Bull. Korean Math. Soc. 44 (2007), No. 3, pp. 493-506

WEAK AND STRONG CONVERGENCE CRITERIA OF
MODIFIED NOOR ITERATIONS FOR ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN THE INTERMEDIATE
SENSE

SHRABANI BANERJEE AND BINAYAK SAMADDER CHOUDHURY

ABSTRACT. In this paper weak and strong convergence theorems of mod-
ified Noor iterations to fixed points for asymptotically nonexpansive map-
pings in the intermediate sense in Banach spaces are established. In one
theorem where we establish strong convergence we assume an additional
property of the operator whereas in another theorem where we establish
weak convergence assume an additional property of the space.

1. Introduction

In recent years, one-step and two-step iterative schemes (including Mann
and Ishikawa iteration processes as the most important cases) have been stud-
ied extensively by many authors to solve the nonlinear operator equations as
well as variational inequalities in Hilbert spaces and Banach spaces, see [6]-[10],
[17]-[19], and [24]. Fixed point iteration process for asymptotically nonexpan-
sive mappings in Banach spaces including Mann and Ishikawa iteration process
have been studied extensively by many authors to solve the nonlinear opera-
tor equations as well as variational inequalities in Hilbert spaces and Banach
spaces. Noor [13], [14] introduced and analyzed three-step iterative methods
to study the approximate solutions of variational inclusions (inequalities) in
Hilbert spaces by using the techniques of updating the solution and the aux-
iliary principle. Glowinski and Le Tallec [3] used three-step iterative schemes
to find the approximate solutions of the elastoviscoplasticity problem, liquid
crystal theory and eigenvalue computation. It has been shown in [3] that the
three-step iterative scheme gives better numerical results than the two-step
and one-step approximate iterations. In 1998, Haubruge, Nguyen and Strodiot
[5] studied the convergence analysis of three-step schemes of Glowinski and Le
Tallec [3] and applied these schemes to obtain new splitting-type algorithms for
solving variation inequalities, separable convex programming and minimization
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of a sum of convex functions. They also proved that three-step iterations lead
to highly parallelized algorithms under certain conditions. Thus we conclude
that three-step iterative schemes play an important and significant part in solv-
ing various problems which arise in pure and applied sciences. Recently Xu and
Noor [25] introduced and studied a three-step iteration scheme to approximate
fixed points of asymptotically nonexpansive mappings in Banach space. In
2004, Cho et. al. [2] extended the work of Xu and Noor to the three-step
iteration scheme with errors and gave weak and strong convergence theorems
for asymptotically nonexpansive mappings in Banach space. Moreover, Suantai
[21] gave weak and strong convergence theorems for a new three-step iterative
scheme which can be viewed as an extension for three-step and two-step it-
erative schemes of Glowinski and Le Tallec [3], Noor [13], Xu and Noor [25],
Ishikawa [7]. Inspired and motivated by these works we address the problem
of Suantai [21] to more general class of operators that is to asymptotically
nonexpansive mappings in the intermediate sense.

Let X be a normed space, C' be a nonempty convex subset of X and T :
C — C be a given mapping. Then for a given z; € C, compute the sequence
{zn}, {yn} and {z,} by the iterative scheme of asymptotically nonexpansive
mappings.

Tnr1 = (1—an=Gu)en + Ty, + 8.1 2,
n = (1 —=bp—cp)Tn +0,T"2, + Ty
(1.1) zn = (1 —ap)zn +anT 2y, nz>1,

where {an}, {bn}, {cn}, {@n},{On} are appropriate sequences in [0, 1]. The it-
erative scheme (1.1) is called the modified Noor iterations [21]. Noor iterations
include the Mann-Ishikawa iterations as special cases. If ¢, = 3, = 0, then
(1.1) reduces to Noor iterations defined by Xu and Noor [25] :

Tnp1 = (1—ap)zy + Ty,
(1.2) zn = (1—an)zn +aT 2y, n>1,

i

where {an}, {bn}, {an} are appropriate sequences in [0, 1]. For a,, = ¢, = G,
0, then (1.1) reduces to the usual Ishikawa iterative scheme

Tny1 = (1 —oan)zny +anTy,
(1‘3) Yn = (1 - bn)xn + b, Ty, n>1,

where {b,,}, {a,,} are appropriate sequences in [0, 1]. For a, = b, = ¢, = By
0, then (1.1) reduces to the usual Mann iterative scheme

(1.4) Znt1 = (1 —ap)en + anT 2y, n>1,

where {ay,} are appropriate sequences in [0, 1].
Now we recall some well known results and definitions:
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Let X be a normed space, C be a nonempty subset of X andlet T: C — C
be a given mapping. Then T is said to be asymptotically nonexpansive [4] if
there exist a sequence {k,}, k, > 1, with lim, . k,, = 1 such that

1Tz = Ty|| < knllz — 9]
for all z,y € C and each n > 1. The weaker definition [9] requires that
limsup sup (||T"z —T"y|| - |lz —y||) <0

n—oo g,yeC
for every x € C and that TV be continuous for some N > 1.
Bruck et. al. [1] gave a definition which is somewhere between these two :
T is called asymptotically nonexpansive mapping in the intermediate sense [1]
provided T is uniformly continuous and
limsup sup (|[T"z — Ty - || - yIl) <.
n—oo z,yc
T is said to be uniformly L-Lipschitzian if there exist a constant L > 0 such
that
1Tz — T"y|| < Ll|z - yl|
for all z,y € C and all n > 1. From the above definitions it follows that
asymptotically nonexpansive mapping must be asymptotically nonexpansive
mapping in the intermediate sense and uniformly L-Lipschitzian mapping. But
the converse does not hold:

Example. ([8]) Let X = R,C =[-1, 1] and |k| < 1. For each z € C, define

krsinl ifx#0
— T
T() { 0 if z = 0.
Then T is asymptotically nonexpansive mapping in the intermediate sense,

but is not a Lipschitzian mapping but T"x — 0 uniformly so that it is not
asymptotically nonexpansive mapping.

A Banach space X is said to satisfy Opial’s condition [15] if z, — z and
z # y imply

lim sup |[z, — z|| < limsup ||z, — y||.
n—od n—o0

A Banach space X is said to satisfy 7-Opial condition [1] if for every bounded
{zn} € X that 7-converges to z € X then

lirnsup ||z, — z|] < limsup ||z, — y||
n—00 n—o0

for every x # y, where 7 is a Housdorff linear topology on X. A Banach space
X has the uniform 7-Opial property [1] if for each ¢ > 0 there exists 7 > 0 with
the property that for each z € X and each sequence {z,} such that {z,} is
T-convergent to 0 and

1 < limsup ||z,|| < oo, ||z|| = ¢

n—r00
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imply that limsup,,_, ||zn — z|| > 1+ r. Clearly uniform 7-Opial condition
implies 7-Opial condition. Note that a uniformly convex space which has the
7-Opial property necessarily has the uniform 7-Opial property, where 7 is a
Housdorff linear topology on X. Let {z,,} be a given sequence in C. A mapping
T : C — C with nonempty fixed point set F(T') in C satisfying Condition (A)
with respect to the sequence {z,} [20] if there is a nondecreasing function
f:[0,00) — [0,00) with f(0) =0 and f(r) > 0 for all r € (0, c0) such that

Fld(zn, F(T))) < ||lxn — Txy|| for all n > 1.

Lemma 1.1 ([22, Lemma 1]). Let {a,}, {bn} and {5,} be sequences of non-
negative real numbers satisfying the inequality

ant1 < (1 +5n)an +b,,Vn=1,2,....

IF Y0 16, <00 and Y o0 by < 00, then

(1) limp o0 an exists

(#3) limp— 00 @y = 0 whenever liminf, o a, = 0.
Lemma 1.2 ([23, Lemma 2]). Let p > 1,7 > 0 be two fized numbers. Then a
Banach space X is uniformly conver if and only if there exists a continuous,
strictly increasing and convez function g : [0,00) — [0,00), g(0) = 0 such that

1Az + (1 = NyllP < Allzll” + (1 = Ml|yll” — wp(Ng(llz — )

forallz,y € B, = {z € X : ||z|| <r} and X\ € [0,1], where wy(A) = A1 —
AP + AP(1 — A).

» Lemma 1.3 ([2, Lemma 1.4]). Let X be a uniformly convexr Banach space
and B, = {z € X : ||z|| < r}, r > 0. Then there exist a continuous, strictly
increasing and conver function g : [0,00) — [0,00), g(0) = 0 such that

1Az + By +yzI[* < All=l” + Bllyl1* + vll=11* = ABg(llz - yl])
forallz,y,z € By and all \, 8,7 € [0,1] with A+ 3+~v=1.

From Lemma 1.3 we easily get

Lemma 1.4. Let X be a uniformly convex Banach space and B, = {x € X :
[lz]| < r}, 7 > 0. Then there exist a continuous, strictly increasing and convex
function g : [0,00) — [0,00), g(0) = 0 such that

1
1Az + By + vz||* < Allzl|*+ Bllyl? +'Y||ZHQ—§’Y(>\9(||$ —z[])+ Ba(lly — 2I1))
for all z,y,z € B, and all A\, 8,y € [0,1] with A+ 3+ ~v=1.

Lemma 1.5 ([1]). Suppose a Banach space X has the uniform 7-opial property,
C is a norm bounded, sequentially T-compact subset of X and T : C — C is
asymptotically nonexpansive in the weak sense. If {yn} is a sequence in C such
that im,, oo ||yn — || exist for each fized point z of T and if {yn — T*yn}is
T-convergent to 0 for each k € N, then {y,} is T-convergent to a fized point of
T.
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2. Main results

In this section we begin with the following lemmas.

Lemma 2.1. Let X be a uniformly convex Banach space, and let C be a
nonempty closed, bounded and convex subset of X. Let T be an asymptotically
nonezpansive mapping in the intermediate sense. Put dn = sup, yec(||T"z —
Tyl — lz — yll) VO, Vn > 1 so that 3 o7 dn < co. Let {an}, {bn}, {cn},
{an}, {Bn} be real sequences in [0,1] such that c, + Brn, and b, + ¢, are in [0,1]
for alln > 1. For a given z1 € C, let the sequence {z,}, {yn} and {zn} be the
sequences defined as in (1.1).

(1) if q 15 a fized point of T, then lim,_,« ||z, — q|| exists.

(i1) o 0 < liminf, o e, <limsup, (@, + Br) < 1, then

lim ||T"y, — zp|| = 0.
[Amde o]

(#49) if 0 < liminf,, o0 Bn < limsup,_, . (an + OBn) < 1, then
lim ||T"2p, — zp|| = 0.

(i) #f0 < liminf, oo an < limsup,, ,  (cn+06n) <1 andlimsup,, ,  (by+
cn) < 1 then

lim [|T"z, — z,|| = 0.
n—odo

Proof. Existence of fixed point of T follows from [9]. So F(T) # 0. Let
z* € F(T). Choose a real number r > 0 such that C € B, and C — C C B,.
By Lemma 1.2 there exists a continuous strictly increasing and convex function
g1 : [0,00) — [0,00), g1(0) = 0 such that

(2.1) Az + (1= Xgll* < Ml + (1 = Mlyll* - w2(Ng1 (llz - yll)

for all z,y € B, = {z € X : ||z|| £ r} and A € [0,1], where wy(A) = A(1 —
A2 +22(1 - )). From (2.1) and (1.1) we get

(2.2)
“zn _x*Hz
= [|(1 = an)(zn = %) + an(T"zs — z*)|°
< 0| T2y — 2 |* + (1 = ap)l|zn — 2*|* = wa(an)g1 (I T"zn — zal|)
< an(|lzn — 2" + dn)2 + (1 = an)||lzn — 37*||2 —wa(an)g1(|[T"zn — znll)
< |zn — 2|2 + 2dnan||zn — 2*|| + and>.

By Lemma 1.4 there exists a continuous strictly increasing and convex function
g2 : [0,00) — [0, 00}, g2(0) = 0 such that
(2.3) Az + By + v2?

< Alzll® + Bllyll? + =l - %70\92(”-”3 — z|[) + Bg2(lly — zl1))
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for all z,y,z € B, and all A, 3,v € [0,1] with A + f + v = 1. It follows from
(2.2) and (1.1) that
(2.4)
lyn — "1
= [|bn(T"2n — %) + (1 = by — )0 — ) + cn (T2 — z*)||?
< bl T 2 = 2|2 + (1 = bn — ca)l[@n — &*|* + cal T2 — 27|
1
- 5(1 = bn = cn)(0rg2([IT" 2n — zall) + crg2(lIT"zn — zl]))
< bn(llzn — (| + dn)2 + (1= bp —ca)llTn — 33*”2 + en(llzn — 2™+ dn)2
1
- §bn(1 = bn = cn)g2(|[T" 20 — @nll)
= bnllzn — z*HQ + 2bpdnllzn — z*|| + bndi + (1= by —ca)llzn — 37*”2

+ cullTn — 2|2 + 2endnl|zn — z¥|| + cnd?
1
= ébn(l = bn —cn)g2(||T" 2 — n|).

From (1.1) and using (2.2), (2.3), (2.4) we get,
(2.5) :
llZn 1 — 272
= [len(T"yn — %) + (1 = an — Bn)(@n — 27) + Bn(T"2n — z*)||?
< anllT"n — &2 + Bal| T2 — |2 + (1 = ain — Bo)l2n — 27|
1
= 51— an = Bn)(angz(IT"yn — zall) + Brg2([IT" 20 — 2xll))
|7 — 2*[|? + [(2anbnan + 20065 + 2bpan + 2¢n0n + 200, + 262)||20 — 27|

+ (anbn + ,Bn)aln +4anb, + 3o, + 38, + an(bn + Cn)dn]dn
1
- ‘z‘anbn(l = bn — cn)g2(IIT" 2 — zall)

~ 50 = = B} @nga (IT"9n — 2all) + Buga (11720 — ).

IA

Since {dn} and K are bounded so 3 a constant M > 0 such that

(2anbnom + 2a,6n + 2bpoy, + 2cnam, + 200, + 26,)||2n — ||
+ (onbn + Br)an + 4anby, + 3an + 30, + apn(by + cn)dn < M.

From (2.5) and (2.6) we get,

(2.6)

|41 —a*||?

* 1 n
(2.7) < len - “2 + Md, — §anbn(1 —bn — Cn)QZ(HT Zn — .’L‘nH)

— 5= @~ B) (g2 (179 — all) + Brga (T2 — 2l])
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Thus it follows from (2.7) that
(2.8) on(1=an=Bn)g2(|T"yn —2all) < 2(llzn =2 |* ~llent1 —2||* + Mdy),

(2.9) Br(l=an—Bn)g2(IIT" 20 = all) < 2(Jwn —2*|* = ||2p41 —2*||* + Mdy)
and
(2.10) anbn(1=bp—cn)g2(IIT" zn—2nll) < 2(||en—2*||*~[|Tn+1—2*||*+Mdy).
(¢) If ¢ € F(T), by taking z* = ¢ in (2.7) we have
lzns1 = ql” < llzn - ql* + Md,
since Y oo dy < 00, so from Lemma 1.1 we have limp,_,o ||z, — ¢|| exists.

(i) If 0 < liminf, o o < limsup,_, (@ + Bn) < 1, then 3Ing € N and
N1/ € (0,1) such that 0 < n < @, and o, + B, < W < 1, ¥n > ng. From (2.8)
we get,

(1 = 1)g2(IT"yn = zall) < 2(llzn — 2*|* = ||zp41 ~ 271> + Mdn), ¥n > no.

Thus from above we have

o o
N1 =n1) Y G217y = Tall) < 2|20, — 2717+ M Y dn) < 0.

n=ng n=ng

This implies that

Y- 92Ty — zall) < co.
n=ng
which implies that limp, oo g2{||T™yr —25||) = 0. Since g is strictly increasing
and continuous at 0 with ¢(0) = 0 so we have lim,_,o ||[T"y, — 2,|| = 0.
(#4¢) Similarly if 0 < liminf, o B < limsup, o (s + Br) < 1, then from
(2.9) we have

lim ||[T™z, — z,|| = 0.
n—oo
(1v) Now
[T"zn —znll < |IT"zn = T ynll + [[T"yn — zal|
< Mlzn —ynll + dn + | T"yn — z2]|-
Again
Wyn = Znll S Bal|T"2n — 2ol + cnl|T"@n — z4l|-
Thus
(2.11)

IT"zn — znll < |lzn = yull + dn + [T yn — 2|
S ballT" 2 — zul| + enl|T"zn — zoll + dn + [[T"yn — @l
Let {m;} be a subsequence of {n}. If liminf; . bm; > 0, then from (2.10)
we get imjoo [|[T™ 2m; — &m,|| = 0. Again since 0 < liminf, o <
lim sup,,_, oo (n + Bn) < 1, then from (ii) we get lim; o0 ||T™ Ym; — Tm,|| = 0.
So from (2.11) we get lim; oo (1 — ¢, )||[T™ Tm; — Tm,|| = 0. Thus we have
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limjeo [|[T™ Zm; — Tm,|| = 0. Again if liminf; .o by, = 0, then there ex-
ists a subsequence {bn,} of {bn,} such that limy .o by, = 0. From (i)
and (2.11) we get, limgoo(1 — co )||T™ 2p, — Zn,|l = 0. Thus we have
limg—eo [|T™* Ty, — Tn, || = 0. Thus we have lim,,_,o0 ||[T"@y, — 25| = 0. O

Theorem 2.1. Let X be a uniformly conver Banach space and C be a nonempty
closed bounded and convex subset of X. Let T be asymptotically nonexpansive
self map of C in the intermediate sense. Put dn = sup, ,ec([|T"z — T™y|| —
llz —y||) VO, ¥n > 1 so that > . | dn < co. Let {zn} be the sequence defined
as in (1.1) with {an}, {bn}, {cn}, {an}, {Bn} be real sequences in [0, 1] such that
an + B and by, + ¢, are in [0,1] for alln > 1 and

(1) 0 < liminf, o an < limsup,,_,. (an + Br) <1 and

(i) limsup,, o (bn +cn) < 1.
If T satisfies Condition (A) with respect to the sequence {z,}, then {z,} con-
verges strongly to a fixed point of T

Proof. By Lemma 2.1(iv) we have lim, o ||T"2, — |} = 0. Now

T"2n —znll < |T"2n — T"%ul] +|[T"2s — nl|
< lzn = @all + dn + 1T 20 — 4|
= au||T"zp — || + dn + ||T"2n — zp|| — 0 as n — o0.
Again
T yn — x|
< HT”yn—Tn:vnH—}—HTnxn—:L‘n||
< Nlyn — zoll + dn + [T 20 — 20|
< bp||T"2n — Znl| + enllT" n — xn|| + dp + || T2y, — z4|| — 0 as n — co.

Now

Nzntr — Zall < @nl|T™Yn — Tl + Bul|T" 2n — zn|| — 0 as n — 0.

|zn = Tznll < |20 = ol + JEngs = T 21|
HT iy — T || + ([T 2, — Tanl|
|n = Zny1ll + [|Tn41 — Tn+1mn+1|| + 1Znt1 — Tnll + dnta
HT Mz, — Ty
= 2l|zn — ol + ||zpsr — Tn+1xn+1|| + dnt1
+H| T2, — Ty
as T is uniformly continuous so

(2.12) lim ||z, — Tz,]| = 0.

T OO

IA

Since T satisfies Condition (A) with respect to the sequence {x,} so there is a
nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all
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r € (0,00) such that
fld(zn, F(T))) <||lzn — Tzys|| — 0, as n — oo.
So limy o0 d(zy, F(T)) = 0. Now by (1.1) we get
lZnt1 — =]
< anl|T"n — 2"|| + (1 = an — Bn)l|zn — ¥ + BallT™2n — z*||
< anlllyn — 2| + dn) + (1 — an — Bn)ll2zn — || + Bulllzn — ™| + dn)
< len — 27| + (anbn + 200 + 28,)d,,
< |zr — || + 5dp.

Therefore,
Znsm — &[] < [|Tn4m-1 = 2"|| + 5dnim—1
< ||xn+m—2 - .’L'*” + 5dn+m—2 + 5dn+m—1
(2.13) < e
n+m—1
< |lzn —z*|| +5 Z d;.
j=n

Since limy 00 d{2r, F(T)) = 0 and Y .. ; dn < o0, so for given ¢ > 0, there
exist No € N such that d(zn, F(T)) < §,3°72, dj < 55,¥n > No. In particular
d(zn,, F(T)) < §. So there exists ¢ € F(T) such that ||zn, — || = d(zn,,q) <

%- From (2.13) we get

|Zntm = Znll < [|@nim = gl + llzn — q|

n+m—1
< 2lzn —qll+5 Y 4
j=n
n—1 n+m—1
<2lzn, —gll+10 Y di+5 > d
J=No j=n

oo
< 2low, —all +10 3 4,
J=No
€ € € €
<24+1020-2+2—e.
Hence {z,} is a Cauchy sequence in C. So by completeness of C we get there
exists p € C such that z,, — p asn — o0. By (2.12) and continuity of T we
get T'p = p that is p € F(T). This completes the proof of the theorem. a

For ¢, = 3, =0 in Theorem 2.1 we obtain the following result.

Corollary 2.1. Let X be a uniformly convex Banach space and C be a non-
empty closed, bounded and convexr subset of X. Let T be asymptotically non-
expansive self map of C in the intermediate sense. Put dy, = sup, ,co(||T"z —
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Tyl = ||z —yll) VO, Vn > 1 so that Y~ | dn < 00. Let {z,,} be the sequence
defined as in (1.2) with {an}, {b,}, {an} be real sequences in [0,1] such that

(¢) 0 <liminfy oo n < limsup, ., an <1 and

(ét) limsup,,_, ., by < 1.
If T satisfies Condition (A) with respect to the sequence {z,}, then {x,} con-
verges strongly to a fized point of T

For a,, = ¢;, = 8, =0 in Theorem 2.1 we obtain the following result.

Corollary 2.2. Let X be a uniformly convex Banach space and C be a non-
empty closed, bounded and conver subset of X. Let T be asymptotically non-
expansive self map of C in the intermediate sense. Put d,, = sup, yecl||T"z ~
Tyl - llz—yl) VO, Vn > 1 so that 3> | dn < 00. Let {z,,} be the sequence
defined as in (1.3) with {b,}, {an} be real sequences in [0,1] such that

(¢) 0 < liminf, 0 @y < limsup, ., on < 1 and

(%) limsup,, ., bp < 1.
If T satisfies Condition (A) with respect to the sequence {z,}, then {z,} con-
verges strongly to a fived point of T'.

For a, = b, = ¢, = B, =0 in Theorem 2.1 we obtain the following result.

Corollary 2.3. Let X be a uniformly convexr Banach space and C be a non-
empty closed, bounded and convex subset of X. Let T be asymptotically non-
expansive self map of C' in the intermediate sense. Put dn, = sup, ,co(||T"z —
Tyl = llz —yl[) VO, Vn > 1 so that 3 oo, dn < 00. Let {x,} be the sequence
defined as in (1.4) with {a,} be real sequences in [0, 1] such that

0 < liminf o, < limsupa, < 1.
n—00 n—00
If T satisfies Condition (A) with respect to the sequence {z,}, then {z,} con-
verges strongly to a fized point of T'.

Since every asymptotically nonexpansive mapping is uniformly continuous,
we immediately get

Corollary 2.4. Let X be a uniformly convexr Banach space and C be a non-
empty closed, bounded and convexr subset of X. Let T be asymptotically non-
expansive self map of C with {k,} satisfying kn > 1 and Y0 (k, — 1) < co.
Let {z,} be the sequence defined as in (1.1) with {a,},{bn}, {cn}, {an}, {Bn}
be real sequences in [0,1] such that an, + B, and by, + ¢, are in [0,1] for all
n>1 and

(¢) 0 <liminfp— oo an < limsup,,_,(an + Bn) <1 and

(#3) limsup,,_,o(bn +cn) < 1.
If T satisfies Condition (A) with respect to the sequence {zn}, then {z,} con-
verges strongly to a fixed point of T.
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Proof. Since 3 7° 1 dn = Y0 (kn — 1)diam(C) < oo, where diam(C) =
sup, ,ec 1z — yli < oo, so the conclusion follows immediately from Theorem

2.1. 0

The Corollary 2.4 is obtained without the restriction liminf,_ o b, > 0
as was in [21]. Furthermore if T' is completely continuous, then T satisfies
Condition (A) with respect to the sequence {z,} ([2], Corollary 2.5). Also
Corollary 2.4 includes Theorem 2.2 and Theorem 2.3 of [25].

For ¢, = 8, = 0 in Theorem 2.1 we obtain the following result which
improves Theorem 2.1 of [25].

Corollary 2.5. Let X be a uniformly convex Banach space and C be a non-
empty closed, bounded and convez subset of X. Let T be asymptotically nonez-
pansive self map of C with {k.} satisfying kn, > 1 and S oo (kn—1) < co. Let
{zn} be the sequence defined as in (1.2) with {an}, {bn}, {an} be real sequences
in [0,1] such that

(1) 0 <liminf, e a,, <limsup,,_, an <1 and

(ét) limsup,_, o bn < 1.
If T satisfies Condition (A) with respect to the sequence {xy}, then {zn} con-
verges strongly to a fived point of T'.
Proof. Since 3% 1 dn = Y77 (kn — 1)diam(C) < oo, where diam(C) =

n=1
supg yec ||z — yl| < oo, so the conclusion follows immediately from Corollary
O

For a, = ¢, = B, = 0 in Theorem 2.1 we obtain the following result.

Corollary 2.6. Let X be a uniformly convexr Banach space and C be a non-
empty closed, bounded and convex subset of X. Let T be asymptotically non-
expansive self map of C with {kn} satisfying k, > 1 and Yoo, (kn — 1) < 0.
Let {z,} be the sequence defined as in (1.3) with {b,},{an} be real sequences
in [0,1] such that

() 0 <liminf, o0 an < limsup,, ., an < 1 and

(1) limsup,_, . bn < 1.
If T satisfies Condition (A) with respect to the sequence {z,}, then {x,} con-
verges strongly to o fized point of T'.

Proof. Since 377 dn = Yo7 (kn — 1)diam(C) < oo, where diam(C) =
sup, yec |l — yl| < 0o, so the conclusion follows immediately from Corollary
2.2, 0

For a, = b, = ¢, = B, =0 in Theorem 2.1 we obtain the following result.

Corollary 2.7. Let X be a uniformly convex Banach space and C be a non-
empty closed, bounded and conver subset of X. Let T be asymptotically nonez-
pansive self map of C with {k.} satisfying kn > 1 and Yo (kn,—1) < co. Let
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{zn} be the sequence defined as in (1.4) with {ay} be real sequences in [0,1]
such that

0 < liminf oy, < limsupa, < 1.

n—00 n—00
If T satisfies Condition (A) with respect to the sequence {xn}, then {z,} con-
verges strongly to a fived point of T.
Proof. Since Y 07 dn = Y07 (kn — 1)diam(C) < oo, where diam(C) =

n=1
sup, yec Il — yl| < 00, so the conclusion follows immediately from Corollary

O

Corollary 2.7 extends Theorem 2.6 of [21].

Theorem 2.2. Let X be a uniformly convexr Banach space which satisfies
Opial’s condition and C be a nonempty closed, bounded and convexr subset of
X. Let T : C — C be an asymptotically nonexpansive mapping in the in-
termediate sense. Put dn = sup, yec(|[T"z —T"y|| — llz —yl) VO, Vn > 1
so that > 0" dn < oo. Let {zn} be the sequence defined as in (1.1) with
{an}, {bn}: {cn}, {an}, {Bn} be real sequences in [0,1] such that o + By and
by + cn, are in [0,1] for alln > 1 and

(1) 0 < liminf, o0 < limsup,, ,.(an + Bn) <1 and
(1) limsup, o (bn +cn) < 1.
Then {x,} converges weakly to a fixed point of T.

Proof. From (2.12) we have lim, o0 ||n — Tzn|| = 0 and so limp oo |lzn —
T™z,|| = 0 for all m € N by the uniform continuity of 7. Then we can apply
Lemma 1.2 with the T-topology taken as weak topology and get the conclusion
as follows: {x,} is a sequence in C such that lim, . ||z, — z|| exist for each
fixed point z € F(T'). Since lim, o |[Tn — T™xp|| = 0 for all m € N so
{zn, — T™z,} is weakly convergent to 0 for each m € N. So by Lemma 1.2 we
get that {z,} converges weakly to a fixed point of 7. O

For ¢, = 3, =0 in Theorem 2.2 we obtain the following result.

Corollary 2.8. Let X be a uniformly conver Banach space which satisfies
Opial’s condition and C be a nonempty closed, bounded and conver subset of
X. Let T : C — C be an asymptotically nonexpansive mapping in the in-
termediate sense. Put d, = sup, ycc(||T"z — T"y|| — ||z —y|[) VO, Vn > 1
so that Y o dnp < co. Let {zp} be the sequence defined as in (1.2) with
{an}, {bn}, {an} be real sequences in [0,1] for all n > 1 such that

(#) 0 < liminf,, o o, < limsup,,_,o, an < 1 and
(13) limsup,_,o bn < 1.

Then {zn} converges weakly to a fized point of T

For a, = ¢, = B, =0 in Theorem 2.2 we obtain the following result:
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Corollary 2.9. Let X be a uniformly convexr Banach space which satisfies
Opial’s condition and C' be a nonempty closed, bounded and convex subset of X .
Let T : C — C be an asymptotically nonexpansive mapping in the intermediate
sense. Put dn, = sup, yec(||T"z — T™y|| — |lz — y||) VO, Vn > 1 so that
Yoo 1 dn < oo. Let {z,} be the sequence defined as in (1.3) with {b,}, {an} be
real sequences in [0, 1] for alln > 1 such that

(1) 0 <liminf, oo @p < limsup,,_,., an <1 and
(#7) limsup,_,. b, < 1.
Then {z,} converges weakly to a fized point of T.

For a, = b, = ¢, = 3, =0 in Theorem 2.2 we obtain the following result.

Corollary 2.10. Let X be a uniformly convex Banach space which satisfies
Opial’s condition and C be a nonempty closed, bounded and convex subset of X .
Let T : C — C be an asymptotically nonexpansive mapping in the intermediate
sense. Put d, = sup, yeo([|T"z — T™y|| = |lz — y|]) VO, Vn > 1 so that
S dyn < 00. Let {z,} be the sequence defined as in (1.4) with {ay} be real
sequence in [0,1] for all n > 1 such that

0 < liminf o, < limsup oy, < 1.

- 00 n—oo

Then {z,} converges weakly to a fized point of T
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