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WEIGHTED COMPOSITION OPERATORS ON WEIGHTED
SPACES OF VECTOR-VALUED ANALYTIC FUNCTIONS

JASBIR SINGH MANHAS

ABSTRACT. Let V be an arbitrary system of weights on an open con-
nected subset G of CV (N > 1) and let B(E) be the Banach algebra of
all bounded linear operators on a Banach space E. Let HV, (G, E) and
HVy (G, E) be the weighted locally convex spaces of vector-valued an-
alytic functions. In this paper, we characterize self-analytic mappings
¢ : G — G and operator-valued analytic mappings ¥ : G — B (F) which
generate weighted composition operators and invertible weighted compo-
sition operators on the spaces HV; (G, E) and HV, (G, E) for different
systems of weights V on G. Also, we obtained compact weighted compo-
sition operators on these spaces for some nice classes of weights.

1. Introduction

Weighted composition operators have been appearing in a natural way on
different spaces of analytic functions. For example, De Leeuw, Rudin and
Wermer [12] and Nagasawa [27] have shown that the isometries of Hardy spaces
H' (D) and H> (D) are weighted composition operators whereas Forelli {13]
has shown the same behaviour on the Hardy spaces HP for 1 < p < oco,p # 2.
Also, the same type of results were obtained by Kolaski [17] and Mazur [24]
on Bergman spaces. These results have further been extended to the spaces of
vector-valued analytic functions by Cambern and Jarosz [6] and Lin [18]. In
recent years, the theory of weighted composition operators on spaces of analytic
functions is gaining importance as it includes two nice classes of operators
such as composition operators and multiplication operators and a very less
information is known about weighted composition operators as compared to the
theory of composition operators which has been presented in three monographs
(see Cowen and MacCluer [11), Shapiro [33] and Singh and Manhas [34]).
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Contreras and Hernandez-Diaz [9] have made a study of weighted composi-
tion operators on Hardy spaces whereas Mirzakarimi and Siddighi [25] have
studied these operators on Bergman and Dirichlet spaces. On Bloch-type
spaces, these operators are explored by MacCluer and Zhao [21], Ohno [28],
Ohno and Zhao [31] and Ohno, Stroethoff and Zhao [29]. Also Ohno and
Takagi [30] have obtained a study of these operators on the disc algebra and
the Hardy space H* (D). Recently, Montes-Rodriguez [26] and Contreras and
Hernandez-Diaz [8] have obtained some nice properties of these operators on
weighted Banach spaces of analytic functions. The applications of these opera-
tors can be found in the theory of semigroups and dynamical systems (see [16]
and [36]).

We have organized this paper into six sections. The preliminaries required
for proving the results in the remaining sections are presented in Section 2. In
Section 3, we characterize the weighted composition operators on the weighted
locally convex spaces HV; (G, E) and HV(G, E) of vector-valued analytic func-
tions generalizing the boundedness results of Contreras and Hernandez-Diaz [8],
Monte-Rodriguez [26] and Manhas [23] obtained on the spaces of scalar-valued
analytic functions. We have investigated the invertibility of these operators on
the spaces HV, (G, E) and HV; (G, E) in Section 4 which generalize the results
of Ohno and Takagi [30] obtained on the Hardy space H* (D). In Section 5,
we have presented some results on compact weighted composition operators on
weighted Banach spaces of vector-valued analytic functions generalizing some
of the results obtained in [7] and [8]. Finally, in Section 6, we have given some
examples to illustrate the theory.

2. Preliminaries

Let G be an open connected subset of CV (N > 1) and H (G, E) be the space
of all vector-valued analytic functions from G into the Banach space E. Let
V be a set of non-negative upper semicontinuous functions on G. Then V is
said to be directed upward if for every pair uy,u2 € V and A > 0, there exists
v € V such that Au; < v (pointwise on G) for i = 1,2. If V is directed upward
and for each z € G, there exists v € V such that v{z) > 0, then we call V as
an arbitrary system of weights on G. If U and V are two arbitrary systems of
weights on G such that for each u € U, there exists v € V for which v < v,
then we write U < V.If U <V and V < U, then we write U 2 V. Let V be an

arbitrary system of weights on G. Then we define
HW(G,E)={f € H(G,E) : vf(G) is bounded in E for each v € V'}
and '
HV,(G,E) ={f € H(G, E) : vf vanishes at infinity on G for each v € V'}.
Forv e V and f € H(G, FE), we define
£, = sup{v(=) ()] : = € G}.
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Clearly the family {||-]|, z : v € V'} of seminorms defines a Hausdorff locally
convex topology on each of theses spaces HV4(G, E) and HVy(G, E). With this
topology the spaces HV,(G, E) and HVy(G, E) are called the weighted locally
convex spaces of vector-valued analytic functions. These spaces have a basis of
closed absolutely convex neighborhoods of the form

Bys = {f € HV)(G, E) (resp. HVo(G,E)): |fll, 5 < 1.
If E = C, then we write HV,(G, E) = HV,(G), HV (G, E) = HVy(G) and
B, = {f € HVy(G) (resp. HV(G)) : Ifll, <1}
Throughout the paper, we assume for each z € G, there exists f, € HW(G)
such that f.(z) # 0.
Now using the definitions of weights given in ([2], (4], [5]), we give definitions

of some systems of weights which are required for characterizing some results
in the remaining sections.

Let V be an arbitrary system of weights on G and let v € V. Then define
w:G — RY as )

v(z)

w(z) =sup{|f(2)|: |fl, <1} <
and

{(z) = ; for every z € G.
w(z)
In case W(z) # 0,9 is an upper semicontinuous and we call it an associated
weight of v. Let V denote the system of all associated weights of V. Then an
arbitrary system of weights V' is called a reasonable system if it satisfies the
following properties:

(2.a) for each v € V, there exists 7 € V such that v < #;
(2.b) for each v € V, ||f]l, € 1if and only if || f]j; <1,
for every f € HV, (G);
(2.¢) it v eV, then for every z € G, there exists
1
f» € By such that {f, (z)] = ——.
v(z)

Let v € V. Then v is called essential if there exists a constant A > 0 such that
v(z) < 9(z) < Av{z) for each z € G. A reasonable system of weights V is called
an essential system if each v € V is an essential weight. If V is an essential
system of weights, then we have V = V. For example, let G = DD, the open unit
disc and let f € H(D) be non-zero. Then define vs(z) = [sup{|f(2)| : |z| =
7} for every z € . Clearly each v; is a weight satisfying ¥ = vy and the
family V = {vy : f € H(D), f is non-zero} is an essential system of weights on
ID. For more details on these weights, we refer to [2]. Let G be any balanced (i.e.,
Az € G, whenever z € G and A € C with |A] < 1) open subset of C¥(N > 1).
Then a weight v € V' is called radial and typical if v(2) = v(Az) forall z € G
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and A € C with |A] = 1 and vanishes at the boundary 0G. In particular, a
weight v on D is radial and typical if v(z) = v(|z]) and lim|;_,; v(2) = 0. For
instance in [8], it is shown that v,(z) = (1—|z[?)?, (0 < p < 00) for every z € D,
are essential typical weights. For more details on the weighted Banach spaces of
analytic functions and the weighted locally convex spaces of analytic functions
associated with these weights, we refer to [1], [2], [3], [4], [5], [14], {19], [20].
For basic definitions and facts in complex analysis and functional analysis, we
refer to [10], [15], [32].

Let F{G, E) be a topological vector space of vector-valued analytic functions
from G into F and let L(G, E) be the vector space of all vector-valued functions
from G into E. Let B(E) be the Banach algebra of all bounded linear operators
on E. Then for an operator-valued map ¥ : G — B(E) and selfmap ¢ : G —
G, we define the linear map Wy 4 : F(G,E) — L(G,E) as Wy 4(f) =¥ fo ¢,
for every f € F (G, E), where the product ¥- f o ¢ is defined pointwise on G as
(¥ - fo@)(z)=U.(f(4(2))) for every z € G. In case Wy 4 takes F(G, E) into
itself and is continuous, we call Wy 4, the weighted composition operator on
F(G, E) induced by the symbols ¥ and ¢. If ¥ (z) = I, the identity operator
on E for every z € G, then Wy,4 is called the composition operator and in case
¢ (2) = z for every z € G, Wy 4 is called the multiplication operator.

3. Analytic mappings inducing weighted composition operators

In this section we characterize the operator-valued analytic mappings ¥ :
G — B(E) and the self-analytic mappings ¢ : G — G which induce weighted
composition operators on the spaces HV; (G, F) and HV; (G, E) for different
systemns of weights V on G. We begin with the following proposition.

Proposition 3.1. Let U and V be arbitrary systems of weights on G. Let W :
G — B(E) and ¢ : G — G be analytic mappings. Then Wy 4 : HUy (G, E) —
HV, (G, E) is a weighted composition operator if for every v € V, there ewists
u € U such that v{(2) | ¥.|| < u(¢(z)) for every z € G.

Proof. We shall show that Wy 4 is continuous at the origin. Let v € V. Then
by the given condition there exists u € U such that v {(z) |¥.] < u(¢(z)) for
every z € G. We claim that Wy 4 (B, g) C By, g For f € By g , we have
W s fll, 5 =sup{v() ¥ (f ()N : z € G}

<sup{v (2) LN I f (¢ ()] : 2 € G}

<sup{u(¢(2)) IIf (¢ (2))Il : z € G}

<sup{u(2)||If (2)Il : z € G}

= fllye <1

This proves that Wy 4 is continuous at the origin and hence Wy 4 is a weighted
composition operator. 0
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Remark 3.1. The condition in Proposition 3.1 is not sufficient for Wy 4 to
induce a weighted composition operator from HU, (G, E) — HV, (G, E). For
instance, let G = {z € G:z=2xz+1iy,y >0} be the upper half-plane. Let
U =V be the system of constant weights on G. Let E = H* (D) be the
Banach algebra of bonded analytic functions on the unit disc I. Let 2o € G be
fixed and let ¥ : G — B (E) be defined as ¥ (z) = M,, for every z € G, where
M,, : E — FEis given by M, f = zof for every f € E. Define ¢ : G — G as
¢ (2) = 2o for every z € G. Now, it is easy to see that for every v € V, there
exists u € V such that v (2) | V.|| < u(¢(z)) forevery z € G. But Wy 4 is not a
weighted composition operator on HV (G, E). For instance, let f € E be such

1
that ||f||,, = 1 and define ¥ : G — E as F (z) = —f for every z € G. Clearly
z

F e HW (G, E). But Wy, (F) ¢ HV; (G,E). So, we need an additional
condition for Wy 4 to be a weighted composition operator from HU, (G, E) to
HVy (G, E). Now, we define a set which we need for our additional condition.
Let v € V and € > 0. Then define the set N (v,e) = {z € G: v (z) > ¢}.

Proposition 3.2. Let U and V be arbitrary systems of weights on G. Let U :
G — B(E) and ¢ : G — G be analytic mappings. Then Wy 4 : HUy (G, E) —
HVy (G, E) is a weighted composition operator if

(i) for every v € V, there exists u € U such that v (2) || V.|| < u (¢ (2)) for
every z € G,

(ii) for every v € V, & > 0 and compact set K C G, the set ¢~ (K) N
N (v ||| ,e) is compact, where N (v ||¥||,e)={z € G : v (2) |¥,] > ¢}.

Proof. According to Proposition 3.1, Condition (i) implies that
Wye g : HUp (G, E) — HV, (G, E)

is a weighted composition operator. Now, it is enough to show that Wy 4 :
HUy (G,E) — HV, (G, E) is an into map. For, let g € HUy (G, E). Fixv e V
and € > 0. We shall show that the set K = {z € G: v (2) ||V, (f (¢ (2)))]| > &}
is a compact subset of G. Now, condition (i) implies that there exists u €
U such that v (2) |¥.| < u(¢(2)) for every z € G. Clearly the set S =
{z€G:u(2)||f (2)| > €} is compact in G and ¢ (K) C S. If we put m =
sup {[|f (2)|| : 2 € S}, then m > 0 and S C N (u, £). From condition (ii), it
follows that the set H = ¢~ (S)NN(v ||¥]|, £) is compact and hence K being
a closed subset of H is compact. This completes the proof. O

The following corollaries are immediate consequences of Proposition 3.1 and
Proposition 3.2.

Corollary 3.1. Let U and V be arbitrary systems of weights on G. Let ¥ &
H*(G,B(E)) and ¢ € H (G) be such that ¢ (G) C G. Then

(i) Wy,4: HU, (G, E) — HV, (G, E) is a weighted composition operator if
V <Uod¢g.
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(i) Wy, : HUyg (G,E) — HVy (G, E) is a weighted composition operator
if V.<Uo ¢ and ¢ is a conformal mapping of G onto itself.

Corollary 3.2. Let V = {Axg :A>0,K C G, K is compact}. Then every
operator-valued analytic map ¥ : G — B (E) and self-analytic map ¢ : G —» G
induces a weighted composition operator Wy 4 on HV; (G, E).

Remark 3.2. Corollary 3.2 makes it clear that the converse of Corollary 3.1
may not be true. That is, if Wy 4 is a weighted composition operator on
HV, (G, E), then ¥ : G — B(E) may not be bounded and ¢ : G — G may
not be conformal mapping. Thus the behaviour of the weighted composition
operator is very much influenced by different systems of weights on G.

Now in the following theorems, we obtained a necessary and sufficient condi-

tions for Wy 4 to be a weighted composition operator on the spaces HV, (G, E)
and HV; (G, E).
Theorem 3.1. Let V be an arbitrary system of weights on G and let U be
a reasonable system of weights on G. Let ¥ : G — B(E) and ¢ : G — G
be analytic mappings. Then Wy 4 : HU, (G, E) — HV, (G, E) is a weighted
composition operator if and only if for every v € V| there exists u € U such
that v (2) || .|| < @ (¢ (2)) for every z € G.

Proof. We first show that Wy 4 is a weighted composition operator. For, let
v € V and let B, g be a neighborhood of the origin in HV;, (G, E). Then by the
given condition, there exists u € U such that v (2) || V.| < 4 (4 (2)) for every
z € G. We claim that Wy 4 (Bs g) C By,g. Let f € Bz g. Then ”f”ﬁ,E <1.
Now

Wa s fll, 5 = sup{v(2) ¥ (f (¢ ()l : z € G}
<sup {v (2) [V IS (¢ (2Dl : 2 € G}
<sup{a(¢(2))f(¢(2))ll:2€C}
<sup{a(2)[|If (2)] - z € G}
= fllae < 1.

This shows that Wy 4 is a weighted composition operator.

Conversely, suppose that Wy 4 is a weighted composition operator. To es-
tablish the given condition, let v € V. Then by the continuity of Wy 4 at the
origin, there exists & € U with u € U such that u <tand Wy 4 (Bag) C Buk.
Now, we claim that v (2) ||¥.| < @ (¢ (2)) for every z € G. Fix zp € G. Then

1
by (2.c), there exists f., € B, such that |f., (¢ (20))| = TG Letye E
20
be such that ||ly|| = 1 and let g,, : G — E be defined as g, () = f», (z)y for

every z € G. Then clearly g,, € B, g and ||g,, (¢ (20))|| = z . Also, ac-

o
(¢ (20))
cording to (2.b), f., € By and therefore g,, € B; . Thus Wy 4 (92,) € Bu,E-

That is, v (2) |V, (92, (¢ (2)))|l < 1 for every 2 € G. For z = z, we have
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v (20) |V, (W)]] < @(¢(20)). Further, it implies that v (20) ||[¥., [l < @ (¢ (20))-
This completes the proof of the theorem. O

Corollary 3.3. Let V be an arbitrary system of weights on G and let U be
an essential system of weights on G. Let ¥ : G — B(E) and ¢ : G — G
be analytic mappings. Then Wy 4 : HU, (G, E)} — HV, (G, E) is a weighted
composition operator if and only if for every v € V, there exists u € U such
that v (2) ||| < u(gp(2)) for every z € G.

Proof. Follows from Theorem 3.1 since U =2 U. ]

Corollary 3.4. Let U and V be reasonable systems of weights on G. Let
V:G — B(E) and ¢ : G — G be analytic mappings. Then the following
statements are equivalent:
(1) We,s: HU, (G, E) — HV; (G, E) is a weighted composition operator;
(ii) for every v € V, there exists u € U such that v (2) |V, || < (¢ (2)) for
every z € G,
(iii) for every v € V, there exists u € U such that ¥ () | V.| < @ (é(2)) for
every z € G.

Proof. The proof can be established by using the same technique as in Theo-
rem 3.1. g

Theorem 3.2. Let V be an arbitrary system of weights on G and let U be
an essential system of weights on G such that each weight of U vanishes af
infinity. Let ¥ : G — B(E) and ¢ : G — G be analytic mappings. Then
Wy : HUp (G, E) — HVy (G, E) 1is a weighted composition operator if and
only if
(i) for every v €V, there exists u € U such that v (2) || ¥, (y)]] < u(é(2))
lyll for every z € G and y € E;
(ii) for eachv € V and e > 0, the set {z € G: v (2) ||V, (y)|| > &} is com-
pact for every 0 £y € E.

Proof. Suppose that conditions (i) and (i) hold. From condition (i), it fol-
lows that v (2) || ¥.| < u(¢(z)) for every z € G. According to Proposition
3.1, it readily follows that Wy 4 is a weighted composition operator from
HU, (G, E) to HVy (G, E). To show that Wy 4 : HUp (G, E) — HV, (G, E) is a
weighted composition operator, it is enough to prove that Wy (HUy (G, E)) C
HVy(G,E). Let f € HUy (G,E) and let v € V, ¢ > 0. We shall show that the
set S ={2€G:v(z) ¥, (f(¢(2)))] > e} is compact in G. Further, condi-
tion (i) implies that there exists u € U such that v (2) [|¥. (v)|| < u (¢ (2)) |yl
for every z € Gand y € E. Let H = {2z € G : u(2)|f(z)| = ¢}. Then
H is compact and ¢(S) C H. Let m = sup{u(z):2€ H} and let N, =
{v€ E:|yll <55} Clearly N, is an open neighborhood of zero in E. Now,

since f (¢ (9)) is totally bounded in E, there exists a finite set {f (¢ (i)},

in f(¢(S)) such that f(¢(S)) C '©1 [f (¢(2)) + Ne]. Further, condition (ii)
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implies that the set K; = {2 € G:v(2) |V, (f(¢(2)))|| = §} is compact for
each i € {1,2,...,n}. Let zo € S. Then we may choose j € {1,2,...,n} such
that f (¢ (20)) — f(¢(z;)) € N.. Also, we have

e < v (20) Wz, (f (¢ (20)))ll
< v (20) [[W2 (£ (6 (20))) = W (£ (@ () + v (20) ¥ (f (¢ ()]
< u (¢ (20) (¢ (20)) = £ (¢ () + v (20) W (f (8 (2)))]]

+0(20) [ ¥ (£ (6 (2] -
Thus it follows that zo € K;. Hence S is compact being a closed subset of the
union ) K. This shows that Wy 4 (f) € HV; (G, E).

- =1

Conversely, suppose that Wy ¢ : HUy (G,E) — HVy (G, E) is a weighted
composition operator. Since U = U, therefore, by using the same argument
as in Theorem 3.1, we can prove that for every v € V, there exists u € U
such that v (2) || V.|| < u(¢(2)) for every z € G. Further, it is immediate
that v (2) |¥. ()| < w(¢(2)) ||yl for every z € G and y € E. This proves
condition (i). To prove condition (ii), we fix v € V and € > 0. Let 0 £ y € E.
Consider the constant function 1, : G — E as 1, (z) = y for every z € G. Then
clearly 1, € HUy (G, E) and hence, Wy 4 (1,) € HV, (G, E). Clearly the set
C={2€G:v(2)||¥,(y)| > ¢} is compact in G. This proves condition (ii).
With this the proof of the theorem is complete. O

Remark 3.3. Theorem 3.1, Theorem 3.2, Corollary 3.3, and Corollary 3.4 are
generalizations of boundedness results of weighted composition operators given
in ([8], [23], [26]). If G =D,E = C,¥(2) = 1 for every z € D and U and V
consists of single continuous weights only, then Corollary 3.3, Corollary 3.4, and
Theorem 3.2 reduces to the boundedness results of composition operators given
in [5]. If ¢ : G — G is the identity map, then Proposition 3.1, Corollary 3.1,
Corollary 3.2, Corollary 3.3, and Theorem 3.1 reduces to the boundedness
results of multiplication operators given in [22].

<

U
€
2

4. Invertible weighted composition operators

In [30], Ohno and Takagi have characterized the invertible weighted composi-
tion operators on the disc algebra A (D) and the Hardy space H> (D). Further,
in [23], the author has generalized these invertible results to the weighted spaces
HV, (G) and HV, (G) of scalar-valued analytic functions. In this section, we
characterize the operator-valued analytic mappings ¥ : G — B(E) and the
self-analytic mappings ¢ : G — G which generate invertible weighted com-
position operators on the spaces HV} (G, E') and HV,(G, E) of vector-valued
analytic functions. We begin with stating a generalized definition of bounded
below operator and an invertibility criterion on a Hausdorff topological vector
space [35] which we shall use for characterizing invertible weighted composition
operators.
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A continuous linear operator T on a Hausdorff topological vector space E is
said to be bounded below if for every neighborhood N of the origin in £, there
exists a neighborhood M of the origin in E such that T'(N¢) C M¢, where the
symbol “¢” stands for the complement of the neighborhood in E.

Theorem 4.1. (a) Let E be a complete Hausdorff topological vector space and
let T : E — E be a continuous linear operator. Then T is invertible if and only
if T is bounded below and has dense range.

(b) Let E be a Hausdorff topological vector space and let T : E — E be a
continuous linear operator. Then T is invertible if and only if T is bounded
below and onto.

Theorem 4.2. Let V be an arbitrary system of weights on G. Let ¥ : G —
B(E) and ¢ : G — G be analytic mappings such that Wy 4 is a weighted
composition operator on HVy(G, E). Then Wy 4 is invertible if

(i) for eachv € V, there exists u € V such that v (¢ (2)) |lyl| < u(z)[|¥: ()]l
for every z € G and y € E;

(i) for each z € G,V (z) : E — E 1is onto and ¢ is a conformal mapping
of G onto itself.

Proof. According to Theorem 4.1, it is enough to show that Wy ¢ is bounded
below and onto. For, let v € V and B, g be a neighborhood of the origin in
HV, (G, E). Then by condition (i), there exists u € V such that v (¢ (2)) [ly|| <
u(z)||¥, (y)| for every z € G and y € E.

We claim that Wy 4 (BS ) C BS . Let f € BS ;. Then

V< fll, g =sup{v(2)[If (2)]| : 2 € G} =sup {v (8 (2)) [ f (¢ (2))l : z € G}
<sup{u(2) [[P: (f (¢ ()l : z € G}
=Weofll, -

This shows that Wy ¢ (f) € B, g and hence Wy 4 is bounded below. Now, we
shall show that Wy 4 is onto. For, let ¢ € HV; (G, E). Fix z0 € Gandletv e V
be such that v (¢ (z9)) > 0. Then by condition (i), there exists u € V such that
v (@ (20)) Iyl < w(20) [T (y)| for every y € E. That is, [[¥5 (y) = Ayl
¢ (20))
u(zp)
below on E and hence, by condition (ii), ¥, is invertible in B (F). We denote
the inverse of ., by W;'. We define an analytic map v=!: G — B(E)
as 1 (2) = W1 for every z € G. Also, by condition (ii), we have inverse
analytic map ¢! : G — G. Now, we define an analytic map h : G — E as
h=V"lop~!.go¢~!. Then we show that h € HV, (G, E). For, let v € V. Then
by condition (i), there exists u € V such that v (¢ (2)) |yl < u(2)]|¥. (y)| for
every z € Gand y € .

for every y € E, where \ = Y > 0. This proves that ¥, is bounded
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Now, we have
IRl z =sap{v (2) |h ()]l : 2 € G}
=sup{v(¢(2)) [h(¢(2))ll: 2 € G}
M. (h(d ()l : 2 € G}
sup {u (2) || ¥, (¥;' (g (z))|| : 2 € G}
sup{u (2) llg (2)ll : 2 € G} = ||gll,, p < o0

This proves that h € HV, (G, E) and clearly Wy 4 (k) = g. Hence Wy 4 is
invertible. O

<sup{u(z

i

Corollary 4.1. Let V be an arbitrary system of weights on G. Let ¥ : G —
B(E) and ¢ : G — G be analytic mappings. Then Wy 4 : HVy (G, E) —
HV, (G, E) is an invertible weighted composition operator if

(i) W is bounded, bounded away from zero and for each 2 € G, ¥ (z): E — E
s onto;

(it} ¢ is a conformal mapping of G onto itself such that Vo = V.

Proof. Since ¥ : G — B{FE) is bounded analytic function and ¢ : ¢ — G is a
conformal mapping such that V < V o ¢, therefore Corollary 3.1 implies that
Wy,4 is a weighted composition operator on HVy (G, E). Also, since ¥ : G —
B(E) is bounded away from zero, there exists m > 0 such that |, (y)|| >
mljy|| for every 2 € G and y € E. Let v € V. Then, since V o ¢ < V, there
exists u € V such that v (¢ (2)) < u(z) for every z € G. Further, there exists

w € V such that SUSw and v (¢ (2)) lyll < w(2) || ¥, (y)|| for every z € G

and y € E. Thus, according to the given conditions and Theorem 4.2, it follows
that Wy 4 is an invertible weighted composition operator on HV, (G, E). O

Corollary 4.2. Let G be a simply connected open subset of C and let V =
{Axx : A2 0,K CG,K is compact}. Let ¥ : G — B(F) and ¢ : G — G be
analytic mappings. Then Wy o is an invertible weighted composition operator
on HVy (G, E) if and only if ¥ (2) is invertible in B (E) for every z € G and
¢ is a conformal mapping of G onto tself.

Proof. In view of Corollary 3.2, we can conclude that Wy 4 is a weighted com-
position operator on HVy (G, E). Since ¥ (z) is invertible in B (E) for every
z € G, we define an analytic map ¥~1: G — B(E) as U~ (2) = (¥ (2)) ™" for
every z € G. Also, since ¢ : G — G is a conformal mapping, it follows that
¢~' : G — G is analytic. Again, according to Corollary 3.2, it follows that
Wy-104-1,4-1 18 a weighted composition operator on HV; (G, E) and it is the
inverse of Wy 4. This proves that Wy 4 is invertible.

Conversely, suppose that Wy 4 is an invertible weighted composition opera-
tor on HV, (G, E). To show that ¥ (z) is invertible in B (E) for every z € G,
it is enough to prove that ¥ () is bounded below and onto. For, let 29 € G
and let K = {z}. Let v = xx and let y € E. Define the constant function
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1y, : G — E as 1,(z) = y for every z € G. Clearly 1, € HV; (G, E). Since
Wy 4 is invertible on HV; (G, E) and hence by Theorem 4.1, Wy 4 is bounded

1
below and onto. Now, there exists m > 0 such that Wy 4 f|, > - | f1l, for
every f € HVy (G, E). In particular, for f = 1,, we have

1
IWoslyl, = — 1,

1
That is, ||¥,, (y)|| = — |ly|| for every y € E. Thus, ¥,, is bounded below. To
m

show that ¥., : E — E is onto, we fix y € E. Then for 1, € HV; (G, E), there
exists g € HV; (G, E) such that Wy 49 = 1,. That is, ¥, (g(¢(20))) = v.
This proves that ¥, is invertible. In order to show that ¢ is a conformal
mapping, it is enough to prove that ¢ is bijective. Let 21,23 € G be such
that z1 # z2. Then by the Riemann Mapping Theorem, there exists one-one
analytic function g € H (G) such that g (z1) # g(22). Now, if we define an
analytic function b : G — C as h(z) = g (2) — g (z1) , then clearly h € HV; (G)
such that and h(z1) = 0 and h{z2) # 0. Let y € E be such that ||y|| = 1.
Then define hy : G — E as hy(z) = h(z)y for every z € G. Then clearly
hy € HVy (G, E) such that hy (21) = 0 and hy, (22) # 0. Since ¥, and V¥, are
bounded below operators on E, there exist §; > 0 and §2 > 0 such that

1 1
V=, I 2 = llyll and [|¥=, (W)I| = = [yl
(51 62
for every y € E. Let
82 |y ()l
Then F € HVy (G,E). Let 6 = §; + 62 and let v = dx g, where K = {z1,22}.
Since Wy ¢ (HV (G, E)) is dense in HV; (G, E), there exists f € HV (G, E)

1
such that Wy ¢f — F||, < 3" That is, we have

F

I, (7 (@G < 5 and 6|10, ( (@ - 5| < 5

1
Further, it implies that 6£”f(¢ (z)] < é and 5£|]|f(¢ () - 1] < =.
1 2

2
Thus,

I£ (@)l < 5 and [ (@ ()l 11 < 5.

Now, if ¢ (21) = ¢ (22), then from the last two inequalities we get a contradic-
tion. Hence, ¢ (z1) # ¢ (z2). Also, using the injectivity argument of Wy 4, we
can prove that ¢ is onto. With this the proof is complete. |

Remark 4.1. Corollary 4.2 makes it clear that the converse of Corollary 4.1
may not be true. For instance, let G = {z =z + iy : y > 0} be the upper half
plane and let V = {Axg : A > 0,K C G, K is compact}. Let E = H>(G)
and let ¥ : G — B(E) be defined as ¥ (z) = M, for every z € G, where
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M, : H* (G) —» H* (G) is defined as M, f = 2 f for every f € H* (G). Then
clearly || (2)|| = |[M.|| = |z| for every z € G. Let ¢ : G — G be defined as
¢(z) = z+ 1 for every z € G. Then clearly ¢ is a conformal mapping of G
onto itself and ¥ (z) is invertible in B (E) for every z € G. Thus according to
Corollary 4.2, Wy 4 is an invertible weighted composition operator. But ¥ is
neither bounded nor bounded away from zero. This shows that the theory of
weighted composition operators is very much influenced by different systems of
weights.

Theorem 4.3. Let G be a simply connected open subset of C and let V be a
reasonable system of weights on G. Let ¢ : G — G and ¥ : G — B (E) be ana-
lytic maps such that each ¥ (z) is one-one and Wy 4 is a weighted composition
operator on HV; (G,E). Then Wy 4 is invertible if and only if

(i) ¢ is a conformal mapping of G onto itself and ¥ (z) : E — E is onto
for every z € G}

(ii) for eachv € V, there exists u € V such that © (¢ (2)) ly|| < @ (2) || %= (v)]]
for every z € G andy € E.

Proof. Suppose conditions (i) and (i) hold. Let zo € G and let v € V be
such that v(¢(z0)) > 0. Then ¥ (¢4 (2)) > 0 and by condition (ii), there
exists u € V such that @ (¢ (20)) ||ly|| < @(20) || ¥z, (¥)| for every y € E. Thus
1., W = Allyll for every y € E, where X = ﬂz%;—o)n > 0. This implies
that each ¥, is bounded below and hence, by condition (i), it follows that
each ¥, is invertible and we denote its inverse by W7 !. Define an analytic
map ¥~! : G — B(E) as U1 (2) = ¥, for every z € G. From condition
(if). It follows that ¥ (¢ (2)) || ;" ()| < @(z)|ly||. Further by condition (i),

we have that 7 (z) “\I/;_ll(z) (y)“ < (¢7"(2)) ||yl for every z € G and y € E.

That is, 9 (2) |[(T™2 0 ¢7) (2)|| < @ (¢ (2)) for every z € G. According to
Theorem 3.1, Wy -1,4-1 4-1 is a weighted composition operator on H Vi (G, E)
such that Wy ¢Wy-10¢-1 g-1 = Wy-104-1 y-1 Wy ¢ = I, the identity operator.
Hence, Wy ¢ is invertible.

Conversely, suppose that Wy 4 is invertible on H 173 (G, E). We first show
that for each zo € G,¥,, : E — E is onto. Let f,, € HV;(G) be such that
[z (20) = 1. Choose y € E such that ||y|| = 1. If we define g, : G — E
as gy (2) = fz (2)y for every z € G, then clearly g, € HV, (G,E). Since
Wy 4 is onto, there exists f € HV; (G, E) such that Wy 4 (f) = g,. That is,
V., (f(¢(20))) = y. This proves that ¥,, is onto. Now, to show that ¢ is a
conformal mapping, we need to prove that ¢ is bijective. Let 21, 23 € G be such
that z; # z3. Then by the Riemann Mapping Theorem, there exists one-one
analytic function g € H> (G) such that g(z1) # g(22). Define h : G — C
as h(z) = g(z) — g(z1) for every z € G. Let g,, € HV;(G) be such that
gz, (22) # 0 and let hg = hg,,. Since HV, (G) is a module over H* (@), it
follows that hg € HV, (G) such that ho(21) =0 and hg(22) #0. Let y € E
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be such that ||y|| = 1. Then define hy, : G — E as hy (z) = ho (2)y for every
z € G. Then clearly h, € HV;, (G, E) such that by hy (21) = 0 and hy (22) # 0.
Since ¥,, and ¥,, are invertible operators and hence bounded below, there
exist €1 > 0 and €2 > 0 such that

1 1
192 W) = — llyll and (T2, W) = — Iyl
&1 €2
for every y € E. Let

H ! ha

" ey (@)
Then H € HV, (G, E). Let e = ¢, + ¢ and let v € V be such that v(z1) > 1
and v (z2) > 1. Then there exists ¥ € V such that 0 (z1) > 1 and 7 (22) > 1.
Since Wy 4 (Hf/b (G,E)) is dense in HV; (G, E) , there exists F € HV; (G, E)
. such that ||Wy 4 F — H||; < 5. That is,

5 (o1) 1, (F (8 ()] < o amd 9 (22) |10, (F (6 ()] - | < 5
Further, it implies that
1., (F 6 (DIl < 5 < 3 and (192, (F () - 11< 2 < 5.

From the last two inequalities, it is easy to conclude that ¢ (z1) # ¢ (z2).
Thus ¢ is injective and also using the injectivity argument of Wy 4, we can
conclude that ¢ is onto. Now to prove condition (ii), we fix v € V. Then
there exists o € V such that v < ©. According to Theorem 4.1, Wy 4 is
bounded below on HV; (G, E). Thus, there exists @ € V with u € V such that
W o (BSE) C B . We claim that 9 (¢ (2)) ot ()| < @(2)1lyll for every
z€Gandy € E. Let zg € G and yy € E. According to (2.c), there exists
[z € By such that |f., (20)] = ﬂ_(iﬁ Define hg : G — E as ho (2) = 122 f2, (2)
for every z € G. Thus hg € By, and |[ho (20)|| = 77557+ Also (2.b) implies that
fz € Bz and hence hg € By g. Since Wy 4 is onto, there exists gg € HYV, (G,E)
such that Wy 4 (go) = ho. That is,

U2, (90 (¢ (20))) = ho (20) -
Since each W, is invertible, we have
Jzo (20)
lioll
Since hg € By, E, we have Wy 4 (go) ¢ B¢ . This implies that go ¢ B{ p. That
is, T (2) |lgo (2)|| <1 for every z € G. For z = ¢ (z0), we have

v (¢(20)) llgo (¢ (z0))]| < 1.

90 (¢ (z0)) = ¥ (ho (20)) = 7} (o)
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That is, (¢ (20)) || ¥} (wo)|| < @ (20) lyo|]- This proves our claim. Since each
W (z) is invertible, we have ¢ (¢ (2)) |ly|l < @ (2)||¥. (y)]| for z€ G and y € E.
This proves condition (ii). With this the proof is complete. 0

Corollary 4.3. Let G be a simply connected open subset of C and let V be
an essential system of weights on G. Let % : G — B(E) and ¢ : G — G
be analytic mappings such that each W (2) is one-one and Wy o is o weighted
composition operator on HV, (G, E). Then Wy 4 is invertible if and only if
(i) ¢ is a conformal mapping of G onto itself and ¥ (z) : E — E is onto
for every z € G;
(ii) for everywv € V, there existsu € V such thatv (¢ () | < u (2} || ¥ ()|l
foreveryz€ Gandy € E.

Proof. Follows from Theorem 4.3 since each v € V is essential. a

5. Compact weighted composition operators

In [7], Contreras and Diaz-Madrigal have characterized compact weighted
composition operators on the Hardy space H* (D). Further in [30], Ohno
and Takagi gave a different proof for characterizing compactness of weighted
composition operators on H* (). Also, Montes-Rodriguez [26] and Contreras
and Hernandez-Diaz [§8] have further extended these results to the weighted
Banach spaces of analytic functions by computing the essential norm of these
operators. In this section, our efforts are to generalize some of the compactness
results to the spaces of vector-valued analytic functions.

Theorem 5.1. Let V = {v} and U = {u} be consist of single continuous
weights on D, where u is essential. Let ¥ : D —B(E) and ¢ : D — D be analytic
mappings. If the operator Wy 4 : HU, (D, E} — HV, (D, E) is compact, then

(©) v () [¥:]| < u(@(2)) for every z € D;

(ii) lim sup v(z) 19| =0.

=iy 4 (6(2))

Proof. Since Wy 4 is compact, it is continuous and hence by Corollary 3.3,
condition (i) follows. Now, we assume that condition (ii) does not holds. Then
there exists € > 0 and a sequence {z,} in D such that

v (2n) |92 |l
u (¢ (Zn))
Further, it implies that there exists a sequence {y,} in E such that

v (zn) ||V, (yn)]]
u (¢ (zn))
For each n, we select f, € By such that | fn (¢ (2))|u (¢ (22)) > 3 and & (n) €
N such that |¢ (2,)*™ > % and a(n) — co. Now, for each n, if we define

he(z) = 2V f, (2)y, for all z € D, then clearly the sequence {h,} is in

[¢(2n)] =1 and >¢ forall n.

lyall <1  and >¢ forall n.
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B, r and converges to zero uniformly on the compact subsets of D. Also,
compactness of Wy 4 implies that |Wy gh,|l, — 0. But

We phnll, = sup{v (2) [|¥. (hn (¢ (2)))]| : 2 € D}
20 (2n) ¥z, (hn (¢ (z0)))l

> v (2n) [ (20)|*™ [ f (& (2a)) 1, ()]
L v [l e
4 U (¢ (Zn)) 4
which is a contradiction. Hence, condition (ii) holds. This completes the
proof. O

Theorem 5.2. Let V be the system of constant weights on D and let E be
a finite dimensional Banach space. Let U : D —B(E) and ¢ : D — D be
analytic mappings. Then Wy 4 is a compact weighted composition operator on
HV, (D, E) if and only if

(i) U is bounded,

(ii) for every sequence {z,} in D such that |¢ (z,)| — 1 as n — 00, we have

Proof. Suppose that Wy 4 is a compact weighted composition operator on
HV,(D,E). For y € E, we define the constant function 1, (z) = y for ev-
ery z € D. Obviously 1, € HV, (D, E). Also, there exists M > 0 such that
W glyll, < M |1yl for every y € E. That is, ||V, ()| < M |ly|| for every
ze€Dandy € E. Thus ||¥,]] < M for every z € D and hence ¥ is bounded.
Condition (ii) follows from Theorem 5.1.

Conversely, suppose that conditions (i) and (ii) are true. Condition (i) clearly
implies that Wy 4 is a weighted composition operator on HV; (D, E). Now, us-
ing condition (ii), we shall prove that Wy 4 is compact. Let K C HV; (D, E)
be a bounded subset. Then we shall show that Wy 4 (B) is relatively compact
in HV; (D, E). For, let {f,} be a sequence in K. Since K is bounded, it is
relatively compact with respect to the topology of the uniform convergence on
compact subsets of D. By Montel’s Theorem, there exists a subsequence { f,, }
which converges uniformly on compact subsets of I to some holomorphic func-
tion f. Clearly f € HV; (D, E) We shall show that |[Wy ¢ fn, — W o fll,, — 0,
as k — 0o. Suppose this is not true. Then there exists € > 0 and a subsequence

of {fn,} which we still denote by {fn,} such that |We ¢fn, — Wesfll, > €
for all k. That is,

sup {[[ Wz (fa, (¢(2))) = U= (F {6 (2))ll : 2 €D} > ¢
for all k. Further, it implies that there exists a sequence {zn, } in I such that
220, o (6 ) = Wi, (£ 6 ()| > = That s,

fri (@ (2ni)) = £ (@ {zn)] -

€< H\Ilzn
k
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We can assume that ¢ (2, ) — 2z¢. Since f,, — f uniformly on every compact
subset of D, it follows that zo € T. Thus |¢ (2, )| — 1, as k — co. Further, by

the given condition, we have ||‘I’zn,c H — 0 and hence, we get a contradiction.
This proves that Wy 4 is a compact weighted composition operator. ]

6. Examples

Example 6.1. Let G = I, the open unit disc and let E = H>* (D). Let V =
{Axx : 2> 0,K CD,K acompact set}. Then HVy (D,E) = (H (D, E),k),
where k denotes the compact open topology. Now, we define ¥': D — B(H (D))
as ¥ (z) = M, for every z € D, where M, : H® (D) — H> (D) is defined as
M.f = e*f for every f € H™ (D). Let ¢ : D — D be defined as ¢ (z) = =22
for every z € D. Since ¥ : D — B (E) is an operator-valued analytic map such
that each ¥ (z) is invertible in B (E) and ¢ is a conformal mapping of I onto
itself, according to Corollary 4.2, it follows that Wy 4 is an invertible weighted
composition operator on HV; (D, E).

Example 6.2. Let G = D and let v be a weight defined as v (z) =1— |2|? for
every z € D. Let V ={\v: X >0} and let E = H* (D). Then clearly V is an
essential system of weights. Let ¢ : D — D be defined as ¢ (z) = 22 for every
z€Dand let ¥:D — B(H™ (D)) be defined as ¥ (2} = M, for every z € D,
where M, : H® (D) — H* (D) is defined as M, f = 2z f for every f € H* (D).

Now, by the Pick-Schwarz Lemma, we have v (2) | ¥ (2)|| = (1 - |z|2) |¢' (2)] <

1—1¢(2)]* = v(¢(z)) for every z € D. Hence, by Corollary 3.3, Wy is a
weighted composition operator on HV}, (D, E). But, according to Corollary 4.3,
Wy 4 is not an invertible weighted composition operator.
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