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HYPONORMAL TOEPLITZ OPERATORS ON THE
BERGMAN SPACE. II.

IN SuNG HWANG AND JONGRAK LEE

ABSTRACT. In this paper we consider the hyponormality of Toeplitz oper-
ators T, on the Bergman space L2 (D) with symbol in the case of function
f+g with polynomials f and g. We present some necessary conditions for
the hyponormality of T, under certain assumptions about the coefficients
of .

1. Introduction

A bounded linear operator A on a Hilbert space is said to be hyponormal if
its selfcommutator [A*, A] := A*A — AA* is positive semidefinite. The purpose
of this paper is to study hyponormality for Toeplitz operators acting on the
Bergman space L2(D) of the unit disc . In particular, our interest is Toeplitz
operators with polynomial symbols which satisfy certain constraints.

If P denotes the orthogonal projection of L?(D) onto LZ(D), the Toeplitz
operator T, on L2(D) is defined by

T,f =P(p-f),

where  is measurable and f is in L2(ID). It is clear that those operators are

bounded if ¢ is in L°(D). The Hankel operator H,, : L2 — L(QLJ‘ is defined by
Hy(f) = (I — P)(¢ - f). Let H?(T) denote the Hardy space of the unit circle
T = OD. Recall that given ¢ € L°°(T), the Toeplitz operator on H?(T) is the
operator Ty, on H%(T) defined by Ty f = P(¢ - f), where f is in H?(T) and
P, denotes the orthogonal projection that maps L%(T) onto H2(T).

Basic properties of the Bergman space and the Hardy space can be found in
(1], [3] and [4]. The hyponormality of Toeplitz operators on the Hardy space
has been studied by C. Cowen [2], T. Nakazi and K. Takahashi [8], W. Y. Lee
[5], [6] and others. In [2], Cowen characterized the hyponormality of Toeplitz
operator T,, on H?(T) by properties of the symbol ¢ € L>(T). The solution
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is based on a dilation theorem of Sarason [10]. It also exploited the fact that
functions in H2" are conjugates of functions in zH?2. For the Bergman space,
Lgl is much larger than the conjugates of functions in 2L2, and no dilation
theorem (similar to Sarason’s theorem) is available. Indeed it is quite difficult to
determine the hyponormality of T, on L2(D). In fact the study of hyponormal
Toeplitz operators on the Bergman space seems to be scarce from the literature.

In this paper we study the hyponormality of Toeplitz operators T, on the
Bergman space L2 (D) with symbols in the case of function ¢ = g+ f with poly-
nomials f and g. Since the hyponormality of operators is translation invariant
we may assume that f(0) = g(0) = 0. We shall list the well-known properties
of Toeplitz operators T, on the Bergman space.

If f, g are in L°°(D) then we can easily check that

() Tryg =Tr + T,
(i) Ty* = T5
(ili) T5Ty = Ty, if f or g is analytic.
These properties enable us to establish several consequences of hyponormal-
ity.
Proposition 1.1 ([7], [9]). Let f,g be bounded and analytic. Then the follow-
ings are equivalent.
(i) T4y is hyponormal.
(i) HyHy < HHy.
(i) 11(1 — P)@k)I| < [I(1 = P)(FR)I| for any k in L2.

Very recently, in [7], it was shown that if ¢(2) = a_mZ™ +a_NZ" +amz™ +

anz" (0 <m < N) and if a,,@y = a_,,G_x, then

T, is hyponormal

wrrlanl® —la-n?) > Fz(la—ml? —laml?) i Ja-n| < lan]
N*(la-nI* = lan?) < mP(lam|* ~ la—m|?) if lan| <la—nl.

In this paper we continue to examine the hyponormality of T, in the cases
where @ is a trigonometric polynomial.

2. Main result

In this section we present some necessary conditions for hyponormality of
T,. First of all, observe that for any s, ¢ nonnegative integers,

s—t+1 st ifs>t

P(z'2%) = {w—lz

0 if s < t.
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For 0 <i< N —1, write
xX0
ki(z) = Z CNngiz YT
n=0

The following lemmas will be used for proving the main result of this section.
Lemma 2.1 ([7]). For 0 < m < N, we have
= 1
: zMk. 2 _ 12
(1) ||Z z(z)“ ;Nn_’_i_*_m_i_ llan—Hl

oo

Nnti-m+1 2 } ]
Z mlan+i| ifm <

(i) [[PE™k:(2))]]> = { "&°
Nnvi-mdl 2 ‘ )
Zm|%+il if m > i.

n=1

Lemma 2.2. Let f(2) = amz™+anz", g(2) = a_mz™+a_nz¥ (0 <m < N).
If Ty, 5 is hyponormal, then

(1) wlanl? = la-nP?) 2 g (la-ml® — laml?).
(i) |lam| < la—m] implies lan| > |a_n|.
(ili) |an| < la—n]| tmplies |an,| > |a_m].

Proof. Let Ttyg be a hyponormal operator. By proposition 1.1, we have || f|| >
|lgl|. Observe that

1 1

2 2 2 2 2 2
= — d = — —
This proves the equation (i). The equation (ii) and (iii) are immediate from
(i). O

Our main result now follows:
Theorem 2.3. Let (z) = g(2) + f(2), where

f(2) =amz™ +anz" and g(z) =a_mz™+a_nz¥ (0<m < N).
If T, is hyponormal and |an| < |a—n|, then we have

(1) N*(la-n]* = lan(|?) < m*(lam[* = la—m|?).

Proof. Put ki(2) :== > or g enntiz T for i = 0,1,2,..., N — 1. Then we have

<ki(z)im, ki(z)EN> =0
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Thus by Lemma 2.1, we have

(2)
(Mfkl(z),M?kl(z»
1 1

_ 2 12 2 12

= |Gm| ; Notmyigiiovnrl T lanl 7;) Nnr N il
and
(3)

(Mgki(2), Mgki(2))

1 1
— 2 o 12 2 I 2
= la—m| nz=o Nnrmyirriovml tla-n] nzzo N N rig 1ol

If i > m it follows from Lemma 2.1 that

(4)
(Tski(2), Trki(2))
_ Nn+i-m+1 Nn+i—-N+1 9
| ml Z Nn+z+1 3 |CNn+z| ‘|‘|aN| Z NTL-’r’L-l—l |CNn+1|,
and
()
<T§ki(z) Tyki(2))
Nn+i-m+1 Nn+i—N+1 )
|a—m| Z————Nn+z+1 5 |CNn+z| +|a N| ZmICNn+1I

Combining (2) and (4), we see that

(H*Hf ki(z))

— |2Z( 1 _Nn—i—z mJI—l)|c 12
T AN m i+l (Nnri 12 SO

1 °° 1 Nn+i—N+1
29 A2 _ 2
+lan] <N+z'+1|°’| +nZ=1(Nn+N+i+1 (Nn+i+1)2 )'CN"“')

Combining (3) and (5), we see that

(Hy Hgki(2), ki(2))
e IQi( 1 _ Nn+i-m+1
T ZANn+m+i+l (Nnti+1)?

1 Nt 1 Nn+i—-N+1
Y I P V4 _ 2
+la-nl <N+i+1|czl +HZ:1(Nn+N+i+1 (Nn+i+ 1) )lcN”“'

)lCNn+i|2
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Therefore applying Proposition 1.1 gives that if T;, is hyponormal then
((H3Hy — HyHg)ki(2), ki(2))

_ 2 g 1 _Nn+i-m+1 2
= (lam| la'm])r;)(Nn+m+i+l (Nn+i+1)2 )'CNWI

1 - 1
6 2 B 2 i2 P
(6) + (Jan] |a N')<—N-+_’i+1|6| +:L=:1(Nn+N+’i+1

Nn+7J—N+1>|c 12
(Nn+i+1)2 )Nt

>0

If jan| < la—n|, it follows from Lemma 2.2 that |am,| > Ja—n,|. Define € by

1 _ Nn+i—m+21
X Nn+m+i+1 (Nn+414+1)
&(n) == i Nnti— NIl (n21).

Nn+N+i+1 (Nn+i+1)?

Then £ is a strictly decreasing function and

m2

lim §(n)= —

n-—o00 N2,

Since &(n) > %;, it follows from (6) that T, is hyponormal, then we have
N(la-n]? = lan[*) < m*(jam|® = la—m/?).
This completes the proof. O

The following example shows that the converse of Theorem 3.2 is not true.
Example. Consider the trigonometric polynomial
o(z) = 22° + 22 — 4z + 2*

Then ¢ satisfies the inequality (1). But a straightforward calculation shows
that

1
<(H;H7 — HZHg)(1+22), (1 + 2z)> =92 -14<0.

Therefore T, is not hyponormal.
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