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ABSTRACT

This paper provides a general and compact expression for the probability density function (pdf) and the

moment-generating function (MGF) of the maximal ratic combiner output over Rayleigh fading channels. It is
then used to derive closed form expression bit error rate (BER) for M-PSK, M-PAM and M-QAM, respectively.

A variety of simulations is performed and shows that they match exactly with analytic ones.

I. Introduction

Diversity is an effective technique wused in
wireless communication systems to combat the
performance degradation caused by fading. It can
alleviate the deleterious effect of fading by means
of multiple reception of the same information
bearing signals. Recently, communication systems
in which spatial diversity is achieved by multiple
communication nodes collaborating together to form
a virtual antenna array have been proposed "M\
This form, called cooperative communication, was

exploited to overcome some scenarios where

wireless mobiles may be unable to support multiple
antennas due to size or other constraints', So, it
allows single-antenna mobiles to gain several
benefits of transmit diversity.

When  evaluating the  performance  of
Decode-and-Forward (DF) relaying system [3]-[7]
or repetition coding [8] on Rayleigh fading
channels using Maximal Combining Ratio (MRC)
combining technique [9] at the destination, we
usually deal with the problem of finding the
expression for pdf of a sum of independent
exponential random variables. For simplicity, some
previous analysis [3]-[7] always assumed that the
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Rayleigh fading channels among nodes are
independent and identically distributed (i.i.d) or
independent but not identically distributed (i.n.d.).
However, in real scenarios, the condition of ii.d.
and i.nd. among channels is not always happened
and considering the most general case in which
only some or all channels whose expected values of
channel powers are distinct is more generalized and
appropriate. Although, [10] suggested the way to
calculate pdf expression for the case where are
some channel powers of the same mean and the
remaining of different means. However, this case is
really not the most general case and also be a
special case of the case we will study. In this
paper, beside the general formula for pdf is
established, the exact closed form expression of
BERs for M-PSK, M-PAM and M-QAM as well as
the outage probability over Rayleigh fading
channels are done. In addition, the closed-form
BER expression of 2-P Rx transmit diversity [11]
as well as the outage probability of repetition
coding [8] are derived as typical applications for
the derived expressions.

The rest of this paper is organized as follows. In
section II, we introduce the model under study.
Section III shows the formulas allowing for
evaluation of the average SNR, MGF, outage
probability, and average BER for M-PSK, M-PAM
and M-QAM modulation scheme. Some application
scenarios whose performance can be evaluated by
using the derived expressions will be performed in
Section IV. Section V, we contrast the simulations
and the results yielded by theory. Finally, the paper
is closed in section VI

II. System model

We consider a diversity reception system for
M-PSK, M-PAM and M-QAM over N independent
Rayleigh fading channels. The complex baseband
equivalent signals received over the i-th channel

can be written as

r,(¢)=h,(t)s(t) +n,(t)i=1,2,.N n
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where  h,(t)=a,® is a zero-mean complex

Gaussian random variable with a
Rayleigh-distributed amplitude o; and a uniformly
distributed phase angle ¢,. s(t) is the complex
baseband transmitted signal. n,(t) is a zero-mean
complex Gaussian random variable representing the
AWGN with variance N, which is the one-sided
power spectral density in V?/Hz. Due to Rayleigh
fading, the channel powers, denoted by |k, =d?,
where i=1,..,N are independent and exponential
random variables whose means are A,.

We assume matched filter detection and
perfect channel estimation for the systems. The
average error rates of modulation schemes in slow
and flat Rayleigh fading channels can be derived
by averaging the error rate for the AWGN channel

over the pdf of the SNR in Rayleigh fading.
Po= [ Plms, (e 2
€ fo e)f, (y)dy @

where P(ely) is the error rate conditioned on 7,
f,(%) is the pdf of the instantaneous SNR per bit .
Let us define 4, denotes the instantaneous SNR of
each path received by the destination with their
expected values ~=(&/N,)A. For MRC, 7 is
defined as

N

v=(5/N)Y, 3)

i=1

where F is the average energy per bit defined

as with E is the average symbol energy.
E, = E [log,(M)

. Derivation and Analysis

In this section, important performance criteria for
the MRC system operating over Rayleigh fading
channels for the most general case will be studied.

3.1 pdf formulation

In order to evaluate exactly the performance of a
MRC reception system over Rayleigh fading
channels, the probability density function of a sum
of independent exponential random variables (r.v.’s)
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must be known. Depending on values of 4, , we
can classify them into three distinguished cases:

a) 7y =-=q=-=nv,=7 for all i, this case is
called as ii.d. case which was considered in
[12]-[13] and [15].

b) :y—, are distinct for all i, this case is called as
i.nd. case which was considered in [12].

¢) Otherwise, some equalities among the ~,.
Note that two above cases and the case
mentioned in [10] are also special cases of case

(©).
For ease of analysis, we sort and renumber the

7, in ascending order as

W= == <Y == =B < (4a)

<7r,+r_,+-~v+r,‘_|+1:'": 7r,+r2+--<+r,\: 5/\'

For convenience, we rewrite (4a) as

== ’Y_r.: 8, (4b)
’Yr|+1:“': ,yrl+ Tz: 132

Tt re 1 == =By

where
® § << <<y
"
® Y7, =N, r, is a positive integer.
fasy}

Because all Rayleigh channels are independent;
the Laplace transform of the Rayleigh-distributed
pdf can be evaluated in closed form with the
result [16]:

zvg(s)=1;v[M(s)=f;[( 1_) )
i=1 i=i\ 1—s7,

where A{(s) is the moment generating function

(MGF) of the instantaneous fading ~, given by

M (s)= (6)

1“3';1

Using the partial-fraction expansion [17] for the
MGF, (5) can be shown that

K A
M(s)= 3] 2[(—1’“—} ™

where

(r, o}
Apn = : {6(,‘ Py [(1~Sﬂ,()"M;(s)]]lﬂ_L

{r,—m)! | 5s .
(8)

In addition, for convenience, the coefficients
A, can be obtained more easily by solving the
system of N equations which is established by
randomly choosing N distinct values of s but not
equal to any 3,. Denoting N values of s as B,
with u=1,..,/V, we can obtain the linear system

of equations as

PP

®

in =

1],

/3;\)"] i=1 ]‘_Bu;r

Thus A=[A,‘1---Ak‘,,-‘-A,‘.”]" is obtained by
A=C 'D where []” is a transpose operator, C is
a NXN matrix whose elements are C,=1/

k-1
(i-B3,)" with v=n+ Nor, D-[Dy D, DT
(=1

N _
with D,=[[(1-87) ' and wv=1,... N
i=1

Finally, the pdf of + is determined by the
inverse Laplace transform of Af(s) as follows
[13], [17]:

Ty o 1 A3

[gz_: LU

where U() is the unit-step function and
rny= [ tte ta
- e

3.2 Average output SNR

The average SNR per bit of the maximal ratio
combiner output can be easily obtained from the
first derivative of AL(s) evaluated at s=0 [16, p.
4, eq. (1.2)]. Differentiating (7) with respect to s
and evaluating the result at s=0, we obtain:

dM (s K
Yure= —L— Z 2 A B, an

“ln =1

As a check, consider the iid. case, ie,

= —7\ 4. Then, from (11) we have:
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Yrrc™ N; (12)
which agrees with [16, p. 332, eq. (9.55)].

3.3 The outage probability

P, ., is defined as the probability that the MRC
output SNR falls below a certain predetermined
threshold SNR v, and hence can be obtained by
integrating the pdf of ~:

Pui= [ 10w (13)

Solving (13) gives:

P, iz 4,,|1-e Z(}’xh/ﬂk)

k=1 n=1 u=0 u!
(14)
Note that for ~,=-=~,=7, (14) becomes:
-—N 1
P —1- Z ('m/v 1s)

which is in agreement with the previous known
result [15, p. 283, eq. (6.25)] as expected.

3.4 Bit Error Rate

In this section, we derive the exact bit error
probability of M-PSK, M-PAM and M-QAM for
the most general case of 7. It is assumed that
the bit-symbol mappings follow a Gray code. To
obtain the BER of M-PSK, M-PAM or M-QAM
with MRC reception over Rayleigh fading
channels, the derivation methods mentioned in
[12], [16] are employed.

3.4.1 M-PSK
To obtain the BER of M-PSK with MRC on

Rayleigh fading channels, we proceed analogous
to [12]

log2M Ee Pr{6 € 0,,}
(16)

where 6, =[07,07]=[2m—3)r/M, (2m—1)x/M
M and e,
errors in the decision region ©,,. With no loss of

generality, it is assumed that ¢=0, the
probability Pr{6 € ©,,} is

for m=1,.. is the number of bit

0y poo
Pr{pe6, )= f - f . Fo Ol 05, (v)dydo

5
{k

n'n [GU’GL ’ﬁk]

where f,(0l¢,y) is defined by [12, eq. (9b)] and using the analysis in [12], In[O'}},

derived as follows:

9

/ f fo(6l,y)—— F( 3 e_ﬁ_"dvdﬂ]} 17
k

?;ﬂk]can be

In[9U70L;ﬂk])= o
tan” ! (o) \n=1
. ? = Gl
- Py . - myYn-
2 sin (tan l(aU)) ! 7;;0 cosZ(pvq)“(ta.n-l(am))
T p=l¢=1 [4((;{1’})2-%1]” v
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L (2+ - ,,Zo(p) [((,Lg)“’ﬂ}er
5P . m - (18a)
2 sin(tan™ (o)) T cos’z(p-q)“(tan‘l(a/L" )]

7f st (4w +1)"

= +/log, (M)B, sin(6%),u7 = +/log, (M)B, sin(67') (18b)
o = /iog, mws(ez",)/ ('">2+1 o = Jlog DBy eos @)/ e P51 (180)

= up/  (up) + 1,07 = up /Wl ) +1 (18d)

p

o = (2(” )44[2(;; )+1]

(18e)

3.4.2 M-PAM
For M-PAM in which M=2" with m=1,2,... , the BER in the AWGN channel is given in [18] as

1 logyM(1 . 27")ar~1

PPAMely) = —Mlogz 7 21 Z]O E‘l‘,erfc( \/'&T?'; )] (19a)
I pg! J w1
U l A u— 2 1
t=(-1) M (2 - l vM, +5 J) (19b)
7, = (20+1)*3(log, M)/ (MF— 1) (19¢)

where v denotes the SNR per bit, |z | denotes the largest integer to x and erfc(.) is the complimentary err
or function.
In order to obtain the average BER over Rayleigh fading channels, we take the expectation with respect
to the channel and use the results obtained in [Appendix]. Then we have:
[

PAM| * 1 eeMa-2 a0 1 K & - 1e'w/d‘
g (6)—[0 |:M0g2]‘/[u_21 1;‘0 :verfc(,/sllv'y)kg Z[ n

O
1 logaM(1 -2 “)as--1 K Tk
= Miog,01 2, 20 & 2} Z (4., H[¥,5.n]] (20)
3 1 lemMa-27ar- P& \/”@T 2] 1
- MlogzMugl Zﬁ - E 2 [ 1+¥,6, = o [4 1+v.8.)
3.4.3 M-QAM I-ary PAM for the in-phase component and J-ary
It is straightforward to find BER of a PAM for the quadrate component, where
rectangular or square QAM if 'we treat it as two M=2"=IxJ with m=1,2,... The exact average
independent PAM  constellations [14], [18]. BER of M-QAM in an AGWN channel is given
Consider two independent PAM constellations:
by [18]
1 g fl1-27i-1
L EE A [mwend VAA)] |+
A A, — u= 17
1;;70 (El'}’) - logz(IJ) 1 log/[(1-27")J-1 (Zla)
S| S8 it
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where

ey { por 1 J (2c+1)*3log, (1)
—(— X -1 _ il — 2
I'ab)=(-1) (2 e + 5 ) , A, Py s (21b)
For this case, it is similar to the case of M-PAM, from (2), (10) & (21), we have:
1 logol [(1-2791-1
- 7 2 [Fl(u’ )erfc( v 'Y)] K T -1,/
BYe) :/ Wg_l(}'_ﬁ oz (l—l;:)J—l by [Ak’"%_ #
PSS Ik v | R
loga/ [(1-27)7-1 K T 1 *7/3;
1 ,—
1 1 =1 &4=0 [FI k212—31[ k"-/ erfc( ’)ﬂ
= e e o 22)
log, (ZJ) | 1 s/ [(1-27)u-1 K T v/m (
’ 7 FJ E kn/ CTfC( Vv
v=1 L=0 k=1n=1
By using the result in [Appendix], we can rewrite (22) as follow
1 logo [(1-2797-1
7 [F (u l )E E Ak nH{Fu’ﬁk’n]]}]
PQA”( )= 1 u=1] 4=0 k=1n=
log, (ZJ)| 1 leedfa-2707-1 Ty
'—] 2 FJ(’U,Z )E Z Ak "H[I—.:ﬂﬂk7n]
v=1| =0 k=1n=
1 logo? [(1-27")1-1 K A ﬁk 2]
- F( yl ) !
1 | I&= 11§=]0 e E E 144 ﬂk Jro Jl 4(1+4 Bk)]]l 23)
" log, (ZJ)| 1l [1-2790-1 K T 3 n 1 2
2 1 FJ(’U,ZQ)Z Z Au k .72
Y=Y = K=in= 1+ 4,8, JrO 12 1+/1,ﬂ )]h
IV. Applications where N denotes the number of blocks, &;
captures the effects of path-loss and multi-path
In this section, some application scenarios fading; R is pre-specified transmission rate. If we

whose performance can be evaluated by using our

performed for

derived expressions will be

illustrative purpose.

4.1 Repetition Coding

The repetition coding problem was described in
[8]. In here, by using our derived formula of pdf,
the closed-form expression of outage
probability instead of of
repetition coding system over Rayleigh fading can
be obtained. In particular, we must calculate the

exact
limiting  analysis
following expression [8, eq. (9}

N
P, =Pr| Y SNRR[ <2V -1

i=1

29
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N pu—
let ~,=SNRIhSv= Yy, with 5= ASNR, v, =2""-1
i=1

and applying the result given by (15), we have:

1—e ﬁ_tnzj ('7th1/fk)u ]}

@25

K T
= E E Ak‘n
k=1ln=1

4.2 Alamouti code

Another typical application is to establish the
exact closed-form BER of the
Alamouti code [19] for 2 transmit antennas (Tx’s)
and P receive ones (Rx’s). )

Alamouti code for two Tx’s is represented by

expression

a transmission matrix

Slsz]
* *
898

(26)
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where s, and s, are two consecutive M-PSK,
M-PAM or M-QAM modulated symbols; ()*
denotes complex conjugate operator.

The signal transmission on two Tx’s is
processed as follows. At the first time slot, s,
and s, are simultaneously sent on antenna 1 and
2, respectively. Then, —s, and s, continue to be
transmitted on antenna 1 and 2 at the second
time slot.

Channel model: The flat fading channel is
usually assumed for most spatial diversity systems
in which path gains h,; from Tx 7 to Rx i are
modeled as samples of independent zero-mean
complex Gaussian random variables (ZMCGRVs)
with variances 2),;, and are constant during
two-symbol durations but change over longer
intervals where ¢t=1,2 and i=1,...,P.

Receiver: Consider the case of P Rx’s. The
received signal is a superposition of signals from
two Tx’s attenuated by flat fading and corrupted
by noise given by

™y 81hy; t8hy oy (27a)

G

Toi = S;hu +‘9:h2,i RECY (27b)

where r,, and r,, are the received signals at the
Ist and 2nd time-durations of Rx i n,; and n,,
are independent zero-mean complex Gaussian
random variables with variance A.

Assuming coherent detection, maximum likelihood
(ML) decoding can be achieved based only on
linear processing at the receiver [20]. As a result,
the symbols s, and s, are estimated by

b
s = Z ["Lih:.i +(r2,i)*h2.,} (28a)
i=1
P * *
sy =20 [rh, =, )iy (28b)
i—1
Substituting r,; and r,; from (27) into (28), we
obtain
P
s = E(lhx.f +|h2,112)”'1 +n, (29a)
i1
Jid
sy = (lhl,i|2 + lh‘z,llz)sz +n, (29b)

i

where
I
= Enl.ih’;.i +n;ih2,i (30a)
i=1
P * *
Ny = 231”1,1"12,, —ny il (30b)
Let

P

0= _2]1(1h1,i|2 +1h, )= Aﬁﬁhﬁ 31
where b, =lh, * are exponentially distributed
rv.’s with u=({—1)P+i.

From (30), we find that n, and n, are
ZMCGRVs with the identical variance ), given
the channel realizations. Rewrite (29) in the
following form

s, =0s +n, (32a)
s’y = 2s,+n, (32b)

Because s, and s, are attenuated and corrupted
by the same fading and noisy level, their
probability of error is equal. As a result, BER of
s, is sufficient to evaluate the performance of the
system. Applying the results given by (16), (20)
and (23), we can easily obtain the bit average
BERs of the Alamouti code for 2 transmit
antennas (Tx’s) and P receive ones (Rx's) for
M-PSK, M-PAM, M-QAM, respectively.

V. Numerical Results

In this section, some examples of the average
BER of M-PSK, M-PAM and M-QAM over
Rayleigh fading channel paths are given. Results
computed using our theoretical analysis and Monte
Carlo simulation are compared. Let us denote w
as a vector consisting of value of A of each
path, w is appropriately chosen for the illustrative
purpose, ie. w=[0505111 15], it s
straightforward to see that {8, 8, 8,]={0.51 1.5]
and [r, r, ry]=[22 1]. From Fig. 1 and Fig. 3,
we study the average BER performance for
different levels of M-PSK, M-PAM and M-QAM
modulation, respectively. Note that with Gray
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Avacage Bit Ecror Rate

Y 12PSK- Skmutation
———64PSK . Analysts
S| O 84-PSK . Simutation
] 1 F] 3 4 5 s 7 8 ] 10
Average SNR per Bit {dB]

I8 1. #d#e] Holgelx M-PSKell Higt BERAYS
Fig. 1. Exact BER for M-PSK over Rayleigh fading paths

Average Blt Error Rute

7
W0 n T 1 L s s s L n
1 2 3 4 5 6 7 8 8 10

Average SNR per Bit {98}

38 2. #dele] slol=el M-PAMS]| 3t BERA S
Fig. 2. Exact BER for M-PAM over Rayleigh fading paths

code used for bit-symbol mappings, average BER
of BPSK is same with that of QPSK and
4-QAM. In addition, it can be seen that, our
analytical results and the simulation results are in
excellent agreement.

Fig. 4 shows the outage probability of repetition
coding for different values of N where a certain
combination of ), is chosen correspondingly to each
N for the illustration. In particular, we selected w as
w=[1], w=[051], w=[0511], w=[05111],
w=1[0505112] for N =1, 2, 3, 4, 5, respectively.
It can be observed from the figure that the analytical
results match tightly the
Moreover, it is realized that the diversity order

simulation resulits.
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O 4.2AM - Simutation
—— B.QAM - Analysis

2l O 8aAR. Simulation
10 H —— 16 QAM . Analysis

W 16-04M . Simulation
————— 64.QAM - Analysis

& 64-QAM - Simutaton
LT3 256.GAM - Analysiz

X 256.0AM - Stmulation
------- 1024-QAM - Analysis

< 1024-QAM - Simulation

T T . s . ) ) L

L] 1 2 3 4 5 &
Average SNR per Bit [dB}

Averags Bit Ertor Rate

28 3. o] Holde|4 M-QAMel i BERAE
Fig. 3. BER for M-QAM over Rayleigh fading paths

Qutage Probability

[0 81 Skmulation .

cf| O n-2. simulation . "'~V
W e N3 . Analysis AN

X N-3. Simulation .

W =4 Simutation T
------- §=5.. Anclysis %

¥ N=5. Simutation
* n n L L L : I L L
o H 4 & 8 0 12 ] % 8 26
Avarnoe SNR ner Rt fdR)

12 4. R=0.5bpsfHz <A WM& %33} Outage 35
Fig. 4. Outage Probability of repetition coding for £=0.5
bps/Hz

increases according to the number of blocks N
which is consistent with what was found in [8].
In Fig. 5 and Fig. 6, we study the average BER
of the Alamouti code for 2 transmit antennas (Tx’
s) and 6 receive ones (Rx’s) for M-PSK, M-QAM
over Rayleigh fading paths whose expected values
of channel powers are given in Table 1.

It can be seen that there is no difference
between the theoretical formulas and simulation
results. In addition, the more receive antennas are
deployed, the better performance is obtained. It
also noticed that all results match with that
reported in [20].
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L L N L L
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Average SNR per Bit [dB]

32| 6, 32-PSKeliA] Alamouti ¥E¢] 7 BERAS
Fig. 6. Average BER of Alamouti code for 32-PSK with
different values of P

Table 1
]'t,i ’izl,“.,ﬁ
M; | 0.5 058 1 1 1
A; | 06105 1 1 1

VI. Conclusion

In this paper, the average BER for M-PSK,
M-PAM, M-QAM and outage probability of MRC
over slow and frequency non-selective fading
channels were analyzed. Their validity was

demonstrated by a variety of Monte-Carlo
simulations. The expressions are general and offer
a convenient way to evaluate any system which
exploits MRC technique.
Appendix

The purpose of this appendix is to evaluate the
integral used in (19) and (22):

L2
b

B labnl= [ “ersdl Vi)

T dy (32)

where erfe(z)= —f (

in [16, p. 121, eq. (4A.6)). Interchange the order
of integration and apply the result in [16, p. 149,
eq. (5A.4a)], we obtain

)de is defined

H, [a,bn]
2/w/2[‘/m ,)p"le‘v/b}
=2 - T\
wJ 0 P sin?0] In)y
wl2 in? n
-2 (~—~— e ) @ (33)
J o \sin“d+ab

n 1

2 (zu) 4(1+ab)]
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