
somer € Xandn = 1,2,--- and Axr = Bxz. Then we
have

lim Az, = lim Bz, = Az = Bzx.

Since A, B are compatible of type(w), we obtain

M (ABz, BBz,t) = im, o M(ABzx,, BBxz,,t) =1,
N(ABz, BBz,t) = lim,_,oc N(ABz,, BBx,,t) = 0.

Therefore ABx = BBz.

Similarly, we have BAx = AAx. Since Az = Bz,
BBr = BAx. Hence ABxr = BBx = BAx =
AAzx. O

Proposition 3.5. Let X be an intuitionistic fuzzy met-
ric space and A, B be mappings from X into itself. If
A, B are compatible of type(er) and {z,} C X such that
limy, oo Az, = lim,, .o Bz, = z for some x € X, then
(@)lim,,—, o, BAz, = Az if A is continuous at x € X,
(b)ABz = BAz and Az = Bz if A and B are contin-
uousatz € X.

Proof. (a)Since A is continuous at x and lim,, o, Az, =
z, lim,_,o, AAz, = Az. Since A, B are compatible of
type(a), we have

lim M(BAx,, AAz,,t)

n—o - 1,
lim N(BAz,, AAz,,t})=0

nN—>c0

for all t > 0. From (d) of Definition 2.3,

lim M(BAz,, Ax,t)

n—oo
> lim M(BAzn, AAzy, %)

* lim M(AAz,, Az, -;—) >1

n—o

lim N(BAz,, Az,t)
n—oo

< lim N(BAa:n,AAzn,E)

n—>00 2

¢ lim N(AAz,, Az, E) <0.
n—00 2
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Hence lim,, ., BAz,, = Ax.

(b)Since lim,, o, Az, = lim,_, Bz, = z and
A,B are continuous at z € X, we have, by (a),
lim,, o ABz, = Az and lim,, . BAz, = Bzx.

Thus, from the uniqueness of the limit, Az = Bz. By
above Proposition 3.4, ABx = BAx. O

4. Some results for five mappings using
compatibility of type(c)

Now, we will prove some fixed point theorems for five
mappings satisfying some conditions.

Theorem 4.1. Let X be a complete intuitionistic fuzzy
metric space with txt > ¢, tot < tforall ¢ € [0, 1] and sat-
isfy the condition (1). Let A, B, S,T and P be mappings
from X into itself such that

(@P(X) c AB(X), P(X) C ST(X),

(b)There exist k € (0,1) such that for all z,y € X,
B€(0,2)andt >0,

M(Pz, Py, kt)

> M(ABz, Pz, t) * M(STy, Py,t) *
*M(STy, Pz, 8t) * M(ABz, Py, (2 — B)t)
*M(ABz, STy, t),

N(Pz, Py, kt)

< N(ABz, Pz,t) o N(STy, Py, t) ¢
ON(STy, Pz, 5t) o N(ABx, Py, (2 - B)t)
oN(ABz, STy, t),

(¢)PB=BP,PT =TP,AB=BAand ST =TS,
(d)A and B are continuous,
(e)P and AB are compatible of type(c),

OM(z,STz,t) > M(z,ABz,t), N(z,S5Tz,t) <
N(z,ABz,t)forallz € X andt > 0.

Then A, B, S,T and P have a common fixed point in
X.

Proof. Because of P(X) C AB(X), for fixed zp € X,
we can choose a point z; € X such that Pzy = ABz;.
Also, since P(X) C ST(X), we can choose zo € X for
this point z; such that Pz; = ST'z,. Inductively construct
sequence {y,} C X such that yo,, = P2, = ABzonq1,
Yoyl = Propyr = STxopgq forn =1,2,---. By (b),
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we have

M (yan+1,Yon+2, kt) = M(Pzont1, PTonta, ki)

> M(yan, Yon+1,t) * M(Y2n+1, Y2n+2,t)
*M (Yan+1, Yan+1, ) * M (Yon, Yont2, (1 + q)t)
*M (Yan, Y2n+1,1)

> M(yon, Y2n+1,t) * M(Y2n+1, Y2n+2, 1)
*M (y2n, Yon+1, ),

N(Y2n+1,Y2nt2, kt) = N(Poni1, PTonta, kt)

< N(Y2n, Yant1,t) © N(Y2n+1, Y2n+2, t)
ON (Y2n+1, Y2n+1, 1) © N(Y2n, Y2n+2, (1 + 9)t)
oN (yan, Y2n+1,1)

< N(Y2n, Y2n+1,t) © N(Y2n+1, Yanto, t)
ON (Y2 Y2n+1, qt)

forallt >0and f =1 — qwithq € (0,1).

Since * is continuous and M (z,y,-), N(z,y, ) are
continuous, let ¢ — 1 in above equation, we obtain

M (Yan+1, Yon+2, kt)

> M (Yon, Yon+1,t) * M(Y2nt1, Yant2,t), (4)
N(Y2n+1,Y2n+2, kt)

< N(Y2n, Y2n+1,t) © N(Y2n+1, Y2nt2, t)-

Also, we have

M (y2n+2, Yan+3, kt)

> M(Y2nt1,Y2n+2,t) * M(Y2nt2, Y2nts,t) (5)
N (Y2n+2, Yan+3, kt)

< N(Y2n+1,Y2nt2,t) © N(Y2n+2, Y2n+3: t)-

From (4) and (5),

M (Yan+1, Yan+2, kt)

> M (Yn, Yn+1, t) * M(yn—i—la Yn+25t),
N(Y2n+1,y2n+2, kt)

< N(Wn> Ynt1,8) © N(Ynt1, Ynt2: t)

forn=1,2,---.
Then for positive integers n and p,

M (Yn+1, Y2, kt)

t

> M(Yn, Ynt1,t) * M(Yni1, Yn+2, ﬁ)

N(Yn+1,Ynt2, kt)

t
S N(ynayn—%-l’t) <>N(yn+17y’n+2? E)

Hence, since lim, oo M(Yn+1,Ynt2, kt) = 1,
lim,,— 0o N (Unt1, Yn+2, kt) = 0, we have

M(yn+1a Yn+2 kt) 2 M(yna Yn+1, t)v
N(yn-l-la Yn+2, kt) -<- N(yna Yn+1, t)'
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By Lemma 2.6, {y,} is a Cauchy sequence in X and
since X is complete, {y,} converges to a point z € X.
Since { Pz}, {ABz2n+1}, {STxon+2} are subsequences
of {yn}, limp oo P2 = = = limpoo ABZony1 =
limy,— oo STxont+2. Also, since A, B are continuous
and P, AB are compatible of type(a), by Proposition
3.5(a), we have lim,, ..o PABzo,y1 = ABz and
lim, .00 (AB)?Z9n,+1 = ABz. By (b) with 8 = 1, we
obtain
M(PABzanq1, Pronio, kt)
> M((AB)*z2p41, PABzn11,t)
*M(STx2n12, Pronya,t)
*M(ST:IIQn+2, PAB:E2n+1 5 t)
*M((AB)*Tant1, PTonia,t)
*M((AB)QIZ‘H.-I—I, STx2n+27 t)v
N(PABm2n+1, PZL'QTH_Q, k'f)
< N((AB)ZI'ZTH—D PAB$2n+1at)
ON(STxoni2, Proanta,t)
ON(ST.I'Q,—H_Q, PAB:L'zn_H, t)
ON((AB)2$2n+1, P:L‘gn+2, t)
ON((AB)%xgn 41, STTon 12, 1)

which implies that

M(ABz,z, kt)
= lim M(PAB:EQn+1, P$2n+2, k't)

>1x1% M(x, ABz,t)« M(ABz,x,t)
*M(ABz,z,t)

> M(ABz,z,t),

N(ABz, z, kt)

= Hm N(PABzany1, Ptonta, kt)

N~ 0
<0000 N(z,ABz,t) o N(ABz,z,t)
oN(ABz,z,t)
< N(ABz,z,t).
Hence, by Lemma 2.7, ABx = x.

Also, by (f), since M (z, STz, t) > M(z, ABz,t) =1
and N(z,STz,t) < N(z,ABz,t) = O forallt > 0, we
get STx = x.

By (b) with 5 = 1, we have

M{PABz, Pz, kt)

> M((AB)?2op41, PABzopy1,t) * M(STz, Pz,t)
«M(STz, PABzani1,t) * M((AB)*zan41, Pz, t)

s M((AB)*z2n41, STz, t),

N(PABz, Pz, kt)

< N((AB)?z2n41, PABzopn,1,t) o N(STx, Pz, t)
ON(STz, PABza,,1,t) o N((AB)*w2,41, Px,t)
ON((AB)’zon41,5Tx, t).

Thus

M(ABz, Px, kt)
= lim M(PABzan,1, Pz, kt)

n—o0

>1%1%x1xM(ABz, Pz,t) %1
> M(ABz, Px,t),

N(ABz, Pz, kt)

= lim N(PABzani1, Pz, kt)

T~ OO

<000000 N(ABzx, Pz,t) o0
< N{ABz, Pz,t).
Therefore by Lemma 2.7, ABx = Pz = z.

Now we will show that Bx = z. By (b) with 5 =1
and (c), we obtain

M(Bz,z, kt)
= M(BPz, Pz, kt)
= M(PBz, Pz, kt)
> M(ABBz,PBz,t) * M(STz, Px,t)
*M(STz, PBz,t) * M(ABBz, Pzx,t)
*M(ABBz,STz,t)
=1x1% M(z,Bz,t) « M(Bz,z,t) * M(Bz,z,t)
> M(Bz,z,t),
N(Bz, z, kt)
= N(BPz, Pz, kt)
= N(PBz, Pz, kt)
< N(ABBz, PBz,t)o N(STz, Px,t)
oN(STz, PBz,t) o N(ABBz, Pz,t)
oN(ABBz, STz, t)
= 0000 N(z,Bz,t)o N(Bz,z,t) o N(Bzx,z,t)
< N{Bz,z,t)
which implies that Bx = z. Since ABx = «x, hence
Az = z. Now, we will prove that Tx = z. By (b) with
8 =1 and (c), we get
M(Tz,x, kt)
= M(TPz, Px, kt)
= M(Pz,TPx,kt)
=1x1xMTz,z,t)* M(z,Tx,t)
*M(z,Tz,t)
> M(Tz,z,t),
N(Tz,z, kt)
= N(T Pz, Pz, kt)
= N(Pzx, TPz, kt)
=0000N(Tz,z,t) o N(z,Tz,t)
oN(z,Tz,t)
< N(Tz,z,t),
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which implies that Tz = z. Since STz = z, we have
Str = STx = z. Therefore, we obtain Axr = Bx =
Sz = Tz = Px = z, that is, x is common fixed point of
A, B, S, Tand P.

Finally, the uniqueness of the fixed point of A, B, S, T
and P follows easily from (b). Hence x is unique common
fixed point of the five mappings A4, B, S, T and P. O

Corollary 4.2. Let X be a complete intuitionistic fuzzy
metric space with t ¢ > ¢, tot < ¢t forall ¢t € [0,1]
and satisfy the condition (1). Let A, B and P be mappings
from X into itself such that

@P(X) C A(X), P(X) C S(X),

(b)There exist £ € (0,1) such that for all z,y € X,
B€(0,2)andt > 0,

M(Pz, Py, kt)
> M(Az, Px,t) « M(Sy, Py,t) * M(Az, Sy, Ot) *

*M(Az, Py, (2 — B)t) * M(Sy, Pz,t),

N(Pz, Py, kt)
< N(Az, Pz,t) o N(Sy, Py,t) o N(Az, Sy, ft) ¢

oN(Az, Py, (2 — B)t) o N(Sy, Pz,t)

(i)A is continuous,

()P and A are compatible of type(c),

&M(z,Sz,t) > Mz, Az,t), N(z,Sz,t) <
N(z,Az,t) forallz € X and t > 0.

Then A, S and P have a common fixed point in X.

Proof. Let Ix be the identity mapping on X. Then the
proof follows from Theorem 4.1 with B =T = I'x O

Corollary 4.3. Let X be a complete intuitionistic fuzzy
metric space with t x ¢t > ¢, 1ot < t forall ¢t € [0,1] and
satisfy the condition (1). Let P be a mapping from X into
itself such that

(h)There exist k& € (0,1) such that for all z,y € X,
B€(0,2)and ¢ > 0,

M(Pzx, Py, kt)

> M(z, Pz,t) « M(y, Py,t) * M(y, Pz, Bt) *
*M(z, Py, (2 — B)t) x M(z,y,1),

N(Pz, Py, kt)

< N(z, Pz,t) o N(y, Py,t) o N(y, Pz, t) o
oN(z, Py, (2 — B)t) o N(z,y,t)

forall z,y € X, 8 € (0,2) and ¢ > 0. Then A, S and P
have a common fixed point in X.

Proof. The proof follows from Theorem 4.1 with A =
B=5S=T=1Ix ]

Corollary 4.4. (Extension of Banach contraction theo-
rem)Let X be a complete intuitionistic fuzzy metric space
withtxt > t, tot < tforallt € [0,1] and satisfy the
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condition (1). Let P be a mapping from X into itself such
that there exist k € (0, 1) such that

M(Pz, Py, kt) > M(z,y,t), N(Pz,Py,kt) < N(z,y,t)

forall z,y € X and ¢ > 0. Then P has a fixed point in X.
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