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POSITION VECTORS OF A SPACELIKE W-CURVE IN
MINKOWSKI SPACE E?

KAzZM ILARSLAN AND OzciR BOYACIOGLU

ABSTRACT. In this paper, we study the position vectors of a spacelike
W-curve (or a helix), i.e., curve with constant curvatures, with spacelike,
timelike and null principal normal in the Minkowski 3-space IE? We
give some chracterizations for spacelike W- curves whose image lies on
the pseudohyperbolical space IHI% and Lorentzian sphere S? by using the
positions vectors of the curve.

1. Introduction

In the Euclidean space E3, it is well-known that to each unit speed curve
a: I c R — E? with at least four continuous derivatives, one can associate
three mutually orthogonal unit vector fields T', N and B called respectively the
tangent, the principal normal and the binormal vector fields. At each point a(s)
of the curve ¢, the planes spanned by {T, N}, {T, B} and {N, B} are known
respectively as the osculating plane, the rectifying plane and the normal plane.
The curves o : I C R — E? for which the position vector a always lie in their
rectifying plane, are for simplicity called rectifying curves. Characterization of
rectifying curve is given in [3] and these curves are studied in Minkowski space
E2 in [7]. Similarly, the curves for which the position vector o always lie in
their osculating plane, are for simplicity called osculating curves and finally,
the curves for which the position vector always lie in their normal plane, are
for simplicity called normal curves. Characterization of normal curve in E? is
given [5], [6].

A curve « is called a W-curve (or a helix), if it has constant Frenet curva-
tures. W-curves in the Euclidean space E™ have been studied intensively. The
simplest examples are circles as planar W-curves and helices as non-planar
W-curves in E3.

All W-curves in the Minkowski 3-space are completely classified by Walrave
in [13]. For example, the only planar spacelike W-curves are circles and hyper-
bolas. All spacelike W-curves in the Minkowski space-time E$ are studied in

Received May 12, 2006.

2000 Mathematics Subject Classtfication. 53C50, 53C40.

Key words and phrases. spacelike curve, W-curve, normal curve, position vector,
Minkowski space.

©2007 The Korean Mathematical Society
429



430 KAZIM ILARSLAN AND OzGUR BOYACIOGLU

[11]. The examples of null W-curves in the Minkowski space-time are given in
[1]. Timelike W-curves in the same space have been studied in [12].

In this paper, we obtain the position vectors of a spacelike W-curve with
spacelike, timelike and null principal normal N and by using position vectors
we give some characterization for the spacelike W-curve whose image lies on
the pseudohyperbolical space HZ and Lorentzian sphere S? in E3.

2. Preliminaries

The Minkowski 3-space E} is the Euclidean 3-space E® provided with the

standard flat metric given by
g = —da? + dzj + dz3,
where (z1,Z2,23) is a rectangular coordinate system of E3.

Since g is an indefinite metric, recall that a vector v € E3 can have one of
three Lorentzian causal characters: it can be spacelike if g(v,v) > 0 or v =0,
timelike if g(v,v) < 0 and null (lightlike) if g(v,v) = 0 and v # 0. Similarly,
an arbitrary curve o = «a(s) in E3 can locally be spacelike, timelike or null
(lightlike), if all of its velocity vectors o (s) are respectively spacelike, timelike
or null (lightlike). Denote by {7, N, B} the moving Frenet frame along the
curve afs) in the space E3. For an arbitrary curve a(s) in the space E3, the
following Frenet formulae are given in [4, 5, 13].

If o is a spacelike curve with a spacelike or timelike principal normal N,
then the Frenet formulae read

/

T 0 ki O T
(1) N | =] —eki 0 ko N
B’ 0 ko O B
where ¢(T,T) = 1,g(N,N) = ¢ = +1,9(B,B) = —¢,9(T,N) = 0,9(T,B) =

0,9(N,B) =0.
If ¢ is a spacelike curve with a null (lightlike) principal normal N, the Frenet
formulae are

’

T 0 k 0 T
(2) N |=| 0 k 0 N
B —k1 0 —ko B

where g(T,T) = 1, g(N,N) = 0, g(B,B) = 0, g(T,N) = 0, (T, B) = 0,
g(N,B) = 1. In this case, k; can take only two values: k; = 0 when o is a
straight line, or k1 = 1 in all other cases.

Let m be a fixed point in E and r > 0 be a constant. The pseudo-
Riemannian hyperbolical space is defined by

HZ(m,r) = {u € B} : g(u — m,u —m) = —r*}, r € R,
and the Lorentzian sphere is defined by
S3(m,r) = {u € B3 : g(u — m,u —m) =r?}, r € RY.
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3. Position vectors of a spacelike W-curve in E}

In this section, we obtain position vectors of a spacelike W-curve with space-
like, timelike and null principal normal.

Case 1. If afs) is a spacelike W- curve with spacelike and timelike principal
normal. Then we can write its position vector as follows:

(3) a(s) = A(s)T(s) + u(s)N(s) + v(s)B(s),
for some differentiable functions A, y and vy of s € I C R.

Differentiating (3) with respect to s and by using the corresponding Frenet
equations (1), we find

(@) A (s) —en(s)kr = 1, A(8)ky + 11 (s) + 7(s)ka = 0, u(s)ka + v (s) = 0.
From (4), we get the following differential equation:
(5) 1 () + u(s)(ek? — k3) + Ky = 0.

Now we have distinguish the following cases:
Case 1.1. If a(s) is a spacelike W-curve with timelike principal normal N.
Thus € = —1, therefore from (5) we get

(6) i (s) = m(s)(kE +k3) + k1 =0.
The solution of the above differential equation is:
(7) p(s) = cre VTR 4 pet VI o

kQ’
where ¢1,c0 € R.

From (4) and using e = —1, we get A (s) = 1 — u(s)k1. By using (7) we find
the solution of this equation as follows,

c1ky —s+/TZ1RZ caky /2T k2 k?s
8) A(S)=s+ ——mm——e SVFIth: _ = __esvikiths 17
® A=+ Uy VTR W E
and from (4) we have v (s) = —pu(s)ko. By using (7), we find the solution of
this equation as follows,

cika —s4/k2+k2 coks sv/RZT Rz kikos
9 §) = ————e tthky 22 psy/Rithy )
AT NCEY k2 + k2

Thus the position vector of the spacelike W-curve with timelike IV is:

(10)
/1.2 2 2 k%s
a(s) S (S + \/_‘;—cl%_k—ze kitks _ %6 ki+ks m) T(S)

+ [ cre™sVRITE 4 yesVRITES +k2+k2)N(s)

cik2 e—sVEHEE _ __ﬂesvkﬂkg — ];51]6282 B(s).
NCET NCET™: kit k2
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Corollary 3.1. Let o = a(s) be a unit speed spacelike W-curve in E3 with
timelike principal normal N and with curvatures k1(s) > 0, ka(s) # 0 for each
s € I C R. Then position vector of the curve is given by the equation (10).

Case 1.2. If afs) is a spacelike W-curve with spacelike principal normal
N. Thus € = 1, therefore from (5) we get

(11) W' (s) + u(s)(kE — k) + by = 0.

In this case we have the following subcases:
Case 1.2.1. If k? = k2. The solution of the equation (11) is

-—k182

(12) p(s)

+ ¢18 + ¢2,

where ¢1,c; € R. From (4) and using e = 1, we get A'(s) = 1+ u(s)k1. By
using (12) we find the solution of this equation as follows,

123 2
(13) A(s) = —%S— + cl—kzl—s— + (c2ky + 1)s,

and from (4) we have v (s) = —u(s)ks. By using (12), we find the solution of
this equation as follows,

ki1kyss kos?
(14) (s) = 1623 - S5 — cokas.

Thus we find the position vector as;

_ 2.3 2
ofs) = ( kgs +CI’;13 +(02k1+1)s) T(s)

2

(15) + 21 +ec1s+c2 | N(s)
k1k283 . Clk‘282

6 2

- ch25> B(s).
Case 1.2.2. If k2 > k2. The solution of the equation (11) is

) k1
(16) u(s) = c1cos(sy/k? — k2) + cosin(sy/ ki — k3) — Py

where cy,c2 € R. From A (s) = 1+ pu(s)k; and using (16) we find the solution
of this equation as follows,

— ik ; /12 _ 12
(17) )\(8) = s+ \/—]'c—%—__———kg sm(s kl — ]{22)
Czkl 2 2 kfs
————kf —= cos(sy/ k3 — k3) — Eayrl

2
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From ' (s) = —u(s)ks. By using (16), we find the solution of this equation as
follows,

(18)

—C k . C k k kQS
v(s) = ﬁ sin(sy/k? — k2) + —kj‘z-;i cos(sy/ k? —k3) + kzl K2
1 Rho 1 2

Thus we find the position vector as;

akr . coky k2s
= | s + ———sin(sy/k? —k2)— ———= cos(sy/k?—k3) — 1 T(s
. k1
+ (cl cos(sy/k? — k2) + cosin(sy/ k% — k2) — o k2> N(s)
—Clk‘z . Czk2 k‘lkzs
+ | —==—==sin(sy/k? — k3)+ ———— cos(sy/k? — k2)+ B(s).
( k%_kQ ( 1 2) /k%_k% ( 1 2) k%—k% ( )

2

Case 1.2.3. If k? < k2. The solution of the equation (11) is

(20) u(s) = cre” V¥ i 4 cpetVHRE-RE + kz’

where ¢1,¢2 € R. From A (s) = 1 + pu(s)k; and using (20) we find the solution
of this equation as follows,

aki s /EoR coki s wEoRE
21 AS) =8— —=——=e VRTh
A o BT +k T
From 7' (s) = —u(s)k, and using (20), we find the solution of this equation as
follows,

Clkz s /K2 k2 CQkQ o/ k2 — k2 klkgs
22 §) = —mmme—e SVHkzhT _ 22 __esvki—Ry _ )
@2) ) k2 — k7 K-k kS — ki

Thus the position vector of the spacelike W-curve with timelike NV is:

(23)
ek _oEow, ek T Kis
als) — S — ——==—€ 2 14 —€ 2 14— T(s
@ < Vi — ki k2 — k2 k2 — k2 (s)
+ cle_sm + czesm + 2 i k2> N(s)
2 — v

ks peyFR /R R ) ps).
N N k3 — k?
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Corollary 3.2. Let a = a(s) be a unit speed spacelike W -curve in E3 with
spacelike principal normal N and with curvatures k1(s) > 0, ka(s) # 0 for each
selCR.
(i) If k? = k3, then the position vector of the curve a = o(s) is given by
the equation (15),
(i) If k% > k2, then the position vector of the curve a = a(s) is given by
the equation (19),
(iil) If k? < k2, then the position vector of the curve o = a(s) is given by
the equation (23).

Case 2. If a(s) is a spacelike curve with null principal normal N. Differen-
tiating (4) with respect to s and by using the corresponding Frenet equations
(2), we find

(24)  X(s) = 7(s)kr = 1, \(s)ky + i () + kapu(s) = 0,7 (s) — k27(s) = 0.
In this case there are only two values of the first curvature ky: k1 = 0 when
« is a straight line, or k; = 1 in all other cases. Since o is a space curve then
we take ki = 1. Thus from (24) we get v(s) = c1e*2%, A\(s) = %ekzs + s, and

2

= O ks —kos _ S 1
u(s) o2 e + coe " + =i
vector of a spacelike W-curves with null principal normal N is

where ¢1,ce € R. Finally the position

€1 kys L kys —kzs _ S 1)
a(s)= | —e** +s|T(s)+ | m55e™° +ce” " — — 4 — | N(s
(25) (5) (k2 ) (s) <2k§ 2 ky K2 (5)

+ (clek”) B(s).

Corollary 3.3. Let o = a(s) be a unit speed spacelike W -curve in E3 with
null (lightlike) principal normal N and with curvatures ki(s) = 1, ka(s) # 0
for each s € I C R. Then position vector of the curve is given by the equation
(25).

4. Spacelike W-curves on HZ and S? in E3

In this section, we give some characterization for the spacelike W-curves

whose image lies on the pseudohyperboical space H3 and Lorentzian sphere S$2
in E3.
Theorem 4.1. Let «(s) be a unit speed spacelike W -curve with timelike princi-
pal normal N in E3 with the curvatures k1(s) # 0 and kz(s) # 0. The image of
the curve lies on a pseudohyperbolic space H3 if and only if for each s € I C R
the curvatures satisfy the following equality:

2
(2) s+ R evEER _ 9k .ymmm ks
VE + k3 VE + k2 kT + k3

(27) cle"s\/m+0263\/m+ 2k1 5 = i,
Kk R
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(28) c1ks o sVITHRE _ coko VR _ /;176252 —0,
VE+ K2 NEEY: ki + k3

where c1,co € R.

Proof. By assumption we have

gle, @) = =
for every s€ I C R.
Differentiation in s gives,

(29) g(T,a) =0.
By a new differentiation, we find that

1
(30) 9N, 0) = -

1

Then one more differentiation in s gives
(31> g(B> a) =0,

By using equations (29), (30) and (31) in the equation (10), we find the equa-

tions (26), (27) and (28). Conversely, we assume that the equations (26), (27)

and (28) holds for each s € I C R, then from the equation (10) we find the
1

position vector of the curve a = %—N which satisfy the equation g(a, @) = —12,

1
which means that the curve lies on the pseudohyperbolical space H3. O

Under the light of the Theorem 4.1, we give the following corollary.

Corollary 4.2. There are no spacelike W -curve with the timelike principal
normal N with the curvature ki(s) # 0 and k2(s) # 0 whose image lies on
Lorentzian sphere S? in E3.

Theorem 4.3. Let a(s) be a unit speed spacelike W -curve with spacelike prin-
cipal normal N in E3 with the curvatures ki(s) # 0 and k2(s) # 0 and k? = k3.
The image of the curve lies on a Lorentzian sphere ST if and only if for each
s € I C R the curvatures satisfy the following equality:

—k2s%  ciks?

(32) . + (caky +1)s = 0,
—k;s2 1
(33) 1 s ter=——,
k1
ki1kgs? kos?
(34) Mles GRS kes =0,

6 2
where c1,co € R.
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Proof. By assumption we have

9, @) =17

for every s€ I C R.
Differentiation in s gives,

(35) g(T,a) = 0.

By a new differentiation, we find that
(36) g(N,a) = ——.

Then one more differentiation in s gives
(37) g9(B,a) =0.

By using equations (35), (36) and (37) in the equation (15), we find the equa-
tions (32), (33) and (34). Conversely, we assume that the equations (32), (33)
and (34) holds for each s € I C R, then from the equation (10) we find the
position vector of the curve o = — E—N which satisfy the equation g(a, @) = r2.

1
which means that the curve lies on the Lorentzian sphere S2. O

Theorem 4.4. Let a(s) be a unit speed spacelike W -curve with spacelike prin-
cipal normal N in E3 with the curvatures ki(s) # 0 and ko(s) # 0 and k? > k2.
The image of the curve lies on a Lorentzian sphere S? if and only if for each
s € I C R the curvatures satisfy the following equality:

(38)

crky . cok1 k2s
s+ ————sin(s\/k? — k2) — —=——cos(s\/k? —k2) — = =0,
P (sy/ ki — k3) =T (sy/ ki — k3) Py
k1 -1
2 _ 12 : 212y _ =_-
(39) c1 cos(sy/ki — k3) + casin(sy/kf — k3) i
—c1ky . \/_2-2 coko \/_2-2 kikgs
40) ——=—==rsin(s4/ k% — k3) + ———==cos(sy/ ki — k3) + 57——5 =0,
“o VE — k3 sk — k) VK- K2 (sy/k7 — k2) k2 — k2

where c1,ca € R.

Theorem 4.5. Let afs) be a unit speed spacelike W -curve with spacelike prin-
cipal normal N in E3 with the curvatures ki (s) # 0 and k2(s) # 0 and k% < k3.
The image of the curve lies on a Lorentzian sphere S? if and only if for each
s € I C R the curvatures satisfy the following equality:

2
() s- 2B evEeR L, b g, B
VK — Kk NCE oy

(42) e VI eV R L
2 M 1
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k ; k 3 kik
(43) 621 2 26_5\/1;—75 _ Cs 2 zesm _ 21_282 =0,
N VkZ =k k3 — ki

where ¢1,¢c2 € R,

The proof of the Theorems 4.4 and 4.5 is analogues to the proof of the
Theorem 4.3.

Corollary 4.6. There are no spacelike W -curve with the spacelike principal
normal N with the curvature ki1(s) # 0 and ko(s) # 0 whose image lies on
pseudohyperbolic space HE in E3.

Theorem 4.7. There are no spacelike W -curve with the null principal normal
N with the curvature ki(s) # 0 and ka(s) # 0 whose image lies on pseudohy-
perbolic space H2 in E3.

Proof. We assume that the spacelike W-curve with the null principal normal
N with the curvature k1(s) = 1 and k»(s) # 0 lies on pseudohyperbolic space
H2 in ES. Then the position vector of the curve satisfy

gloy ) = —r?

for every s€ I C R.
Differentiation in s and using the corresponding Frenet equations (2), gives,

(44) 9(T, ) = 0.
By a new differentiation, we find that

(45) g(N,a) = -1
Then one more differentiation in s gives

(46) k2g(N,a) =0,

from the last equation we find k2 = 0, which is a contradiction. Thus there

are no spacelike W-curve with the null principal normal N with the curvature
k1(s) # 0 and kz(s) # 0 pseudohyperbolic space H2 in E$. O

Remark. In [10], The authors show that if a is a spacelike curve with the null
principal normal, then ¢ lies on a pseudohyperbolic space H2 if and only if o
is a planar curve.

Corollary 4.8. Let as) be a unit speed spacelike W -curve with spacelike or
timelike principal normal N in E3 with the curvatures k1(s) # 0 and ka(s) # 0.
The image of the curve lies on a pseudohyperbolic space H3 or Lorentzian sphere
S? of radius r € RT and with the center at origin, if and only if a is a normal
curve, i.e., curves with position vector always lying in its normal plane.

Corollary 4.9. Let a(s) be o unit speed spacelike W -curve with spacelike or
timelike principal normal N in E3 with the curvatures k1 (s) # 0 and ka(s) # 0.
If o is a pseudohyperbolical curves or a Lorentzian spherical curves then the

radius of H2 or S is r = o
1
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