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WEIGHTED COMPOSITION OPERATORS BETWEEN
BERGMAN AND BLOCH SPACES

AjAy K. SHARMA AND REKHA KUMARI

ABSTRACT. In this paper, we characterize the boundedness and compact-
ness of weighted composition operators ¥Cy f = ¥(f o ¢) acting between
Bergman and Bloch spaces of holomorphic functions on the open unit
disk D.

1. Introduction

Let ¥ be the open unit disk in the complex plane C. Denote by H(D),
the space of holomorphic functions on . Let ¢ and 1 be holomorphic maps
on D such that ¢(D) C D. Then we can define a linear operator yCy,f =
W(f o), f € H(D), called a weighted composition operator. When ¢ = 1,
we just have the composition operator C,, defined by C,,(f) = f o ¢ and when
¢(z) = z we have the multiplication operator My defined by My(f) = ¥f.
For general back ground on composition operators, we refer [6] and references
therein. Recently, several authors have studied weighted composition operators
on different spaces of analytic functions. For more information on weighted
composition operators, one can refer to [1], [3], {4], [5], [10], [12], [14], [15] and
[16]. Weighted composition operators appear naturally in different contexts.
For example, Singh and Sharma. [13] related the boundedness of composition
operators on Hardy space of the upper half-plane with the boundedness of
weighted composition operators on the Hardy space of the open unit disk D.
Weighted composition operators also played an important role in the study of
compact composition operators on Hardy spaces of upper half-plane, see {11].
Also Isometries in many Banach spaces of analytic functions are just weighted
composition operators, for example see {7] and [9].
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2. Preliminaries

In this section we review the basic concepts of weighted Bergman spaces A?,
and the a-Bloch spaces BY. We also collect some essential facts that will be
needed throughout the paper.

2.1. Weighted Bergman spaces

Let dA(z) be the area measure on D) normalized so that area of D is 1. For
each a € (=1, 00), we set dvy(2) = (a+1)(1 — |2|2)*dA(z), z € D. Then dv, is
a probability measure on D. For 0 < p < oo the weighted Bergman space AE,
is defined as

a8 = {f € HO): Wl = ( [ 17GIPana) " < oo},

Note that ||f|] 42 is a true norm only if 1 < p < oo and in this case AP is a
Banach space. For 0 < p < 1, A® is a non-locally convex topological vector
space and d(f, g) = ||f — gl¥» is a complete metric for it.
The growth of functions in the weighted Bergman spaces is essential in our
study. To this end, the following estimates will be useful. (see [8] and [17]).
Let f € AP. Then for every z in I, we have

(2.1) 1f(2)] < zl_:lzflgll——Tfﬂa—m;

with equality if and only if f is a constant multiple of the function
1-~ lz[2 (2+a)/p
kal2) = (s .
=) (1- 62)2)
It can be easily shown that Hka}lig ~ 1. Since polynomials are dense in A%, it
is an immediate consequence of (2.1) that for f € A?,
1

(2.2) ()] = 0<mm)/_”> as |z -1,

which means that the boundary growth is not as fast as permitted by (2.1).
Further, if p > 1 and f € H(D), then f € A® if and only if (1 —|2|?)f'(2) is
in LP(D, dv,) and

(2.3) Flaz ~ | F(0)] +/le'(2)!”(1 — |2*)Pdva (2).

By (2.3), it follows that, whenever f € A%, then its derivative f' € AP, | and
there exists a positive constant C), such that || f 'HAg . S Gplifllaz. Again by
(2.1) for every z in I, we have

, If' s, I/ 114z
(24) P @l s G maeran <% Eo |z|2)(54+p+a>/p'

We next define weighted Bloch spaces.
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2.2. a-Bloch Spaces
Let o > 0. A function f holomorphic in I is said to belong to a-Bloch Space
B if
sup(1 — |2[%)%|f'(2)] < oo
z€D
and to the little a-Bloch Space Bg if

Jim (1= |22)°1//(2)] = 0.

For f € B* define
1l = 150+ sup(t = o)1 (L

With this norm B® is a Banach space and the little a-Bloch Space is a closed
subspace of the a-Bloch Space. Note that B = B, the usual Bloch space.

3. Weighted composition operator from Bergman Space into the
Bloch Space

Theorem 3.1. Let 1 < p < oo and let ¢ and v be holomorphic maps on D
such that (D) C D. Then $C, is bounded from AP into B if and only if the
following conditions are satisfied:

(i) 225((1 —121)/(1 = le()P)*P) ¢/ (2)] < o0
(i) zgg((l = 121%)/(1 = lp(2) ) H2/7) [ (2)¢' (2)] < oo

Proof. First suppose that

o sup L= l21)

zenwlwl(zﬂ < 00

and

_ 2
L her @) <

N = sup
zeD (1 — p(2)

For f € AP, we have
(1= 12)|(¥Ce ) (2)]

(1 = [z (2) f((2) + (2) f (2(2)) ' (2

(L= =)' (2)| (1 - 2P ¥(z)|
(oo + i pioam)

(M + CpN)||fllar
and consequently, YC, f € B. In addition to this (2.1) yields

e
FO < Ty

The last two inequalities show that ||¥Cy||lg < Mpl||f||4r, hence ¥C, maps AP
boundedly into B.

IA
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Conversely suppose ¥C, : AP — B is bounded. Then taking the constant
function and f(z) = z respectively, in AP, we get

(3.1) p€B and sup(l- 21w (2)¢' (2)] < 0.

Fix a point A € D and let
_ (1=l \2/r
0= (o)

Then f € AP and ||f||a» = 1. Thus there exist a constant C > 0 such that

C 2 (1= 2P (2)f(p(2)) + $(2) ' (p(2))¢' ()]
That is
o4 0= [213)[¥(2)¢' (2)[leWI( = [e(AN)?)*P
p(1 = p(N)p(2))t4/7
S Q=PRI - |<P(>\)|2)2/”‘
- (1= p(N)p(2))?)/P
In particular, when z = A, we have
401 = AP N Wl o A= AP’ (V)]
T POy R N (R oV DR
Thus it is sufficient to prove that (ii) is true. Consider the function
R o) 11— \2/P
9= o~ )

Then g € A? and ||g||4» < (22/? + 1)P. Moreover, we notice that g(¢()\)) = 0
and

(3.2)

/ _2 le(MV)]
TN = G T

So
(2%7 + 1)P|[YCyl s

v

||'/)C<,og||8

2 1—|A)? —,
2 o MR )

2

Since A € D is arbitrary, we have

1-— I)‘|2 ’
sup { AL AN} < oo.

Thus for a fixed 4§, 0 < d < 1

1— A2
S P O

WP ] : A € B, [p()] > 8} < oo
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For A € D such that |¢(\)| < 4, we have

u—ﬁ&%wwﬂw”ﬁuﬂfatﬁ%mzu—wmwm¢@n

and so by (3.1)

(3.4) sup {( 1=

AT P U A€ Bl <6 < o

Consequently by (3.3) and (3.4), we have

1— AP
sup

xeb (1= |p(N)|2)1+2/p [Y(A)e' (V)] < o0

and so by (3.2)
1=\ ,
3B T TRy ¥ I < oo
0

Theorem 3.2. Let ¢ and ¢ be holomorphic maps on D such that (D) C D.
Suppose that YC, maps AP boundedly into B. Then ¥C, maps AP compactly
into B. if and only if the following conditons are satisfied.

(i) |¢(1ziﬁil((1 =2/ = le(z)[)*?) 19/ (2)] = 0.

() Jim (1= [=2)/(1= o)) /7)) (2)] = 0.
Proof. Let {f,} be a bounded sequence in AP that converges to 0 uniformly
on compact subset of D. Let M = sup || fu||a» < co. Since € > 0, there exists

n

an r such that if |¢(z)| > r, then

T L
Toopm@l<e m LD <o

By (2.3) and (2.4), we have

|fn 4
(T~ =77
Thus for z € D such that |p(2)]| > r, we have

(1= 1)@ Cp fa) ()]
= (1= 21" (2) fulp(2)) + P(2) fn(0(2))¢' (2)]

(1= 2/ (2) (- 1))
= G telpre 1l + Oy epymers
< eM + CpeM for all n.

wd ()] < Gy il

|17l 47
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On the other hand, since f,, and f,, converges to zero uniformly on {w : |w| <
r}, there exists an ng such that if |p(2)| < 7 and n > ng, then |fn(p(2))| < €
and |f; (¢(2))| < e. Also condition (i) and (ii) of Theorem 3.1 implies that

A= i‘éﬁ(l =z (z) <co and B= 21615(1 = 2 (2)' (2)] < 0.

Thus we deduce that
(1= [z (¥ Cp fn)'(2)]
< A= 12P) Y () fale(2))] + (1 = 12 (2)e (DN fr(e(2)]
< (A+ B)e.
The above argument, together with the fact that

YO, fn(0) = ¥(0) fn((0)) — 0, as n — oo
yield
[%Cy fulls — 0 as n — oco.
Conversely, suppose ¥C, maps AP compactly into B. Let {z,} be a sequence
in D such that |p(z,)| — 1 as n — co. Let
|2

(Lol
fn(Z)_((l——%)z)) ,2 €D.

Then f, € AP. Since ¥C, maps AP compactly into B, the functions f, have
unit norm and f, — 0 uniformly on compact subset of I, it follows that
|¥Cy frlls — 0 as n — co. Thus

’(1 Iznl )Y (zn)l _ 2( = zal®) [ (2n)ll0(20) @ (2n)

G falls 2 )P p(1L— lplzal?) 1277

and so, we have

2(1 = |20)?) 19 (zn )l (2n )" (2n)| (1 — [zn*)[¥ (z0)
p(1 = |p(zn[2)H2/P (1 = |p(zn)2)2/P

Thus it is sufficient to prove that (ii) is true. Consider the function

gn(z) = (1 = lp(za)[2)*/7 _ ( 1 —|p(zn)|? )2/”
n —

(1= 9(z0)2)2 (1 —p(z0)2)?
for a sequence z,, in I such that |¢(z,)| — 1 asn — 0. Then {g,} is a bounded
sequence in AP and g, — 0 uniformly on compact subsets of ID. Moreover, we
notice that gn(¢(zn)) = 0 and

(3.5)

+ [[WCp full 2

] - g |S0(Zn)|
e = L Tz
So
21— AP

B @+ PINC, s 2 S e WP ()
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Consequently by (3.5) and (3.6), we have
(= B = PP ()] =0

and

slm (1= 12P)/ (A = @) ) Ri(=)¢ ()] = 0.

O

4. Weighted composition operators from a Bergman space into the
little Bloch space

Theorem 4.1. Let 1 < p < oo and let ¢ and o be holomorphic maps on D
such that (D) C D. Then ¥C, is bounded from AP into By if and only if the
following conditions are satisfied.

i) su (1 - 1212) ’ 2 00

@) e AT _(\ip(z')‘zlg;/p [ (2)] <

= (e LR
(iii) ¢ € Bo.

(iv) Igr_{ll(l = 12" (2)¢' (2)] = 0.

Proof. First suppose that ¢C, maps AP boundedly into By. Then (i) and (ii)
can be proved exactly in the same way as in the proof of the Theorem 3.1. By
taking f(z) = ¢, we get ¥ € By, which is (iii). Again by taking f(z) = z, we
get

Iim (1= [22) ()¢ (2) + ¥ (2)e(2)] = 0.

Since 1 € By and |¢(2z)] < 1, we get
lim (1 = |2*)[(2)¢'(2)] = 0.

|z|—1
Next, suppose that (i) — (iv) are satisfied. Take any ¢ > 0. Let f € AP.
Then by (2.2) there is d; € (0,1) such that for any z € D, |2| > &1, we have
|£(2)] < /(1 = |22)¥/P Thus for |p(z)| > 61, by (i), we can find a constant
M > 0 such that

(1= 2P (2) f(p(2))] < ely’(2)]
<eM.

On the other hand, since by (iii) ¥ € By, so for above ¢, there is d3 € {0,1)
such that |z| > 62 implies that (1 — |z|?)]1)'(2)| < e. Thus for |p(2)| < &y, if
|z| > 62, we have a constant N > 0 such that

(1 -1z

(@ T~ To@) P77

— |z 2
(4.2) (1 =12 (2) flp(2))] < anAp\w’(zﬂ%%/)?

< eN.
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By combining (4.1) and (4.2), we see that whenever |z| > 2, we have

(1 — 2P’ (2) f (@(2))| < max(M, N)e.

Since f € AP, there is &3 € {0,1) such that for any z € D, |z| > §3, we have
IF'(2)] < /(1 = |2|%)**3/P. Thus for |p(2)| > b3, by (ii), there is a constant
M’ > 0 such that

(1= 12 (2) f(9(2))] < elp(2)¢' (2)]
<eM'.

1=z
(1= lp(z)[?) +2/e

(4.3)

On the other hand by (iv), there is 4 € (0, 1), such that |z| > 04 implies that
(1—|2)|¥(2)¢’(2)] < €. Thus for |p(z)| < 3 and |z| > d4, we have a constant
N’ > 0 such that

2 ’ 1 / (1 — |z|2)
(4.4) (1 = [2)(2) f e(2)@"(2)] < |IFllar o (2)p (Z)I(T_—égg)—m/—p
< eN'.

By combining (4.3) and (4.4), we see that for § = max(d2,ds), if |z| > 4, then
there is a constant C > 0 such that

(1 — 29" (2) f ((2)) + ¥ (2) f (p(2))¢ (2)] < C,
which means

Tim (1= |=)(6Co ) (2) =0.

Thus ¢¥C, f € By. Hence by Closed Graph Theorem C, maps AP boundedly
into By. O

Theorem 4.2. Let 1 < p < oo. Let ¢ and v be holomorphic maps on D
such that o(D) C D. Suppose that yC, maps AP boundedly into Bo. Then the
weighted composition operator ¥C, maps AP compactly into By if and only if

o (=]
O o s 1

(1= 1z A
(11) |3’1|I-£11 ( _ |Q0(Z)|2)1+2/p ,1/)(2)90 (Z)' =0.

Proof. By lemma 5.2 in [14], a closed set K in By is compact if and only if it
is bounded and satisfies

lim sup(l—lzl )*1f (@) =
lrek

|z|—
Thus set {YC,f : f € AP,||f]la» < 1} has compact closure in By if and only if
Jim sup{(1 - [Z)NWCe ) ()] : f € AP, || fllar < M} =0,

|—1
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for some M > 0. Suppose that f € By is such that ||f||4a» < 1, and ¥ and ¢
satisfies (1) and (ii). Then

(L~ [2P)@Cof) (2)]
= (1= ) (2)f(9(2) + 9(2) ' (0(2))¥' (2)]

A=) e A= P (2)]
(TP O+ G ey )l

Thus sup{(1 - |2)|(¥C,f)'(2)| : f € A7, || f]|a» < 1}

1—|z[? , 1—1z]2 ,
< U——(E’%W (2)] + q —(Iw(z;lgf)erQ/p l¥(2)¢’ (2)]

and it follows that
|§§1 sup{(1 — |z[)(¥Cy f)' (2)] : £ € AP, fl|a» <1} =0.

Hence 1C, maps AP compactly into By. Conversely, suppose that )C,, maps
AP compactly into Bp. Using the same test function as in the proof of Theorem
3.2, we see that

1=z

(4.5) oim WW(Z” =0.
and

— 22
(4.6) W=D () =0

lim
le(2)l=1 (1 = |g(2)[2) 12/
Since 9 C, maps AP boundedly into By, Theorem 4.1 implies that ¢ € B, and

(4.7) l!}r_lgl(l = 2)l(2)¢' ()] = 0.
It is easy to show that ¥ € By and (4.3) is equivalent to (). and (4.6) and (4.7)
is equivalent to (ii). O

Proposition 4.3. Let ¢ and ¢ be holomorphic maps on D such that (D) C
D. Then $C, maps B into AP and is compact if the following conditions are
satisfied:

(i) sup (1 - [21%)[¥' (2)]log(2/(1 — p(2)|)) < oo;
(if) sup (1 =121/ = le(2)P)p(2)¢' (2)] < oo

Proof. Let f € B, then by Theorem 1 of [16] 4/C, maps B into itself and thus
also into a large space AP. Since convergence in either space implies uniform
convergence on compact sets, it follows from the closed graph theorem that
¥C, is a bounded operator from B into AP. In order to see that ¥C, is a
compact operator from B in to A;, choose ¢ such that ¢ > p and factorize ¥C.,
through the intermediate space AP:
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BYYs 40 L, ap.

Hence wf(\?; is the composition operator from B to A? and I is the injection
map. We have just seen that former is a bounded composition operator while
latter is compact by Lemma 3 from [2] applied to the open unit disk. Since

YCy = Io v,@, it is compact. ]
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