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Abstract

We investigate the images and preimages of intuitionistic fuzzy G-equivalence relations and G-congruences

under product mappings.
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0. Intro duction

As a generalization of fuzzy sets defined by
Zadeh[15], the notion of intuitionistic fuzzy sets was
introduced by Atanassov[l]. Recently, Coker[4], Hur
et al. [8], and Lee and Lee applied intuitionistic fuzzy
sets to topology. Also, Banerjee and Basnet[2], and
Hur et al.[6,7,10] applied to group theory using intu-
itionistic fuzzy sets. In particular, Hur et al.[9] ap-
plied intuitionistic fuzzy sets to topological group. In
1996, Bustince and Burillo[3] introduced the concept
of intuitionistic fuzzy relations and studied some of its
properties. In 2003, Deschrijver and Kerre[5] investi-
gated some properties of the composition of intuition-
istic fuzzy relations. Furthermore, Hur et al.[11-13]
studied various properties of intuitionistic fuzzy rela-
tions and intuitionistic fuzzy congruences.

In this paper, we investigate the images and preim-
ages of intuitionistic fuzzy G-equivalence relations and
G-congruences under product mappings.

1. Preliminaries

In this section, we will list some concepts and results
needed in the later sections.

For sets X,Y and Z, f = (f1,f2) : X - Y x Z
is called a complez mapping if fi : X — Y and
f2: X — Z are mappings.

Manuscript received Jun. 12, 2008; revised Aug. 30, 2008.

Throughout this paper, we will denote the unit in-
terval as I and X,Y, Z,--- denote {ordinary) sets.

Definition 1.1[1,4]. Let X be a set. A complex map-
ping A = (p4,va): X — I X1 is called a intuitionistic
fuzzy set (in short, IFS) in X if pa(z) + va(z) < 1
for each z € X, where the mappings p4 : X — I and
va : X — I denote the degree of membership (namely
pa(z)) and the degree of nonmembership (namely
va(z)) of each x € X to A, respectively. In particular,
0. and 1. denote the intuitionistic fuzzy empty set
and the intuitionistic fuzzy whole set in X defined by
O-(z) = (0,1) and 1.(z) = (1,0) for each z € X,
respectively.

We will denote the set of all the IFSg in X as
IFS(X).

Definition 1.2[1]. Let X be a nonempty set and let
A= (pa,va) and B = (up,vg) be IFSg on X. Then
(l)ACBiﬂ‘MASIuB and v4 > vp.
(2) A=Biff ACc Band B C A
(3) A® = (va, pa).
(4) ANB= (,U,A ANUB,VA \/VB).
(5) AUB = (ua V ug,va Avp).

Definition 1.3[4]. Let {A;};cs be an arbitrary fam-
ily of IFSg in X, where A; = (14,,v4,) foreach i € J.
Then
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(a) NAi = (Apa, Vva,).
(b) U4 = (V pa,s Ava,).

Result 1.A[1, Corollary 2.8]. Let A,B,C,D be
1FSg in X. Then
(WAcCcBadCcCD=AUC C BUD and
AnCcBND.

(2ACBand ACcC=ACBnNC.
B)AcBand BCC= AUBCC.

() AcBand BCC= ACC.

(5) (AUB)¢ = A°N B¢, (ANB)* = A°UB°.

(6) AC B= B°C A"

(7) (A%)° = A.

(8) 1.6 =0,0.°=1..

Definition 1.4[3]. Let X and Y be sets.

(1) R = (pg,vr) is called an intuitionistic fuzzy re-
lation from X to Y if R € IFS(X x Y).

(2) R = (pg,vr) is called an intuitionistic fuzzy re-
lation (in short, JFR) on X if R € IFS(X x X).

We will denote the set of all intuitionistic fuzzy re-
lations on X as IFR(X).

Definition 1.5[5]. Let R be an intuitionistic fuzzy re-
lation from X to Y and let H be an intuitionistic fuzzy
relation from Y to Z. Then the composition H o R of
R and H is an intuitionistic fuzzy relation in X x Z
defined as follows: For each (z,2) € X x Z,

MHOR(:U, Z) = \/er[:U‘R(:Ea y) A NH(:U, Z)]
and

VHoR(ma Z) = /\yey[VR(xa y) \% VH(% Z)]

Definition 1.6[3,5]. Let R be an intuitionistic fuzzy
relation on a set X.

(1) R is said to be intuitionistic fuzzy reflexive if for
each z € X, pugr(z,z) =1 and vr(z,z) = 0.

(2) R is said to be intuitionistic fuzzy symmetric
if for each (z,y) € X x X, ur(z,y) = pr(y,z) and
vr(2,y) = va(y, 2).

(3) R is said to be intuitionistic fuzzy transitive if
RoRCR.

(4) R is called an intuitionistic fuzzy equivalence
relation on X (in short, IFER) if it is reflexive, sym-
metric and transitive.

We will denote the set of all intuitionistic fuzzy
equivalence relations on X as IFE(X).

Result 1.B[13, Proposition 2.2(2)]. If R is
an intuitionistic fuzzy G-preorder on a set X, then

RoR=R.

Definition 1.7. Let R be an IFR on a set X and let
(M, 1) € (0,1] x [0,1). Then R is said to be:

(1) (A, p)-reflezive if R(a,a) = (A, ), and pgr(a,b) <
A and vg(a,b) > p for any a,b € X.

(2) an intuitionistic fuzzy (A, p)-equivalence relation
on X if it is (A, p)-reflexive, intuitionistic fuzzy sym-
metric and transitive.

We will denote the set of all intuitionistic fuzzy
(A, w)-equivalence relations on X as IFE(y ,,y(X).

Definition 1.8[13]. Let R be an intuitionistic fuzzy
relation on a set X. Then R is said to be G-reflexive
if for any z,y € X with x # y

(i) pr(z,z) > 0 and vgr(z,z) < 1,

(i) pr(z,y) < 61(R) and vr(z,y) > 62(R), where
61(R) = Njex tr(t,t) and 82(R) =V, x vr(Z, 1)

An intuitionistic fuzzy G-reflexive and transitive re-
lation on X is called an intuitionistic fuzzy G-preorder
on S. An intuitionistic fuzzy symmetric G-preorder
on X is called an intuitionistic fuzzy G-equivalence re-
lation on X. We will denote the set of all intuitionistic
fuzzy G-equivalence relations on X as IFEq(X).

It is clear that if (A\,u) = 1., then intuitionistic
fuzzy (X, p)-equivalence relation is an IFER and every
intuitionistic fuzzy (A, p)-equivalence relation is a G-
equivalence relation.

2. Images and preimages of intuitionis-
tic fuzzy equivalence relations and con-
gruences on a groupoid

Definition 2.1[9]. Let R be an intuitionistic fuzzy
relation on a semigroup S.

(1) R is said to be intuitionistic fuzzy left [resp. right]
compatible if pr(z,y) < pr(te,ty) and ve(z,y)
vr(tz,ty) [resp. pr(z,y) < pr(at,yt) and vr(z,y)
vr(zt,yt)] for any z,y,t € S.

(2) R is said to be intuitionistic fuzzy compatible
if pr(z,y) A pr(a,b) < prlza,yb) and vg(z,y) Vv
vr{a,b) > vr(za,yb) for any z,y,a,b € 5.

(3) R is called an intuitionistic fuzzy left congruence
[rest. right congruence and congruence] if it satisfies
the following conditions:

(i) It is an intuitionistic fuzzy equivalence re-
lation.

(ii) Tt is left compatible [resp. right compati-
ble and compatible].

2
2

It is clear that R is compatible if and only if it is
both left and right compatible.

We will denote the set of all ordinary congruences
and the set of all intuitionistic fuzzy congruences on a
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semigroup S as C(S) and IFC(S) respectively.

Definition 2.2[4]. Let X and Y be nonempty sets
and let f: X — Y be a mapping. Let A = (ua,v4)
be an IFS in X and B = (up,vp) be an IFS in Y.
Then
(a) the preimage of B under f, denoted by f~1(B),
is the IFS in X defined by:
f_l(B) = (f_l(,u'B): f—l(VB»’
where /=" (u) = up o f.
(2) the image of A under f, denoted by f(A4), is the
IFS in Y defined by:
F(A) = (F(a), f ),

where for each y € Y

Fun) = { Jeermwral® E 10
and
v -1
f(VA)(y):{ {\xef_l(y) 4(@) ii ;—18§i

For sets Xy, X1,Yp and Y1, let fo: Xog — Yy and f; :
X; — Y7 be mappings. Then g: Xox X; — Yy x Y is
called the product-mapping of fo and f; if g(zg,z1) =
(fo(zo), f1(x1)) for each (zg,z1) € X x X1. In this
case, we write g = fo X fi.

In particular, for a mapping f : X — Y, we denote
the product mapping f x f: X x X - Y x Y as f2.

Proposition 2.3. Let R be an intuitionistic fuzzy
compatible relation on a groupoid S and let D be a
group01d If f: D — S is a groupoid homomorphism,
then f~1 ( ) is an intuitionistic fuzzy compatible re-
lation on D, where f~1" = (f x f)~L.

¥(R) € IFR(D).

Proof. It is clear that f~ Let

a,b,¢c,d € D. Then
Nf—lz(R)(ac> bd) = pr((f x f)(ac, bd))
= pr(f(ac), f(bd))
= ur(f(@)£(¢), F(b)f(d) (Since f
is a groupoid homomorphism)
> pr(f(a), £(0)) A pr(f(e), f(d))
(Since R is intuitionistic fuzzy
compatible)
= ur(f x £)(a,b) A pr(f x f)(e,d)
= ppo1z(pyla, b) A pg-12(gy(c,d)
and
Vf—lz(R)(ac’ bd) = VR(f( )a f(bd))
= vr(f(a)f(c), f(b)f(d))
< va(f(a), 7(0)) V vr(f(c), f(d))
= Vo2 (gy(a,0) Va2 (c,d).
Hence f‘lZ(R) is an intuitionistic fuzzy compatible
relation on D. O
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Proposition 2.4. Let R be an intuitionistic fuzzy
relation on a groupoid D and let S be a groupoid. If
f:D — S is a groupoid homomorphism, then f2(R)
is an intuitionistic fuzzy compatible relation on S.

Proof. It is clear that f2(R) € IFR(S). Let
u, v, w,r € 5.
Case(i) : f~'*(u,v) = 0 or f~*(w,r) = §. Then
F3(R)(u,v) = (0,1) or f2(R)(w,r) = (0,1). Thus
psr(ry(uw,vr) > 0 = prp2(gy(u, v) A g2 (ry(w,T)
and
viz(ry(uw,vr) < 1= vpz(py(u,v) V vz g w,r).
Case(ii) : Suppose f~1%(u,v) # @ and f~1*(w,r) #
(. Then clearly, f‘12(uw,vr) # (. Thus
Hf2(R) (uw’ UT) = \/(w,z’)ef“lz(uw,vr) /J‘R(w’ xl)
= \/(ac,bd)ef—12 (uw,vr) pr(ac, bd)
= V(#(ac), (b)) =(uro o) #r(aC, bd)
= V(5@ 1(e),10) £ d)) = ,0m) HR(0,
bd) (Since f is a groupoid homo
-morphism)
2 V@), 1 0)=(w,0).(£(0).f@)=(w,r)
[ur(a,b) A pr(c,d)] (Since R is
intuitionistic fuzzy compatible)
= {V(a,b)efflz(u,v) 1r(a,b)IA
Vicwer-12(w,n #r(C,d)}
= py2(r)(u, V) A piya(ry (W, 7)
and
Vyz(r) (ww, vr) = N (g orye =12 (uw,ory VR(E, )
(ac,bd)e =12 (uw,vr) VR(G’C’ bd)
= Ns(ac), £ (b)) =(uw,or) VR(0C; bd)
= /\g;(a)f(c)J(b)f(d))z(uw,w) vr(ac,

= ANt@, 500 =), (1), F @) =(w.r)
[VR(a> b) v VR(Ca d)]
= {/\(a,b)ef_12 (u) I/R(a, b)}V
/\(c,d)ef~12(w,r) vr(c,d)}
= vsar)(u,v) V vy (w,r).
Hence f%(R) is an intuitionistic fuzzy compatible re-
lation on S. U

Proposition 2.5. Let f : X — Y be a mapping. If
R is an intuitionistic fuzzy (A, pu)-equivalence relation
on Y, then f~**(R) is an intuitionistic fuzzy (), u)-
equivalence relation on X.

Proof. For each a € X, let f(a) = u. Then
F7(R)(a,a) = (1r(f*(a,0)), va(f*(a, a))
= (ur(f(a), f(a)),vr(f(a), f(a)))
= (pr(u, u), vr(u, u))
= (A, ). (Since R is (A, p)-reflexiv-
)

(¢]
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For any a,b € X, let f(a) = v and f(b) = v. Since R
is (A, p)- reflexive,

prr-12(gy(a,b) = pr(f*(a,b)) = pr(fla), f(b)) =
.U'R(U'a 'U) <A

and
Vp-12(r)(a, b) = vr(f*(a,b)) = vr(f(a), f(b)) =

vriu, v)
Thus f~! (R) is (A, p)-reflexive. Moreover,

F72(R)(a,b) = (er(f2(a,b)), vr(f2(a,b))
= (ur(f(a), (b)), vr(f(a), £(b)))
= (1r(u,v), vr(u,v)))
= (pr(v,u), vr(v,u))) (Since R is
intuitionistic fuzzy symmetric)
= (pr(f*(a,0)), vr(f*(a,1)))
= 2 (R)(b,a).
So f _IQ(R) is intuitionistic fuzzy symmetric. On the
other hand,
ll'f—lz(R)of—ﬂ(R)(a‘v b) =V, exltp-12ry(a, z)A
,U“f—lz(R)(x’b)]
=V exltr(F((a, 2))A
ur(f*(z,b))]

= Veexpr(f(a), f(z))A
pr(f(z), f ())]
= Vzex{.“R(u te)
pr(tz,v))]
< Vweytr(u,w) A pr(w,v)]
= firor (U, V)

< pr(u,v) (Since R is intuit-
ionistic fuzzy transitive)
= ur(f*(a,b))
= Hyp-rz (a b)
and
NeexVi-12(my(a,x)V
Viorzgy (2, 0)]
= Naex[Vr(f*((a, 2))V
vr(f?(2,b))]
/\:cEX[ (u»tz))
VR(tzav))]
(
)

Vi-iz(myof-12(m) (@ b) =

Nwey [vr(u, w) V vr(w, v)]
VRror(U, v
vr(u,v)
vr(f*(a,b))

= Vi (a,b).
Thus f _12(R) is intuitionistic fuzzy transitive. This
completes the proof. O

v v

The following is the immediate result of Propositions
2.3 and 2.5.

Corollary 2.5.
(A, p)-congruence on a groupoid S.

Let R be an intuitionistic fuzzy
Iff: D — 8§

is a groupoid homomorphism, then f *12(R) is an in-
tuitionistic fuzzy (A, p)-congruence on D.

Definition 2.6. Let f : X — Y be a mapping and let
R € IFR(X). Then R is said to be:

(1) intuitionistic f-invariant if f*(a,b)
implies R(a,b) = R(a1,b1).

(2) weakly intuitionistic f-invariant if f*(a,b) =
f?(ay,b) implies R(a,b) = R(a1,b).

= f*(a1,b1)

It is clear that if R is intuitionistic f-invariant, then
R is weakly intuitionistic f-invariant, but not con-
versely.

Example 2.6. Let X = {a,b,c¢,d}, Y = {z,y} and
let f: X — Y be the mapping defined as follows:

fla)=f®)=f(c) == and f(d)=
Consider the intuitionistic fuzzy relation on X defined
as follows:

R l a b c d

a (T1,S1) (T2,52) (T3753) (7‘4,34)
b (7‘2,82) (7‘1,31) (7“2,82) (7‘4,84)
¢ | (ry,82) (re,s2) (r3,s3)  (ra,s4)
d | (r3,s3) (ri,s1) (r3,83) (r1,81),

where r;,8; € I, 7; + 8; < 1 and (r4,8;) # (rj,s;) for
1 # j. Then we can easily see that R is intuitionistic
weakly f-invariant but not intuitionistic f-invariant.

Theorem 2.7. Let f: X — Y be a mapping. If R is
an intuitionistic fuzzy weakly intuitionistic f-invariant
symmetric relation on X with Ro R = R, then R is
intuitionistic f-invariant.

Proof. For any a,a;1,b,b; € X and any u,v € Y, sup-
pose f2(a,b) = f?(a1,b1) = (u,v). Let z € X. Then
there exists a unique t, € Y such that f2(z,z) =
(t:cata:)7 fz(a,x) - (u>tz) = f2(a1,:c) and fz(va) -

(tz,v) = f2(z,b1). Since R is weakly intuitionistic f-
invariant, R(a,z) = R(a1,z) and R(z,b) = R(z,b,).
On the other hand,
R(a,b) = (Ro R)(a,b)
= (V,exlpr(a, 2) A priz, b)),
NzexVr(a,z) V vr(z,b)])
= (Vyexlur(ar, z) A pr(z,b1)),
Azexvr(a1,2) V vr(z, b))
(,UfRoR(alabl) Vror(a1,b1))
= R o R(al, bl)
= R(al, bl)
Hence R is intuitionistic f-invariant. O

The following is the immediate result of Result 1.B
and Theorem 2.7.

279



International Journal of Fuzzy Logic and Intelligent Systems, vol. 8, no. 4, December 2008

Corollary 2.7. Let f : X — Y be a mapping. If
R is an intuitionistic fuzzy (A, p)-equivalence (or G-
equivalence) relation on X which is weakly intuition-
istic f-invariant, then R is intuitionistic f-invariant.

Proposition 2.8. Let f : X — Y be a surjec-
tive mapping. If R is an intuitionistic fuzzy (A, u)-
equivalence relation on X which is weekly intuition-
istic f-invariant, then f2(R) is an intuitionistic fuzzy
(A, p)-equivalence relation on Y.

Proof. Let u € Y. Since f is a surjective mapping,
there exists a,a’ € X such that f(a) = u = f(a). By
Corollary 2.7, R is intuitionistic f-invariant. Then
fz(R)(u,u) = (V(z,z/)ef—lz’(u,u) pr(z, '),
(z,z)Ef~1% (u,u) VR(‘T’ ZL‘/))
=V p2(o.0)= uyu) #R(2, ),
A2 =(uw) VR(E: 7))
= (Vi2(e,0)=s2(a,0) R(Z: 2);
As2(@a0)=12(a,0) VR, 7))
= (pr(a, a),vr(a,a))
= R(G,, a)
= (A, ). (Since R is (A, p)-reflexive)
Let u,v € Y. Then there exist a,b € X such that
f2(a,b) = (u,v) and f%(b,a) = (v,u). Then
112y (% 0) =V (z, 2y)e f12(uw) HR(T1, T2)
= \/f2(m1,z2)=(u,1,) pr(z1,T2)
= \/f2(z1,x2)=f2(a,b) pr(z1, 2)
= pr(a,b) (Since R is intuitionistic
f-invariant)
< X (Since R is (A, p)-reflexive)
and
Vi) (U 0) = Ny 25y 12 (uw) VR(T1, T2)
= /\fZ(wl’wz):(u,v) vr(z1,%2)
= /\fz(zhzz)=f2(a,b) VR(Z1,22)
= VR(a'a b)
2
So f2(R) is (A, p)-reflexive. Moreover, f2(R) is intu-
itionistic fuzzy symmetric.

Let z € X. Then there exists a unique t, € Y
such that f%(a,z) = (u,ty), f?(x,b) = (tz,v) and
f2(z,z) = (tz,tz). Thus

tr2(ry(u,v) = pr(a,b) (Since R is intuitionistic f-
invariant)
> pror(a,b) (Since R is intuitionistic
fuzzy transitive)
= Viexlnr(a, z) A pr(z,b)]
= Vaex ks (r)(u,ta) A pg2(ry(ta, v)]
(Since R is intuitionistic f-invariant)
= Vuwevkr2(r) (ww) A ppzry(w,v)]
=V rpmora ) (v
and
vs(r)(u,v) = vr(a,b)
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vror(a,b)
/\wEX[VR(a7 "E) N VR(xv b)]
= /\mEX[VfZ(R) U, tz) \ Vf2(R)(tx7 U)]
= Nwey Vr2(r) (W, w) V vp2(ry(w, v)]
= Ap(myo2(r) (4, 0)-
So f%(R) is intuitionistic fuzzy transitive. This com-
pletes the proof. O

A

The following is the immediate result of Proposition
2.10.

Corollary 2.8. Let f: X — Y be a bijective map-
ping. If R is an intuitionistic fuzzy (), u)-equivalence
relation on X, then f?(R) is an intuitionistic fuzzy
(A, p)-equivalence relation on Y.

Definition 2.9. Let R be an IFR on a groupoid
S. Then R is called an intuitionistic fuzzy (X, p)-
congruence on S if it is a compatible intuitionistic
fuzzy (A, u)-equivalence relation.

Combining Propositions 2.4 and 2.9, we have the
following result.

Proposition 2.10. Let f : D — S be a groupoid
epimorphism. If R is an intuitionistic fuzzy (A, p)-
congruence on D which is weakly intuitionistic f-
invariant, then f2(R) is an intuitionistic fuzzy (A, u)-
congruence on S.

The following is the immediate result of Proposition
2.10.

Corollary 2.10. Let f : D — S be a groupoid
isomorphism. If R is an intuitionistic fuzzy (A, p)-
congruence on D, then f2(R) is an intuitionistic fuzzy
(A, p)-congruence on S.

3. Images and preimages of intuition-
istic fuzzy G-equivalence relations and
G-congruences on a groupoid

Definition 3.1[10]. Let R be an IFR on a groupoid S.
Then R is called an intuitionistic fuzzy G-congruence
on S if it is a compatible intuitionistic fuzzy G-
equivalence relation.

Proposition 3.2. Let f : X — Y be a surjec-
tive mapping. If R is an intuitionistic fuzzy G-
equivalence relation on X which is weakly intuition-
istic f-invariant, then f2(R) is an intuitionistic fuzzy
G-equivalence relation on Y with §(f2(R)) = 6(R),
where 5(R) - ((51 (R),(SQ(R))
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Proof. Let u # v € Y. Since f is a surjec-
tive mapping, there exist o', a # b € X such that
fla)=wu= f(a') and f(b) = v. Then
#F(R)(U, u) = V(x,z’)e_f-lz(u,u) nr(z,z')
=V p2(e,0)=f(a,0) HR(Z: )
= pr(a,a) (Since R is intuitionistic
f-invariant by Corollary 2.7)
> 0 (Since R is G-reflexive)
and
l/fz(R)(u,u) = /\(x’m/)equ(u,u) vr(z, ')
= Ar2(an=fla.a) VR(Z:Z')
< vi(a,0)
< 1.
Also,
Mf2(R)(Ua v) = V(;g,zf)ef—ﬂ(u,v) ,LLR(»"UJ?’)
= V20,0 =f u0) PR(Z, T)
= pg(a,b)(Since R is intuitionistic
Sf-invariant by Corollary 2.7)
< 01(R) = Nyex trlz, ) (Since R is
G-reflexive)
= Neex Hs2(r) (ter )
= Nuey Herm(w,w)
= 0(f*(R))
and
sz(R)(u" v) = /\(x,x’)ef"lz(u,v) vr(z, .T’)
= 2o,y uw) VR E)
= VR(a7 b)
2 02(R) =V ex vr(Z,T)
- Vxex Vf"(R)(t:u te)
= Voyey Vr2m) (w, w)
= 0o f*(R)).
Thus f2(R) is G-reflexive with §(f%(R)) = 6(R). In-
tuitionistic fuzzy symmetry and transitivity of f2(R)
can be proved, as shown in the proof of Proposition
2.10. This completes the proof. O

The following is the immediate result of Proposition
3.2

Corollary 3.2. Let f : X — Y be a bijective map-
ping. If R is an intuitionistic fuzzy G-equivalence
relation on X, then f2(R) is an intuitionistic fuzzy
G-equivalence relation on Y with 62(f(R)) = 6(R).

The following can be deduced from Propositions 3.2
and 2.4.

Proposition 3.3. Let f : D — S be a groupocid
epimorphism. If R is an intuitionistic fuzzy G-
congruence on D which is weakly f-invariant, then
f?(R) is an intuitionistic fuzzy G-congruence on S

with 8(f?(R)) = d(R).

The following is the immediate result of Proposition
3.3.

Corollary 3.3. Let f: D — § be a groupoid isomor-
phism. If R is an intuitionistic fuzzy G-congruence on
D, then f%(R) is an intuitionistic fuzzy G-congruence

on S with §(f?(R)) = 6(R).

Definition 3.4. Let R€ IFR(Y) and let f: X - Y
be a mapping. Then R is said to be intuitionistic
f-stable if f2(a,b) = (u,u) where @ # b € X and
u € Y, implies that ur(f?*(a,b)) < pr(f?(z,z)) and
vr(f*(a,b)) > vr(f*(z,z)) for each z € X.

Example 3.4. Let X = {a,b,c} and let ¥ =
{u,v,w,r}. Consider the mapping f: X — Y defined
as follow: f(a) = f(c) = v and f(b) = v.

We define two complex mappings R = (¢g,vr),
H = (ug,vyg): Y xY — I x I as follows:

Rl(u,u} = (%a %)7 R('va) = R(wvw) = R(T’ 7') =

1

Rz(s?t) = (3 L foreach s#teY
and

H(u,v) = H(u,w) = H(v,v) = H(w,w) = (},2),

H(u,u) = H(r,r) = (1, 2),

H{v,u) = H(w,u) = H{v,w) = H(w,v) =

H(r,u) = H(u,r) = H(v,r)

= H(r,v) = H(w,r) = H(r,w) = (1,3).

Then

ur(f*(a,)) = pr(u,w) = 1 < pul(f2(z, ) for

each z € X
and

ve(f3(a,c)) = vr(u,u) = 2 > vp(f3(z,)) for

each z € X.
Also,

wa (F(0,0)) = (s, 0) = 3 < pusg (f2(3,2)) for

eachz e X
and

vir(f2(a,)) = vai(uyu) = £ > v (f(,)) for

each z € X.
So R and H are intuitionistic f-stable. It may be
noted that R is an intuitionistic fuzzy G-equivalence
relation on Y, whereas H is not an intuitionistic fuzzy
G-equivalence relation on Y.

Proposition 3.5. Let f: X — Y be a mapping and
let R be an intuitionistic fuzzy G-equivalence relation
on Y which is intuitionistic f-stable. Then f~'*(R)
is an intuitionistic fuzzy G-equivalence relation on X
with & (f~**(R)) > 61(R) and 82(f~1*(R)) < 62(R).
Furthermore, if f is surjective, then 6(f "12(R)) =
§(R).

Proof. Let a € X. Then
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Hyg-12(p) (a7 a) = :U'R(fQ(aa a))
— ur(f(a). £(a))
> 0 (Since R is G-reflexive)
and
Vi-12(gy(a,a) = vr(f*(a,a))
— va(f(a), f(a)
< 1.
Let a # b € X. Then there exist u,v € Y such that
f(a) =w and f(b) =wv.
Case(i): Suppose u = v. Then
Hyp-12¢py (a,b) = pr(f*(a,b))
= “R(ua u)
< pr(f?*(z,z)) for each z € X (Sinc-
e R is intuitionistic f-stable)
= fig-12(gy(z, ) for each 2 € X
and
Vf_xsz)(a, b) = I/R(f2(a7b))
= VR(ua u)
> vg(f?(z,z)) for each z € X
= V2 (@, ) for each 7 € X.
Case(ii) : Suppose u # v. Then
Uf‘lz(R)(&s b) = pr(f*(a,b))
= //‘R(u, ’U)
< 61(R)
= Awey #r(w,w) (Since R is
G-reflexive)
< Avex #R(F(@,3))
= Npex quﬂ(R)(x,x)

=8(f"*(R)
and

Vi1z(gy(a,b) = vr(f*(a,b))

= VR(uv U)

> 02(R) =V ey vr(w, w)

2 Viex Vr(f2(z, 7))

= Veex Vi—12(r) (@, 2)

= 8(f*(R)).
In all, f_12(R) is G-reflexive with &; (f‘lz(R)) >
81(R) and b2(f~'*(R)) < 8;(R). As in the proof of
Proposition 2.5, we can show that f‘lz(R) is intu-
itionistic fuzzy symmetric and transitive. Moreover, it
is clear that if f is surjective, then 5(f‘12(R)) = §(R).
This completes the proof. [

The following is the immediate result of Proposition
3.5.

Corollary 3.5. Let f : X — Y be an injective
mapping and let R be an intuitionistic fuzzy G-
equivalence relation on Y. Then f _lz(R) is an in-
tuitionistic fuzzy G-equivalence relation on X with
§1(f~*(R)) > 81 (R) and 82(f'*(R)) < 82(R). Fur-
thermore, if f is surjective, then &{ f‘lzﬁR)) = 6(R).
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The following can be deduced from Propositions 3.5
and 2.4.

Proposition 3.6. Let f : D — S be a groupoid
homomorphism. If R is an intuitionistic fuzzy G-
congruence on S which is intuitionistic f-stable, then
f~Y(R) is an intuitionistic fuzzy G-congruence on D
with 8,(f~1(R)) > 6,(R) and &(f~*(R)) < 62(R).
Furthermore, if f is surjective, then §{ f‘lz(R)) =
S(R).

The following is the immediate result of Proposition
3.6.

Corollary 3.6. Let f : D — S be a groupoid
monomorphism. If R is an intuitionistic fuzzy G-
congruence on S, then f -1 (R) is an intuitionistic
fuzzy G-congruence on D with 6;(f*(R)) > 61(R)
and 82(f~Y*(R)) < 84(R). Furthermore, if f is surjec-
tive, then §(f " (R)) = &(R).
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