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A DISTRIBUTION ON Z,

JANGHEON OH

ABSTRACT. In this paper we explicitly compute the p-adic order of
logp(]' - Cp”)~

1. Introduction

The p-adic L functions interpolate the special values of the Dirichlet L-
function and provide the analytic side of Iwasawa Theory. These p-adic L-
functions can be constructed by Gamma transform of measures on Z, (See
Sinnott [1]). A distribution on Z, with values in C,is a finitely additive function
on the collection of compact open subsets of Z, and a measure on Z, is a
distribution on Z, with bounded values in C,. Let a be an integer which is not
a multiple of p. If we define u(a +p"Z,) = log,(1 — (2x) and u(pZy) = 0, then,
by a simple computation, we see that u becomes a distribution on Z,. In this
paper we will prove that the distribution p is not a measure. In other words,
we will show that the p-adic values of the distribution x are not bounded.

Throughout this paper, p is an odd prime number, (, is a primitive p-th
root of unity and ord, is an order on C, such that ord,(p) = 1.

Theorem 1. Let p > 3 and n be a positive integer. Then we have

2
Ol‘dp(logp(l — Cpn)) = p——I —n+ 1.

This holds also for p =3 when n = 1.

2. Proof of theorems

Proof. First we prove Theorem 1 when n = 1. Assume that p > 3.
Fori=2,4,...,p — 3, we have the following formula [2]

p~—1
WP (@) log, (1 — (%) = —o Ly(1,0).
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Moreover we have
p—1

> log,(1-¢,°) =0.
a=1

Adding up the above formula, we have

p—1 p—1 p—3 A
YO W @) log, (1 - %) = ZT—(wii)Lp(l,w’).
i=2 a=1 =2

Note that the left hand side of the above formula becomes
-1 .
2 logp(l - CP)

Hence we have the following formula

o8 (1 = &) = —2“pp§ < Ly(1,w)
gp P/ P __1 — T(wl) pl4s .
Moreover we have
ord,(T(w")) = ordp(T(w—(;D—l—i))) _ p_;__ll;z

Hence we have the following formula

Ing(l = Cp) =ua(l - Cp)QLp(l,WQ)

+ ug(1 = () Lp(L,w?) + - +ap—3(1 = ()PP Ly(1,w”7?),
where u; is a unit for ¢ = 2,4,...,p — 3. We know that ord,(L,(1,w")) > 0 for
i=2,4,...,p— 3 and

mod p
LLe?) "B L-1ed) = -1 -2 - 122

which concludes the proof for p > 3. For p = 3, write 1 — {3 = \/52'(1 + \/§C3i).
Then
logs(1 — ¢3) = logs(1 + v/3(si)

g B (B

Note that .
ord3(@7—ig’l—)n—) >2
for n > 4. Hence
ords(logs(1 - ¢3))
(vV3¢i)? | (V3¢si)?
2 + 3

ords(v/3¢i — )

2.
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ords(v3(1 — ¢3)( 5 =1,

which completes the proof for p = 3.
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Next we prove Theorem 1 for n > 1. Now assume that p > 3. First consider
the following formula

1= =(1-¢) +pa,
where ord,(c) > 0. Write 1 — ¢, = w. Note that
ord, (log,(1 + z)) = ord,(z)
when ord,(z) > ﬁ. Hence we have
P 10g, (1 — pe) = log,(m +77~16)
log,(7) +log, (1 + mP20) = 7luy + 7P 2y,

where ord, (), ordp(y) > 0,0rd,(u;) = 0, which completes the proof of Theo-
rem 1. d
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