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The electrical repulsive energy between two model cylinders was calculated by solving nonlinear Poission- 
Boltzmann (P-B) equation under Derjaguin approximation. Effects of the surface potential, Debye screening 
length, and configuration of cylinders on the repulsive interaction energy were examined. Due to the anisotropy 
of the shape of cylinder, the interaction repulsive energy showed dependence to the configuration of particles; 
cylinders aligned in end-to-end configuration showed largest repulsive energy and crossed particles had lowest 
interaction energy. The configuration effect is originated from the curvature effect of the interacting surfaces. 
The curved surfaces showed less repulsive energy than flat surfaces at the same interacting surface area. The 
configuration dependency of interaction energy agreed with the previous analytical solution obtained under the 
linearized P-B equation. The approach and results present in this report would be applicable in predicting 
colloidal behavior of cylindrical particles.
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Introduction

Calculation of the electrostatic interaction between aniso
tropic colloidal particles suspending in an aqueous ionic 
solution is a complex problem to solve. Though many aniso
tropic particles suspending in an aqueous medium such as 
synthetic nanorod1,2 and natural biomolecular suspensions3,4 
have been exploited for the engineering and medical appli
cations, the analysis on the colloidal interaction between 
these particles has not fully understood yet. There are 
several difficulties in analyzing the electrostatic interaction 
of anisotropic particles; firstly, the electrostatic interaction is 
dependent to the configuration because of the anisotropic 
structure of interacting particles. Secondly, the governing 
equation of Poisson-Boltzmann equation (P-B equation) has 
inherent complexity with nonlinearity.5,6 Thirdly, the surface 
charge density of anisotropic particle changes with the gradi
ent of electrostatic potential at the surface. Thus, the charge 
density is not even on the anisotropic surfaces.7

Among many anisotropic colloidal particles, the cylindri
cal particles such as nanorods and nanotubes have attracted 
special interest because these cylindrical particles are promi
sing materials for the fabrication of future devices. To 
fabricate these colloidal cylindrical particles, analysis on the 
interaction energy between them is necessary. Analyses on 
the electrostatic interaction between cylindrical particles 
aligned in parallel have been carried out during last de- 
cades.8-11 In the previous studies, the electrostatic repulsion 
between two parallel cylinders were calculated under the 
assumption of linearized P-B equation with thin Debye 
screening length in comparison to the radius of the cylinder. 
This assumption is valid only for a system of colloidal 
cylindrical particles with a low surface potential (in general, 
< 25 mV at 25 oC) suspending in a highly concentrated ionic 
solution system whose Debye screening length is much 

smaller than radius of cylinder. The limitation of linearized 
P-B equation and low surface potential was overcome by 
introducing numerical technique. The numerical solution of 
nonlinear P-B equation enabled to analyze the interacting 
forces without above limits in more complex systems. By 
using bycylinder coordinates, the interaction free energy 
between two parallel cylinders with infinite length was solv
ed numerically.12 Another rigorous numerical study on the 
interaction energies between parallel cylinders with infinite 
length confined in a rectangular channel was reported by 
Ospeck and Fraden.13 In their study, the variation of electro
static repulsive force by the constriction of rectangular wall was 
calculated using finite element method (FEM). All of these 
studies were carried out for a system of infinite cylinders 
aligned in parallel. However, the parallel configuration is not 
sufficient to describe every possible colloidal interaction 
between two cylinders because enormous configurations can 
be made.

Interaction energy with the consideration of interparticle 
configuration of two cylinders was analytically solved by Halle.6 
Four canonical configurations of two cylinders were defined, 
and electrostatic repulsive energies of each configuration 
were calculated with the variation of separation distance. 
The analytical solution was expressed as an integration form 
in the function of linear charge density. However, in deriving 
above analytical solution, linearized P-B equation and linear 
charge density on the cylindrical particle were hypothesized. 
Due to these assumptions, the obtained solution was valid 
only when the cylinder has low surface potential and the 
interacting particles were separated far enough. Therefore, 
the result was not applicable when the particles strongly 
interacts each other in a short distance. When the highly 
charged surfaces were positioned close with each other, the 
electrical double layers were overlapped. This overlapping 
makes the interaction complex to analyze. As far as we 
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know, there is no analytical or numerical solution of the 
electrical interaction energy between two cylindrical parti
cles with the considerations of nonlinear P-B equation and 
configurations to date.

In this work, the electrical repulsive energies between two 
cylindrical particles are calculated numerically with the 
considerations of the high surface potential, electrical double 
layer overlapping, and configurations. For the calculation, 
four canonical configurations were defined and Derjaguin 
approximation (as known as Derjaguin integration method) 
was applied. Using the Derjaguin approximation, the electri
cal potential distribution between interacting surface elements 
were obtained while the surface potential and Debye screen
ing length were chosen as parameters. From the electrical 
potential distribution, the repulsive energy was calculated by 
considering osmotic pressure between surface elements. 
Since the Derjaguin approximation offers reasonable results 
when the interparticle distance is close enough, this ap
proach would be valid for the conditions where the cylindri
cal particles were positioned closely. Thus, numerical ap
proach would overcome the previous limitation of the 
conditions of strong surface potential, thick Debye screening 
length, and the short separation distance. This result is 
expected to be applicable in analyzing many colloid appli
cation systems such as liquid crystal, nanotubes, and colloi
dal nanorods.

Modeling of the System

In Figure 1, four canonical configurations were present. 
For a specific configuration, the interacting surfaces were 
defined as the orthogonally projected area of one cylinder to 
the other. The shadowed area in Figure 1 represents the 
interacting surfaces. Derjaguin integration method was 
applied between these interacting surfaces. The Derjaguin 
approximation is useful in calculating electrical potential 
distribution between surfaces with complex geometries.14 When 
applying Derjaguin approximation, the cylindrical particle 
surfaces were differentiated to discrete surface elements, and

Figure 1. Four canonical configurations of two finite cylindrical 
particles.

then corresponding surface elements were determined. The 
potential distribution between corresponding surface elements 
was calculated using finite element method. As the potential 
distribution is governed by nonlinear P-B equation, the 
numerical approach for the potential distribution is necessary. 
In calculating the electrostatic potential distribution, several 
assumptions were introduced. Firstly, the cylinders have 
same charge with constant surface potential. This constant 
surface potential condition is easily applicable to the real 
colloidal system in which the surface potential was approxi
mated by the zeta potential of the particles of interest. The 
condition of constant surface potential is valid when the 
particles were charged by the adsorption of ions to the 
surface15 though the surface charge and charge density 
would vary self-consistently in practice due to the dynamic 
equilibrium of ions. Secondly, the interaction energy was 
assumed to be independent to the particle concentration. 
From a previous experimental study on the electrophoresis 
of cylindrical colloidal particles, the interaction energy was 
not influenced by neighboring particles under a critical 
concentration.16 Thus, this assumption is valid when the particle 
concentration is low enough so that influence of neighboring 
particle can be ignored. Thirdly, the dielectric constant of the 
cylinder is assumed to be zero not to consider the potential 
distribution inside of the cylindrical particles. This assump
tion is valid many polymeric and biomolecular particles with 
low dielectric constant. Finally, the end effect of cylindrical 
particles was ignored in every calculation for the simplicity.

Canonical configurations of two cylindrical particles were 
defined in the same way as Halle suggested.6 The factors 
defining the configuration of particles are separation di
stance between particles, three angles, and the length of the 
cylindrical particles. In this study the lengths of cylindrical 
particles were set as L and the particles were aligned along to 
the symmetric axis. The four characteristic configurations 
were labeled as H, I, T and X configurations, respectively. 
The schematic layout of the canonical configuration is 
present in Figure 1.

After determining the configuration of cylindrical particles, 
the whole interacting cylindrical particle surfaces were dif
ferentiated to planar surface elements. The electrical poten
tial profile and the repulsive energy between these interact
ing planar surface elements were numerically calculated. 
The repulsive energy between each differential element was 
calculated from the potential profile, and then the total 
repulsive energy was obtained by integrating the each repul
sive energy working between surface elements. In Figure 2, 
a schematic diagram of interacting surface elements in the 
crossed (X) configuration is present. A differential surface 
element of one cylinder and corresponding surface element 
of the other cylinder is separated with a distance of h. The 
total interacting surface of one cylinder is marked as a 
shadow area. Each cylindrical particle has radius, 시, and 
length, L with shortest separation distance of d. The cylindri
cal wall of the particles was divided by 30 乂 30 differential 
surface elements in calculation. For the crossed configuration, 
the surface area is set as
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Figure 2. Schematic diagram of interacting surface elements 
between two cylindrical particles in the crossed (X) configuration. 
d is the shortest separation distance and h is the distance between 
interacting surface elements.
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For the other configurations, a similar approach has been 
carried out.17

Once the configuration and surface elements were deter
mined, the electrical potential profile between surface 
elements is calculated which is represented by the nonlinear 
P-B equation. In a colloidal system with monovalent (1:1) 
electrolytes, the P-B equation is expressed as follows;

W= 스는 s*% ⑶

where, Fa is faraday constant, C^ is bulk ion concentration in 
mole/L, £0 is vacuum permittivity, and 乌 is relative per
mittivity of suspending medium.18 By applying Derjaguin 
approximation, the P-B equation can be simply expressed in 
the rectangular coordinates present in equation (4).
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Above P-B equation can be expressed in the dimensionless 
form by introducing dimensionless parameters that are de
fined as

F 쏘 v二, a x쏘 =----- and y = -, (5),Rt 시

respectively.
The dimensionless form of P-B equation of (4) is
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where,人d, the Debye screening length, is defined as follows.
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The dimensionless forms of boundary conditions of constant 
surface potential, 쏘), are to be applied to solve equation (6) 
present in equation (8).

涉 쏘0= 스쏘- at h = 0 and h = d+2(시-cos--1-cos 잇 (8)
RT 시

By solving equation (6) with the boundary conditions of (8), 
the potential distribution between differential surface ele
ments could be obtained. From the potential distribution, the 
repulsive energy can be stated as a function of the potential 
at the middle position, 쏘 . The repulsive energy working 
between surface elements, AV「, is present as a function of 
dimensionless middle position potential, 쏘m .

AVr = Jh°2C^RT{ cosh(쏘 m)-1}dx (9)

In deriving equation (9), Maxwell stress was ignored since 
the potential profile was symmetric. Finally, the AV of each 
differential surface element was summarized to calculate 
total repulsive energy.

To obtain the potential profile from the nonlinear P-B 
equation, numerical method was applied. Equation (6) was 
solved using Gelakin finite element method (G/FEM) with 
quadratic basis functions. Newton’s method was applied 
until the potential values are converging under the tolerance 
of 1 x 10-4. From the potential profile, the middle point 
potential, 쏘m, was determined, and then the repulsive energy 
between surface elements was calculated in sequence.

Results and Discussion

Electrical interaction energy between cylindrical particles 
is subject to the configurations of particles since the inter
acting surface area and mean separation distance change 
with respect to the configuration. In general, the larger and 
the closer interacting surface area would result in higher 
repulsive energy, while longer separation distance reduces 
the repulsion. The curvatures and interacting surface area 
change with respect to the configuration. These interacting 
area and curvature changes would alter the interaction 
energy. The repulsive energies were calculated with the 
separation distance between d/a = 0.0 and 1.0 because the 
Derjaguin approximation is valid only when the separation 
distance is comparable to the curvature of the interacting 
surface.19,20

In Figure 3, the repulsive energy of cylindrical particles in 
the parallel (H) configuration is plotted against the dimen
sionless Debye screening length, Ka, with parameters of 
dimensionless surface potential. In calculation, the cylinder 
length of L was chosen as a, same to the radius of cylinder in 
order to express the repulsive energy in terms of dimension
less unit length of the cylinder. The interacting surface area
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Figure 3. Repulsive energy change between parallel cylindrical 
particles (H configuration); (a) at constant separation distance of d/ 
a = 1.0 with surface potential changes, (b) at constant surface 
potential of 牛0 = 1.0 with separation distances.

Figure 4. Repulsive energy change between cylindrical particles in 
end-to-end (I) configuration; (a) at constant separation distance of 
d/a = 1.0 with surface potential changes, (b) at constant surface 
potential of ㈣0 = 1.0 with separation distances.

2is 2시 . The repulsive energy is plotted at a constant 
separation distance of d/a = 1.0 in Figure 3(a). The higher 
surface potential, the larger repulsive energy was obtained at 
a constant Debye screening length. It is obvious that the 
electrical repulsion would increase as the surface potential 
of interacting particles increases. At a constant surface 
potential, thicker Debye screening length resulted in higher 
repulsive energy. The increase of Debye screening length 
leads to overlapping of electrical double layers around the 
cylindrical particles resulting in higher repulsion. In figure 
3(b), the repulsive energy at a constant surface potential of 
牛0 = 1.0 with the variation of the separation distance is 

present. The repulsive energy decayed as the separation 
distances were extended and Debye screening length de
creased. Decay of repulsive energy is reasonable considering 
that the overlapping of electrical double layers would be 
weakened as the interacting cylinders were separated apart. 
All of these repulsion energy dependences to the surface 
potential, separation distance, and Debye screening length 
were commonly observed in every canonical configuration.

Repulsive energy working between cylindrical particles in 
the end-to-end (I) configuration is shown in Figure 4. In this 
configuration, the interacting surfaces are the parallel cir
cular cross section of cylinders, and the separation distance of 
surface elements, h, is always consistent with the separation 
distance, d. The repulsive energy increased with Debye 

screening length and surface potential (Figure 4(a)), which 
is similar to the previous results of parallel configuration. At 
a constant separation distance, the repulsive energy also 
reduced with shrinkage of Debye length (Figure 4(b)). 
Reduction of repulsive energy with increase of ionic strength 
is commonly observed in most colloidal system, which is 
driven by screening of charged surface. The repulsive energy 
and separation distance showed log-linear relation which 
generally suggested in the repulsion between flat surfaces.19

When the cylindrical particles were aligned in an end-to- 
center (T) configuration, the interacting surfaces were the 
cross-sectional area of cylinder and its orthogonal projection 
to the cylinder wall. The interacting surface area is same to 
that of I configuration, na . However, the surface elements 
are a little more separated comparing to those of the parallel 
planes in the I configuration due to the curvature of cylinder. 
This extended separation distance of each interacting surface 
element reduces the repulsive energy. Therefore, total repul
sion energy between these two surfaces should be slightly 
lowered comparing to the case of I configuration. In Figure 
5, the repulsive energy plots were present with the variations 
of surface potential and the separation distance. All the 
results were similar to those of I configuration, however, the 
magnitudes of the repulsive energy were lowered.

Finally, repulsive energies between crossed cylinders (X 
configuration) were calculated. In this case, distances bet-
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Ka

Figure 5. Repulsive energy change between cylindrical particles in 
end-to-center (T) configuration; (a) at constant separation distance 
of d/a - 1.0 with surface potential changes, (b) at constant surface 
potential of 甲o - 1.0 with separation distances.

Figure 6. Repulsive energy change between crossed cylindrical 
particles (X configuration); (a) at constant separation distance of 
d/a = 1.0 with surface potential changes, (b) at constant surface 
potential of 牛o = 1.0 with separation distances.

ween interacting surface elements changes at every point, so 
does the potential profile. The interacting surface area is 
4 a2 . The mean separation distance between surface elements 
is maximized, which minimizes the interaction energy 
though the interacting surface area is larger than those of I or 
T configurations. The magnitude of the repulsive energy of 
crossed configuration is lowest among those of all canonical 
configurations. The repulsive energies at crossed configuration 
with variation of surface potential and separation distance 
are shown in Figure 6. As observed before, the repulsive 
energy reduced when both the surface potential and Debye 
screening length were lowered.

The magnitudes of repulsive energies of each configu
ration were compared with the variance of separation di
stances in Figure 7(a). At a constant surface potential of 
W0 - 1.0 and constant Debye screening length of 為/시 - 1.0, 

the electrostatic repulsive energy increased in the sequence 
of Vr(I) > Vr(T) > Vr(H) > Vr(X). This order of repulsive 
energy reduction with respect to the configuration agrees 
with previous results of analytical solution.6,21 An insight on 
this repulsive energy changes with the configuration reveals 
that the mean distance between differential surface elements 
increases along above sequence. In other words, the repul
sive energy is highly affected by the curvature of surfaces. 
From the comparison between I and T configuration results, it 
is clear that the curved surface would reduce repulsive 

energy when the interacting surface area is same. In addi
tion, the more curved surface would have lower repulsive 
energy even though the interacting surface area is larger than 
that of less curved ones (compare the surface area of H and 
X). This curvature effect agrees with the previous reports on 
the electrical repulsion force between cylinder and sphere14 
and the osmotic pressure decrease in a curved surface.21 It is 
notable that above sequence of magnitude would change in a 
practical system. In real colloidal system containing cylin
drical particles, the repulsive energy Vr(H) would be much 
larger than those of other configurations because the inter
acting surface area increase as much as the aspect ratio. For 
example, a plant virus of tobacco mosaic virus would have 
aspect ratio of 〜33 which would result in overwhelming 
magnitude of Vr(H) than that of any other configuration. 
However, the electrical repulsive energy of other configu
rations would not be influenced by the aspect ratio since the 
interacting surface area would not change.

In Figure 7(b), the repulsive energy variation of each 
canonical configuration with respect to surface potential is 
present. The solid and broken lines represent the repulsive 
energies at a constant surface potential of "o = 1.0 and 
"o - 2.0, respectively. All the values were calculated at the 
same separation distance of d/a - 1.0. The repulsive energy 
decays with decrease of Debye screening length regardless 
to the canonical configuration. This decay is reasonable
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Figure 7. Comparison of the repulsive energies between each 
configuration; (a) Repulsive energy changes with respect to the 
dimensionless separation distance, d/a at the same surface potential 
and Debye length; (b) Repulsive energies of each configuration 
against Debye length (Ka) at constant separation distance of d/a = 
1.0 (solid line w。= 1.0, broken line w。= 2.0.)

considering the weaker overlapping takes place with de
crease of Debye screening length. In addition, the increased 
surface potential fastened reduction of repulsive energy. It is 
due to the counter ion condensation is easier to be happened 
as the surface potential increases,22 which makes the 
potential distribution decays faster.

Conclusions

The electrostatic repulsion between two finite cylindrical 
particles is highly dependent on the configurations. Under 
the Derjaguin approximation, the magnitude of repulsive 
energy is in the order of VO > V(T) > VQH) > V(X). This 

repulsive energy decrease is due to the changes of surface 
curvature, which affect mean separation distance between 
interacting surfaces. As the interacting surfaces are getting 
curved, the repulsion energy decreases because the mean 
distance between interacting surface elements is getting 
longer. The repulsive energy is also reduced with decrease of 
the surface potential and Debye screening length. These 
results are expected to be applicable in manipulation and 
analysis of many anisotropic colloid systems that commonly 
used in modern engineering processes.
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