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Abstract

The measurement of performance of a process considering both the location and the dispersion of information about the
process is referred to as the process capacity indices (PCIs) of interest, Cpi. This information is presented by the mean
and standard deviation of the producing process. Linguistic variables are used to express the evaluation of the quality of
a product. Consequently, Cyy, is defined with fuzzy numbers. Lee [Eur. J. Oper. Res. 129(2001) 683-688] constructed
the definition of the ), index estimation presented by fuzzy numbers and approximated its membership function using
the “min”-norm based Zadeh’s extension principle of fuzzy sets . However, Lee’s result was shown to be invalid by Hong
[Eur. J. Oper. Res. 158(2004) 529-532]. It is well known that Ty (the weakest t-norm)-based addition and multiplication
preserve the shape of L-R fuzzy numbers. In this paper, we allow that the fuzzy numbers are of L-R type. The object of

the present study is to propose a new method to calculate the Cpy, index under Ty -based fuzzy arithmetic operations.

Key words : Fuzzy sets; Process; Capacity; Index; Fuzzy arithmetic operations

1. Introduction

Process capacity indices (PCIs) were developed and
have been successfully used by companies to compete in
and dominate the high-profit markets by improving their
quality and their productivity in the past two decades.

A common way to summarize this process performance
is by using the process capacity indices (PCIs). These in-
dices provide information with respect to the engineering
specifications [12]. The measurement of performance of a
process considering both the location and the dispersion of
information about it is referred to, in the present study, the
PCI of interest Cpp. There are two definitions which rep-
resent the same thing and get the same result for a specific
sample. The first one is defined as follows

T
Cpk:(l—k)x &,
where k = |Z = u|/(T/2). The terms, T and s, are the
mean and standard deviation calculated from a sample. The
term, w, is the central value of specifications. The term,
T = USL — LSL, the difference in the upper and lower
bounds of specifications is usually explained as the tolera-
tion of specifications. This index can be explained as the
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multiplication of the capability of accuracy that concerns
the location information of the process and the capability

of precision that concerns the dispersion of information of
the process, respectively. Another definition for index Cpy,
is as follows:

Cpr = min(Cp (U), Cpi (L))-

where

_ USL -2
o 3s

Z — LSL

Cpk (U) 38

» COpi(L) =

Then the index, Cpy, is the shorter standardized distance
from the center of the process to either USL or LSL. The
PCIs are used in industry. There is an essential assump-
tion, in the conventional application, wherein the output
process measurements are precise and distributed as nor-
mal random variables. Since the assumption of a normal
distribution is untenable, errors can occur if the Cpy in-
dex is computed using non-normal data. In the present
study, we address the situation that the output of data from
measurement of the quality of a product is insufficiently
precise or not available. This situation can occur when
the quality measurement involves to the decision-maker’s
subjective determination. In such a situation, using lin-
guistic variables, that are easier to capture representing the
decision-maker’s subjective perception, are applied to con-
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to construct the PCIL. Since the index Cy, involves the loca-
tion information and the dispersion information simultane-
ously, it can be applied to evaluate the capacity of a process
where human judgments are involved in the evaluation of
the process performance. This information is presented by
the mean and standard deviation of the producing process.
Recently, Lee [12] constructed the first definition of the
Cpr, index estimation presented by fuzzy numbers and ap-
proximated its membership function using the “min”-norm
based extension principle of fuzzy sets [2, 3, 4]. However,
Lee’s result was shown to be invalid by Hong [10]. Itis well
known that Ty -based addition and multiplication preserve
the shape of L-R fuzzy numbers [5, 6, 7, 8]. The analytic
formula of Ty -based division was shown by Hong [9], re-
cently. Using these Ty -based algebraic fuzzy operations,
in this paper, we calculated the exact membership function
of the second definition of the index C, index presented
by L-R fuzzy numbers.

2. Tyy-based algebraic operation of fuzzy
numbers

A fuzzy number is a convex subset of the real line R
with a normalized membership function.

A triangular fuzzy number, @, denoted by (a, a, 3) is
defined by

L — 1
1—|—a——| ifa—a<t<a,
o
A(f) = a
a(t) 1—113ﬁ ifa<t<a+}p,
0 / otherwise,

where a € R is the center, ¢ > 0 is the left spread, and
B > 0 is the right spread of .
If @ = {3, then the triangular fuzzy number is called a
symmetric triangular fuzzy number and denoted by (a, «).
A fuzzy number ¢ = (a, o, 3) g of type L-R is a func-
tion from the reals into the interval [0, 1] satisfying

t —
R( 8a) fora<t<a+ 8
‘= L(a‘t) fora —a <t <aq,
a
0 else,

where L and R are non-increasing and continuous func-
tions from [0, 1] to [0, 1] satisfying L(0) = R(0) = 1 and
L(1)=R(1)=0.

A binary operation 7" on the unit interval is said to be a
triangular norm [13] (¢-norm for short) if and only if 7 is
associative, commutative, non-decreasing and 7'(z, 1) = «
for each z € [0,1]. Moreover, every t-norm satisfies the
inequality

Tw(a,b) <T'(a,b) < min(a,b) = Ty

where .
a iftbh=1,
Tu/(a,b): {b a:L
0 otherwise.

The critical importance of min(a, b), a-b, max(0,a+b—
1) and Tyw (a, b) is emphasized from a mathematical point
of view in [13], as well as other publications.

The usual arithmetical operation of reals can be ex-
tended to arithmetical operations on fuzzy numbers by
means of Zadeh’s extension principle [19] based on a tri-
angular norm 7. Let A, B3 be fuzzy numbers of the real
line R. The fuzzy number arithmetic operations are sum-
marized as follows:

Fuzzy number addition &:

(A®B)(z) = sup T(A(x), B(y)).

zt+y==z

Fuzzy number multiplication &:

(421 ® fﬁ’)(z) = sup T([l(m),ff(y)).

T Y=z
Fuzzy number division ©:

(A2 B)(2) = sup T(A(z), B(y)).

z —~
Y

The addition (subtraction) rule for L-R fuzzy numbers
is well known in the case of T);-based addition. The re-
sulting sum is again on L- R fuzzy numbers, i.¢., the shape
is preserved. It is also known that Ty -based addition and
multiplication preserves the shape of L-R fuzzy numbers
[5, 6, 7, 8, 11, 15]. Of course, we know that T-based
multiplication does not preserve the shape of L-R fuzzy
numbers. Recently, an analytic formula of Ty -based divi-
sion was shown by Hong [9]. :

Let T = T\ be the weakest t-norm and let 4 =
(a,a4,84)Lr, B = (b,ap,Bs)Lr be two L-R fuzzy
numbers. By [5, 6,7, 8, 11, 15],

A(‘BB ((l,OlA,/jA)LR@(b,OCB,,BB)LR

(a + b, max(aa, ap), max(f4, 58)) LR,

)

(ab,max(aab, apa), max(54b, fpa))Lr
for a,b > 0,
(ab,max(fab, fpa), max(aab, apa))rr
for a,b <0,
(ab,max{aab — fpa), max(B4b — apa))rr
for a < 0,b>0,L =R,

ey
&
e
Il

(UaaAb:BAb)LR

for a =0,b>0,
(0, ~Bab, —aab)rL

for a = 0,b <0,
(Ovoao)LR

for a =0,b =0,

171

@



International Journal of Fuzzy Logic and Intelligent Systems, vol. 8, no. 3, September

If A and B are symmetric fuzzy numbers, i.e., L. = R and
oy = Ba,ap = Bp, the multiplication can be simplified
as

A@B=
For the case of division, we have by [8], for A =
(a,aa,B84)Lr, B = (b,ap,B)rr,and a,b > 0

( L{(a/b— 2)/((1/b) max(a, fpz))]

if min{(a — aa)/b,a/(Bp +b)}
<z<alb,

if max{(a + $4)/b,a/(b— ap)}
>z >afb,

\ 0 otherwise.

Here, we note that A @ B is not exactly a L-R fuzzy num-
ber.

3. The membership function for standard
deviation of a fuzzy number

In order to obtain the membership function of Cyy, the
membership functions of the two statistics, mean and stan-
dard deviation must be identified beforehand. For simplic-
ity, we consider the case of symmetric triangular fuzzy
numbers. (The non-symmetric LR type fuzzy number
cases can be obtained similarly.)

We first note that by Zadeh’s extension principle, for

£ = (t,0,0)
-+t
t ) TR T T
A A
But we know that A4+ A # 2A. For example, if A = (q, a),
then A + A = (2a, @) by (2), but 24 = (24, 2a). In gen-
eral, if T # Ty, then the n-tuple sum A + --- + 4 £ nA
[see 5-8, 12, 15]. So for convenience we need to define a
different type of constant multiplication with a new nota-
tion. We denote A + - - +A—n®AandletA (a, ).
Thenn® A = A+ --- 4+ A = (na, ). Hence, we can
define for any non-zero real number ¢,

(ta, o). &)
Similarly, suppose that AA = B, then (a2, |a|a) = (b, B).
Hence we can define
= 8
VB=A4=05") 6
( \/E) (6)
Let us assume that ©; = (z;,%)p, j = 1,---,n, g; =

(y;,9;)c, 5 = 1,---,n, be samples of the random vari-
ables of symmetric fuzzy numbers and let

1 < S
_HZ:: ﬂﬁ@;%

tA =

Sl
o+ |
| g

toOA=

Hn
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(ab,max(aa|b|, aplal, max(aalb,agla|)r (3)

R[(z — a/b)/((1/b) max(Ba4, apz))] (4)

be the average operation for fuzzy numbers & and §, respec-
tively. Then we have that by the fuzzy arithmetic operations
in Section 2,

Hu

T, max
Z ]’ 1<j<n ’}/]

and

&
|
R
||

- - xj, max
Z P 1<‘7<nf}/‘7

Similarly we have that

and

(& —2)(F — 9)

max(|z; — - Zm]| lrila<x 95,

- = Z vl max %) |- 7
L

Define COV(%,§) = 1/n® Y7, (&; — &) (§; — ) as the
covariance between the fuzzy numbers & and y. Then we
have the following result using (6) and (7).

Proposition 3.1. The membership for COV(Z,§) is ob-
tained as

I
3=
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From Proposition 1, the membership function for
SSz = (1/n) © 37, (&; — &)(& — Z) as the sum of square
error of the fuzzy number, Z, is obtained as follows

S5S; = COV(#,z)
1 kel
- (-t
j=1
1r<nja<xn T;— — Zxk| max Vi) L

Hence by (6), the membership function for the standard de-
viation

1 n
Si = | = & —2)(F; —7)
i=1
1 n 1 n
- (et
n n
J=1 =1
max lz; — = Za‘kl max v

&)

% > (x - % > m)?
=1 k=1

4. Membership function
for the fuzzy index C,

Let the membership functions of the parameters, LSL
and USL, be the symmetric L-fuzzy umbers (I,m); and
(0,p) L, respectively. Then we have

1
USL -2 = (0 — —Za“j,max{p, max ’y,})
j=1

and

K0

:(E Z:rj I, max{m, ma<xn’yj})L.

By (8), the membership function of 35; is as follows.

—‘Z“

I

35; = | 3 12

j=1

max |z -—E T max’\
1<]<n|1 kl i3

based Fuzzy Arithmetic Operations

1 n
Here, we can assume that 0 — — Z.I‘j > 0 and
n =

— Zx] — 1 > 0. Now, by the division of fuzzy num-
n

i
berys in Section 2, we can easily find the membership func-
tions of (USL — &)/3S; and (# — LSL)/3S;. Applying
the following definition, we can now calculate the C, in-
dex completely.

Definition 4.1. Let A and B be two fuzzy numbers with
[A* = {4 > o} = [a(e),ax(a)] and [B]* =
[b1 (), b2 (a)]. We define

[min{fLB}]“ = [a

(o) Abi(a), az(a) A ba(a))].

Finally, we consider the following example.

1 2
Example 4.2, Let 7, = (1, 5), To = (2, §) 3 =(3,1),

let USL = (3, 1, 2), and let LSL = (0.9, 1, 1). Then we

- 1 1
have £ = (2,1) and S; = (§ 2) 3S; = (2, 2). We also
have USL — & = (1,1,2) and # — LSL = (1.1,1). Now

applying by division of fuzzy numbers, we have

1
. ~ 2z for0<z< -,
USL-2z (1,L,2) 2
35; 1 - §fz f0r1<z<§
(2,3) 2 2 =" =2
2 0 otherwise,
( 1 1 11
2z — — for — <2< —
] 710 20 = ° =0
P-rst iy o JAH o0 Mooy
35 (9,1 | 20 = 1
79 — -1 forl1<z< —
z . 10
0 otherwise.
By definition, we see the Cy, index in Fig.1.
12
1 -
as .*’ffl F Gk
_ i ™,
0 i .
wl N
4 \\\
0z / \\
m / ™
o 0s 1 1,5 2

Fig. 1 Cpi, index
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5. Conclusion

Process capacity indices (PCIs) were developed and
have been successfully used by companies to compete in
and dominate high-profit markets by improving their qual-
ity and their productivity in the past two decades. There
are two definitions that represent the same thing and get
the same result for a specific sample. Recently, Lee [10]
constructed the first definition for the Cpy, index estimation
represented by fuzzy numbers. Lee [10] approximated its
membership function using the “min”-norm based exten-
sion principle of fuzzy sets. In this paper, using this 7y -
based algebraic fuzzy operations, we calculated the exact
membership function of the second definition of the index
Cyr, index presented by L-R fuzzy numbers.
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