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ABSTRACT. This paper deals with, by employing the relation between Cauchy representa-
tion and the Fourier transform and properties of the former in Li-space, the investigation
of the Cauchy representation of integrable Boehmians as a natural extension of tempered
distributions, we have investigated Cauchy representation of tempered Boehmians. An
inversion formula is also proved.

1. Preliminaries

A relation between the Cauchy representation of the Fourier transform of the
functions in Lo-space and a decomposition of the Fourier transform into two parts,
each of which gives an analytic function in a half plane, defines that the decomposed
transform is convergent for classes of functions larger than those in Ly-space.

The paper is divided into three sections. In Section 1 we give some definitions
and results useful for our investigations. In Section 2 we have investigated the
Cauchy representation of integrable Boehmians, by using the relation between the
Cauchy representation and the Fourier transform and the properties of the former
in Li-space. Section 3 deals with the investigation of the Cauchy representation of
tempered Boehmians, and inversion formulae are proved for both the investigations,
in Sections 2 and 3.

In what follows, we mention basic properties of the Cauchy representation, some
definitions and few terminologies.

Property 1. Suppose f € Lo, g(w) = F(f,w) and §(2) is the Cauchy representa-
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tion of g(z), where z = x + iy. Then

/OO f(t)eitzdt, y>0
0
9(z) = (1)

0
—/ ft)e'zdt, y <0

Equation (1) remains true even if the assumption f € L is replaced by f,g € L.

Property 2. Suppose g € Lo, f(t) = F~(g,t) and f(z), z =z + iy be the Cauchy
representation of f. Then

0
—(2#)_1/ gw)e ™*dw, y <0

— 00

Definition 1. A function f is called a tempered function (or a function of slow
growth or a slowly increasing function) if f is a continuous function and for some
a?

1= O(tD)%). (3)

Definition 2. The generalized Fourier transform and the generalized inverse
Fourier transform of a tempered function f are defined and denoted, respectively,
as

/OO f(t)e“zdt, y>0
0
F(f2) (4)

- 0
7/ f)et=dt, y<0
and
0 .
(2%)71/ fe ™dt, y>0
FUf2) = -
—(277)*1/ fe ®dt, y<0
0
where z = x + 1y.

Property 3. F(f,z) and F~'(f,z), defined in equations (4) and (5) are analytic
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functions for y # 0. Following identities hold true between ]:"(f, z) and the classical
Fourier transform :

.7:'(f733+ie) = F(f(t)H(t)e ', ), e>0
and X ) (6)
F(f,x —ie) —F(f(t)H(-t)e~,z), €>0

where H(t) is a positive function, which is convenient to consider in the proof of
inversion theorem and has a positive Fourier transform whose integral is easily
calculated. Therefore, we have

F(f,x+ie) — F(f,x —ie) = Fe~ M f(t),z) = /Oo et fyettat.  (7)

— 00

Property 4. Let f is a tempered function, then the generalized Fourier transform
of f has the property

oo

(F(e) = lim [ (F(fra+ie) = F(f,o —i)p(x) do, (8)

for all p € S and € > 0.

Property 5. For a given tempered function f, the inversion formula for the gen-
eralized Fourier transform F(f, z) has the property

(2m)~! /jo (ﬁ(f, x + ie) — ﬁ(f,x —ie))e " dt = eiiltlf(t), e>0 (9)

and . .
lim FYF(f, o +ie) — F(f,x —ie),t) = f(t), e>0. (10)

e—0

Property 6. Let T is a functional for the mth derivative of the tempered function
defined in Ly, then the generalized Fourier transform of T is defined as F(T,z) =

(—iz)™F(f, 2).

Property 7. Let T € S’ and .T:(T,z) be a generalized Fourier transform of T
Then F(t, z) is an analytic (Cauchy) representation of F(T) in the sense, that
im (F(f,z +ie) = F(f.o —ie), p(x)) = (F(T),¢), ¢€5, (11)

where S’ is the space of linear functional on S or the space of tempered distributions.

Definition 3. The generalized Fourier transform F(f, z) for a tempered function
f, for multi-variables is defined by

/ o / f(t)ei(t72)dta Y1 > Oa oy Yn > 07 (12)
0 0



484 Deshna Loonker and P. K. Banerji

and 0
7/ / o / f(t)el(t’Z)dt < 07 Y2,Y93, ", Yn > 07 (13)
—o0 JO 0
where z; = x; +iy;, j =1,2,3,---.

Equations (12) and (13) can be expressed in the form

F(f2) = F@)e ) T (o5H(o;1)) dt, (14)
En N
Jj=1
where 0; = sgn(y;), sgn is the signum function, and {z : o1y1,02y2, - - ,opyn > 0}.

E™ is the n-dimensional linear space, over which the integral is defined. Further,
equation (14) can be written as

F(t,z) = - f()e'*(cH(ot)) dt (15)

Also,
FHH(t)e"  w) = [2mi(w—2)]7Y, y>0 (16)
FHH(~t)e" w) = —[2mi(w —2)]7!, y <0 (17)

and
1 itz g.e. for

]:<27ri(w—z)’t> = H(t)e"*, ae. fory>0 (18)
F (m,t> = —H(-t)e'™, a.e. fory <0. (19)

Following properties signify the equivalence of generalized Fourier transform
and Cauchy (analytic) representation of classical Fourier transform.

Property 8. Suppose f € L1, F(f) € L1 and F' = F(f), then the Cauchy repre-
sentation of F'(z) by means of the Cauchy kernel is given by

F(z) = F(f.2) (20)
fz) = F(f,2), (21)
where z = x + 1y.

As a consequence of the Property 8, if f € S and F denote F(f), then

F(Z) = ﬁ(fwz)v Yi,Y2, - 7yn7é0- (22)

Property 9. If f,g € Ly and h(z) = (f * g)(z), then

i) = [ swiG-va

— 00
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= / gt f(z —t) dt. (23)
This property is called the Cauchy representation of convolutions of functions be-
longing to Lq-space.

Example 1. Using equations (16)-(19), we have

t )
f(t—z’w> = 2miH(w)e™?, y>0

where H(w) € Ly and Ly. Thus,
(2miH (w)e™?)  (2miH (w)e™?) = 2nF((t — 2)7?),
and therefore, _
F((t—2)"%w) = —2rH(w)we™?, y>0.
Similarly,
—-n s\ wn_l

Definition 4. For any tempered distribution space S, the space of linear functional

ey >0.

S’ on S, the space D of all infinitely differentiable functions on R™ with compact
support (A set K C X, a topological space, is called compact if every open cover
of K contains a finite subcover) and its dual D' if S € D’ and T € &', then the
convolution of the distributions is defined by

ST = FYF(S) F(T) = 2aF(FYS) F-YT)). (24)

The space £(a, b) is the space of smooth functions on (a,b) and £'(a,b), or simply
&', is the dual of the space £.

As a consequence of equation (24) or the Definition 4, if S € S and T € &',
then S x T € S’. Further, the convolution of the generalized Fourier transform is
given by

F(fxg,z) = { f(fw)OJ’-"(g,z)’ z;zg -

Property 10. Let S,T € S’ have support in the half axis {t : t > 0}. Then,
SxT = lim FYE(S,z +ie)F(T, z +ic)), (26)

where SxT € S'.
The proofs of all the properties mentioned in this section may be referred to [1].
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2. Cauchy representation for integrable Boehmians

In this section we investigate the Cauchy representation of integrable Boehmians
by using the relation between the Cauchy representation and the Fourier transform,
Properties 8 and 9, and employing the properties of the Cauchy representation for
function in Li-space, enumerated in Section 1. These properties indeed support
those of integrable Boehmians.

The Fourier transform for Boehmians has been defined independently by J.
Burzyk (through an oral communication) and by Nemzer [6]. Definition of Burzyk
is, indeed, general in nature and interestingly, in this definition, the Fourier trans-
form of a Boehmian is not necessarily a function (whereas the Fourier transform of
a tempered distribution is always a function). An exhaustive account of Boehmians
may be seen in [2].

Considering L; as the space of complex valued Lebesgue integrable functions
on the real line R, the norm of a function f in L is given by

1l = /R | (@) | de.

If f,g € L1, then the convolution f x g is

(Fro)@) = [ fwgla ) du (27)
R
is an element of the space Li and

If*gll < IfI-Nlgll-

A sequence of continuous real functions § € Ly is called a delta sequence if

(1) /5n(x)da::1,Vn€N
R
(ii) ||6n]| < M, for some M € R,V n € N.

(iii) lim | 0n(2) | dz =0, for each € > 0.
n=00 Jiz|>e

If (¢n,) and (1,) are delta sequence, the (@, x 1) is also a delta sequence. If
f € Ly and (0,,) is the delta sequence, then ||(f *xd,) — f|| — 0, as n — oc.

A pair of sequence (f,,p,) is called a quotient of sequences, and denoted by
In/@On, fn € L1 (n=1,2,---) (©,) is a delta sequence, and f, x on = fr * O,
YV m,n € N. Two quotients of sequence f, /¢, and g, /¢, are equivalent if f, x1, =
gn * ©n, ¥ n € N. The equivalence class of a quotient of sequences will be called
an integrable Boehmian. The space of all integrable Boehmians will be denoted by
By, . For convergence of Boehmians one may refer to [3], while the convergence and
properties of integrable Boehmians may be found in [4].
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Lemma 1. If [f,/d,] € Br,, then the sequence

ful2) = /R () (o H(ot) dt

converges uniformly on each compact set in R.

Proof. If (6,) is a delta sequence, then (Sn) converges on each compact set to the

constant function 1. Thus, for each compact set K, §, > 0 on K, for almost all
k € K and,

i, = fn(ik: _ Unxd)® - (fexdn) @Sn on K.

Sk gk 5k 5k

Indeed, the Cauchy representation of an integrable Boehmians F = [f,,/d,] can
be defined as the limit of the sequence ( fn) in the space of continuous function
on R. This proves that the Cauchy representation of an integrable Boehmian is a
continuous function. Thus the lemma is proved. O

Theorem 1. Let F,G € Byr,,. Then
(i) (A\F)\ = \F, (for any complex number \), and (F + G)" = F +
(i) (FxG)" = FG

(iil) F(f0™,2) = (—iz)"F(f,2)

(iv) if F =0, then F =0
)

Q>

(v) if A— nh—>Holo F, = F, then F,, — F uniformly on each compact set.
Proof. Appealing to the Properties 8 and 9, the relation between the Cauchy repre-
sentation and the Fourier transform, the proofs of (i)-(iii) are obvious consequence.
Proof of (iv) can be completed by employing uniqueness theorem of the Fourier
transform (if f € Ly and f(t) = 0 for all t € R, then f(z) =0 a.e.) in L; (or the
Theorem 2, that follows).
Now we prove the part (v):
We have

§— lim F,—F=F, - F

n—oo

uniformly on each compact set.
Let (6,) be a delta sequence such that Fj, x 0, F xdx € L1,V n,k € N and

[(F, — F)x0rl]| — 0, asn— oo,

for each k € N. X R
Let K be a compact set in R, then §; > 0 on K for some k € N. Since d; is a
continuous function, we observe

Fn-Sk—>F5k
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uniformly on K. Since,

Fn-ék—ﬁ-ék = ((Fn—F)*(Sk)A

and
I(Fy, — F)xd|| = 0, as n — oo.
The theorem is thus completely proved. O
Let f € Ly and from Properties 4,5 and 8 i.e. (equations (8),(9) and(21))

falt) = FHE(f2) = FTHIR) (28)

1 [ . i+
= — 2 dt. 29
5 | e (29)

Then the sequence (f,,) converges to f in Li-norm. The details may be seen in [4].

Theorem 2. Let f € B, and

£lt) = % /_ T Bt at. (30)

Then § — lim,_ o fr, = F, and hence, also A — lim f, = F.

n—oo

Proof. Let F = [g,/0x], k € N. Then

(o5 00)(1) = /R fult — )i (u) du

; 1 T it f
e. - it(z—w) fo
ie 277/3/—ooe (2)0k (u) dtdu,
1 o

= e ()0, (t) di

21 J oo

1 [ .
ie. (faxo)(t) = 2—/ e"t* Fxby(t) dt.

™ — 00
By Lemma 2, || f x 0 — F % i || — 0, as n — oo. Since k being an arbitrary positive
integer, thus, 6 — lim f, = F. This proves the theorem. O

3. Cauchy representation for tempered Boehmians

Since tempered Boehmians are the natural consequence of tempered distribu-
tions, indeed using the relation (15) we in this section, investigate the Cauchy
representation of tempered Boehmians, by following the terminologies of that of [5].

Let J be the space of slowly increasing infinitely differentiable complex-valued
functions on RN (f is called slowly increasing, if there exists a polynomial p, such
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that |f(z)| < p(z), V x € RY). D is the space of all infinitely differentiable complex
valued function on RY with compact support.

A pair of sequence (fy,¢n) is called a quotient of sequences, f,/¢n, if f, € J,
VvV n € N, and {p,} is a delta sequence. If the function space is of slowly increasing
infinitely differentiable complex-valued functions, then the investigated space of
Boehmians consists of the tempered Boehmians and will be denoted by B 7.

Let F = [f./¢n] € By. Partial derivatives of F are defined as

or _ Kafn

@ o 0Ty,

w0 flonron)]. (31)

where ((0f,/0xm) * vyn) is a slowly increasing function for every n € N and
((Ofn/0xm) * ¢n)/(Pn * pn) is a quotient of sequence. Thus, the partial deriva-
tives of tempered Boehmians are tempered Boehmians.

Let f be an infinitely differentiable complex valued function on RY. If

oled
sup Sup(1+x§+x§+...+x?\i)‘ f(=)
|a|<m zeRN

2
T < oo, (3

for every non-negative m, then f is called a rapidly decreasing function, a =

(a1, -+ ,an) is a multi-index, a are non negative integers, | « |=| a1 | +---+ |
ap |, and
glal olal
«a = (231 aN (33>
Ox Oz -+ 0xy

Let S(R™) denote the space of all rapidly decreasing function on RY. A tem-
pered Boehmian F = [f,/¢,] is called a rapidly decreasing Boehmian if f, € S,
vV n € N. The space of all rapidly decreasing Boehmian is denoted by Bg. If
F =[fn/pn] € B7 and G = [gn /7] € Bg, then the convolution F x G is defined as

FxG = [(fuxgn)/(on*Tm)], FxGE€ Byg. (34)

Let f/¢ is a convolution quotient and i is the general quotient. Let f € J. The

relation between the Cauchy representation and the Fourier transform, as defined
in (15) and (21) and the Cauchy representation for tempered distributions and
convolution as defined in Property 9, Example 1, Definition 4 and Property 10 in
Section 1, satisfy properties of tempered Boehmians, which have been established
in the theorems those follow.

The Cauchy representation of tempered function f is denoted by f (z) and the
distribution of the tempered function is

(fro) = (f:8), weS, (35)
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where

b(2) = / (D) (o H o (1)) dt. (36)

Theorem 3. If [f,/¢n] € By, then the sequence {f,} converges in D'. Moreover,
if [fn/en] = lgn/vn] € By, then the sequence {f,} and {g,} converge to the same
limat.
Proof. Let ¢ € D, k € N be such that ¢ > 0 on the support of . Since
fn*‘pm = fm*@na Vm,neN
and o o
fn *Qbm = fm * ¢n7

we have

Since the sequence {%} converges to Ai in D, therefore, sequence {( fn,go)}

Pk Pk
converges in D. This proves that {f,} converges in D’. Further, assuming that

[frn/Pn] = [9n/Vn] € By, and define

h, = {fngl*%;l , if nis odd

gz *pn , if n is even

and

5, = {W";l*wnzrl , if nis odd

pn *yz , if n is even.

Then [hn/6n] = [fn/dn] = [gn/m]. Therefore, the sequence {h,} converges in D’
Moreover, R
lim hon—1(p) = nlLH;O(fn*'Yn)/\((P)

n—0oo

= lim (fudn)(@) = lim (f)(5¢)

n—0o0 n—oo

= lim fn(go)

n—oo
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Thus, {hy} and {f,} have the same limit. Similarly, it can be shown that the
sequence {h,} and {g,} will have the same limit. This completes the proof of the
theorem. O

Definition 5. The mapping from Bz into the dual space D’ can be defined by a
Cauchy representation F' of F, if F' = [f,,/¢n] € By and the limit of sequence { f,, }
is in D',
Theorem 4. Let F = [f,/¢n] € By and G = [gn/7n] € Bs. Then
(1) (aF/axm)/\ = ime;
(i) G is an infinitely differentiable function,
(iii) (F*G)\ = FG and

(iv) F¢, = fn,VneN.

Proof. (i) Considering the left hand side, we write
oF \" Ofn "
() - (2o

. (0fn N
= lim 3 *@p | = lm iy fPm = ixmF. (37)

n— 00 T,

The proof of (i) is completed owing to the relation [f,/@n] = [(fn * ©n)/(Pn * ©n),
and due to Theorem 3.

(ii) Let G = [gn/7n] € Bs and let U be a bounded open subset of RY. Then there
exists m € N such that 4, > 0 on U, and

G = lim gn = lim g,z’ym = lim g,zfyn
= .?m lim %, = .?m, on U. <38>
Ym N Tm

Since Gm,dm € S and 4, > 0 on U, G is an infinitely differentiable function on U.
The proof of (ii) is thus completed.

(iii) Let ¢ € D. Then there exists m € N such that 4, > 0 on the support of ¢,
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and we have
(FxG)"p) = lm (fn*gn)"(p)

= lim fu(gne)

g ()
n—oo ’ym
= G lim (fu5n)(p)
= G lim (fo*9)" ()
= (FG)(p)
(FxG)Np) = (FC)(p). (39)
The proof of (iii) is thus completed owing to reasons given for the proof of part (i).

(iv) Let p e D, ¥V m e N

(Fem)(p) = F(pme)
= nh—{go fn(@m@)
= lim (fupm)(p)
Le. (F‘;’m)(@) = fm(@) = fm~ (40)
The theorem is, thus, completely proved. (I

Theorem 5. A distribution of the tempered function f is Cauchy representation
of a tempered Boehmian if and only if there exists a delta sequence {0,} such that
fén is a tempered distribution, for everyn € N.

Proof. If F = [f,/¢n] € By and f = F, then due to Theorem 4(iv),
fén = F@n = fn
Thus, fp, is a tempered distribution.

Let f € D' and {4, } be a delta sequence such that f4, is a tempered distribution
for every n € N, we have

F = [((fgn)v*(sn)/(én*(sn)]» (41)

where ( fgn)v is the inverse generalized Fourier transform of the Cauchy represen-
tation of fd,, the tempered distribution, so is (f0,)V. Indeed, F is a tempered
Boehmian and F' = f. This completes the proof. O

Theorem 6. Let F' be a tempered Boehmian and F= f. Then
F o= [((f6n)Y % 6n)/ (80 6], (42)
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where {0}, be a delta sequence such that fgn 18 a tempered distribution for every
n € N.

Proof. It F = [f,,/¢n] € B then appealing to the inverse formula (41). Let bn = On
which reduces equation (42) to F = [(fn)Y /). Hence the theorem is proved. [J

Remark/Observation. The definition given by Burzyk is very general in nature
in the sense that the Fourier transform of a Boehmian is not necessarily a function
(whereas the Fourier transform of tempered distribution is a function). The rela-
tion between the generalized Fourier transform and Cauchy representation and the
properties given in Section 1, establish the fact that, the Cauchy representation of
a integrable Boehmians and tempered Boehmian is a distribution.
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