Commun. Korean Math. Soc. 22 (2007), No. 3, pp. 331-351

ARITHMETIC OF INFINITE PRODUCTS AND
ROGERS-RAMANUJAN CONTINUED FRACTIONS

DAEYEOUL KiM*, JA Kyunc Koo™, AND YILMAZ SIMSEK™***

ABSTRACT. Let k be an imaginary quadratic field, h the complex upper
half plane, and let T € hNk, ¢ = €™7. We find a lot of algebraic properties
derived from theta functions, and by using this we explore some new
algebraic numbers from Rogers-Ramanujan continued fractions.

1. Introduction

Let

o0 oo

flab) =14 > (@)™ V2@ 4y = Y grimi/2pmim=1/2
m=1 m=—oo
be the theta function for a,b € C with [ab] < 1, which was defined by Ra-
manujan ([5], [20]). If we set a = ge?*, b = ge=?* for 2 € C and 7 € b then
f(a,b) = 03(z, 7}, where 83(z,T) is one of the classical theta series in its stan-
dard notation ([30, p.464]). Berndt proved many interesting formulas for the
above theta functions in [4], [5], [6], of which we list the following properties
for later use:

(5, p.35]) f(a,b) = (—a;ab)oo(—b; ab) oo (ab; ab) oo

(15, p46]) fla,b) + f(—a,—b) = 2f(a®b, ab?),
where (a;0)oo = [[n_(1 — ab™). If ab = cd, then
(10) f(av b)f(cv d) + f(_'aa _b)f(_c, _'d) = 2f(acv bd)f(ad7 bC)

(10*) f(aa b)f(C, d) - f(_a’ —-b)f(—C, _d)
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([5, p-45]) = Qaf(g, (—;abcd)f(g Zlabcd)

Using Berndt’s idea, we explore some algebraic properties on the values of
those theta functions(Lemma 2.2, Theorem 2.4).

In [17], we found that ¢®[[°_ (1 — ¢"™ *)(1 — ¢"™(®~)) are algebraic
numbers, where (a,n,t) are the following:

(—f— 2,1),(~ 35,8, 1, (=4 D (55,5, 1), (= 555

(5 61)(371)( ;72)( 2.1.3),

(% 8,1), (- 20,8,9), (32,9 1), (36,9, 2), (32,9, 4),

(23 10,1), (- éz 10,3), (;z 12,1), (= ; 12,5), (Zi 14,1),

(- 814 14,3), (- 37 714,5), (37 18,1), (~ 36,18,5),(—3%,18,7).

In the examples 2.6~2.9 of Section 2, we further show that ¢* o (1 -
g"™ ) (1 — g"™~(7=9)) are algebraic numbers for the cases (a,n,):

(47 151)(3 15,2), (= (153 15,4), (- 2; 15,7),

(1;47 21,1), (;i 21,2), (814 21,4), (- ;i 21 5)

(- Zi 21,8), (- Zi 21,10), (60 30,1), (-5 30,7),
(—— 30,11), (— Z;é 30,13), (285213 42,1), (18049 42,5),

(- ‘;7 42,11), (- Zz 42,13), (— 1831 42,17), (- 1;13 42,19).

Ramanujan’s lost notebook [21] has many important results on the Rogers-
Ramanujan continued fraction, and some of these have been proved by several
people such as Andrews [1], [2], Berndt and Chan [9], Berndt, Chan and Zhang
[10], Huang [12], Kang [14], [15], and Son [28], [29]. In Section 3, we find
some algebraic numbers from Rogers-Ramanujan continued fractions and we
also consider the algebraic properties for certain infinite products(Theorem 3.1
and Corollary 3.2).

On the other hand, Borwein and Zhou showed that if a is an integer greater
than one, r and s are positive rational numbers such that 1 +a™r — a®>™s #0

for all integers m > 0, then > o o [P ————
amr —a

1-+5
2

is irrational and is not a

Liouville number ([11]). When o =

and 7 € h Nk, if we replace >, a

1
by [], ¢ and set s = 1 in the above, we can show that  J B TTorat o is
qgraTq
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1
gz (1 + g™ + ¢2™)

a transcendental number, and hence ano 0 is an algebraic

number ([Theorem 3.1, (b))).

2. Properties of theta functions

Let ¢(q) = 300 . ¢" and ¢(q) = Y20, g 1)/2,
According to Berndt [5, p.49] there are two identities

(21) ¢( _|_ Zq f n(n— 27") n(n+27‘))
and
(2.2) qu(r 1) /2 n(n 2r+1)/2 ,qn(n+27‘—1)/2)’

where n is a positive integer.

Now, let o = (a with b mod d and |a| be the determinant of o, and

b
0 d
set .
ba(T) = |a|12A (e(D) = |of'2d 12 Alar)
where A() = (2m)12¢* [T ~_, (1 — ¢*™)*.
Then we recall from ([19]) that

for any 7 € kN b the value ¢, (1)
2.3
23) is an algebraic integer, which divides |a|'%.
Lemma 2.0. Leta,n € Z¥, 1 < a < n—1 withn > 2. Then we have

H?::O(l . qn+aqnm)(1 _ q—aqnm) — _q—a Hf::l(l _ qnm—a)(1 _ qnm—(n—a)).

Proof. 1t is immediate. a
Proposition 2.1 ([16]). For r € kN,
Vagu [l a+e¢™), o7 [J(1-¢mY),
m=1 m=1

oo
g H 14+¢*™ Y and —

are algebraic integers.

Lemma 2.2. Let 7 ¢ kNh, n,r € Z1T with n > 2.
(a) Ifn is an odd positive integer then

n—1

= 00
i ( "T—% H 2nm—(n—2r))(1 _ q2nm—(n+2r))>

r=1 m=1
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and

B w
H (q%—% H (1 _ q2nm—(n—2r))(1 . q2nm—(n+2r)))
r=1 m=1

are algebraic numbers.
(b) If n is an integer then

Ay r@r= 1 n N dnm—(2n—4r+1) dnm—(2n+4r—1)
Eq motwmE | [[ (1 +g J1+g )

m=1

n—1
n Z (__1)rqr(2+-ll+2n—4'r+l+%—%

8

i (H (1 + q4nm—(—2n+4r—1))(1 + q4nm—(6n——4r+1)))

m=1

is an algebraic number where [a] denote the greatest integer less than
or equal to a.

() Ifn=6g+1 or 6g—1 then

-1

i:(——l)g—*_qu(s;n—n) 1°_°[ ((1 _ q"m_%)(l _ qnm—(n—Zk)))

— anm—k . gnm—{(n—k
P A\ (= grm=F)(1 — grm=(n=h))

3

is also an algebraic number.

Proof. (a) Since n is an odd integer, so are n{n — 2r) and n(n + 2r). If we
replace ¢ by —¢q in (2.1), we can deduce the formula

n—1
$—q) = ¢(—q" ) + > _(=1)" ¢ (=g 72, —grr+20)y,

r=1
and replacing ¢” by ¢ in (2.1} attain the formula

(2.4) #(—q % +Z q(" 2r) q(”‘*‘gr))_

Thus we derive by Lemma 2.0 and (2.4) that

1 1 m nlam— T
[T —gnCmD)2(1 - gwCm) - T] (1= "™~ )21 — g™y
m=1 m==1
n-1
2 oo
— 2 1-_7;_ H 2nm—(n-—2r))(1 _ q2nm—(n+2r))(1 _ q2nm>

‘,
Il
-
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n—1 00
+ Z "7 n—2r H (1 _ q2nm—(n—2r)—2n)
n21 m=1
K (1 _ anm—(n+2r)+2n)(1 _ anm).
If we set = ("+T) +n — 2r, then we have
oo

H(l—q"m D)2(1 — g=2m Hl—q (@m=10)2(1 — gnm)

m=1 m=1

n—1
2 2

00
=9 Z(_l)ﬂq% H (1 _ q2nm—(n—2r))(1 _ q2nm—(n+2r))(1 _ q2mn).
r=1 m=

Hence, multiplying —; on both sides in the above, we see

that

n—=1
< 2 r2 n >
=92 Z(_l)r g 1 H (1 _ q2nm—(n—2r))(l _ q2nm—(n+2r))

r=1 m=1
is an algebraic number by {2.3) and Proposition 2.1.
n-1
On the other hand, we know that > 2 (% — %) = 221 and hence

n—1

2 o0
H [q%?‘% H (1 _ anm—(n—2r))(1 _ anm-(n+2r))
net o0 1— q2m—1
=g H (1 _qun—n> '
By Proposition 2.1, (2.5) and (2.6), we get the result.
(b) It follows from (2.2) when we replace ¢ by g because the argument is

quite similar to those adopted in (a).
(c) Let n = 6g + 1 be a positive integer. We see from [5, p.274] that

n—1

r M— —1)9 12224:11 - _1)ktg
[ Ty =G + 21

OO _ nm=2k _ nm—(n—2k)
(k—g)(3k—3g—1)/2 (1-g¢ (1 —gq )
! ! " H (1 — qnm-—k)(l _ qnm—(n—k)) ’

q

m=1



336 DAEYEOUL KIM, JA KYUNG KOO, AND YILMAZ SIMSEK
n?— .
And, multiplying both sides by g~ =) and using (2.3), we conclude that

— g+k: k(3k n) o (1 _ qnm—Qk)(l _ qnm—(n—Zk))
2_: I (==na=ym)

m=1

is an algebraic number.
As for the case n = 6g — 1, we can get it in like manner. O

Example 2.3. Put n =5 in Lemma 2.2 (a). Then we see that

00 )
S = _q—% H 1- qIOm——B)(l _ qlom—7) + q% H (1- q10m—1)(1 _ qIOm—Q)
m=1 m=1
and
< 15 T 23 T3
T .= _q—%H (1 _ qIOm—S)(l 10m 7))( TH 10m 1 1 _ q10m—9))
m=1 m=1

are algebraic numbers. Thus we can find an algebraic equation g(X) = X2 —
SX + T € Q[X] satisfying g(g% [[°°_,(1 — ¢**1)(1 — ¢'¥™9)) = 0. Hence,

and

e
-
(=]

—2

—

—t
|
L=}
—
[=3
3
—
~—
—~~
ot
L]
—
(=]
3
©
~—

m=1

are algebraic numbers, too as in [17].

Theorem 2.4.

(a) Letn,u,w be positive integers with 1 < u,w < 2n—1, u even and w odd.
Ifqt“ H _1 1iq2nm u)(lianm (2n u)) and th H (1:|:q2nm w)
(14 g?nm=Cn—w)) gre algebraic numbers for ty,t, € Q, then gtette—3
H::l (1 _ q4nm—(u+w)) (1 _ q4nm—(4n—(u+w))) (1 _ q4nm—(2n+u——w))
(1 — g*rm—@n—utw)y 4s an algebraic number with double signs in the
same order.

(b) Letn,u,w be odd positive integers with 1 < u,w < n—1. Ifg"[]°_,(1+
qnm—-u) (1 + qnm—(n-—u))’ th Hz=1 (1 + qnm—w) (1 + qnm—(n—w)) and
qtm Iy 1(1 - q"m_(quv))(l - q"m‘("”%)) are algebraic numbers,

botto—

-2
then q bugo Hm (1= q2nm—-(n+u—w))(1 _ q2nm—(n—u+w)) is
an algebraic number with double signs in the same order.

(¢) Let n,u be odd positive integers with 1 < u <n—1. If ¢t >_ (1-

n—u

tn—u o nm—u -z
¢ (1=g* ) and ¢ 7 [0, (1=g™ ) (1-g™m= (=550
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are algebraic numbers, then

o0
u_2 n—u
qt (¢ = ) H (1 _ qznm_u)(l _ q2nm—(2n—u))

m=1

s an algebraic number.
@) If g 24a 48 T[22 (1 - ¢2™1) (1 — ¢>m=(n=D)) qpd g=3Foat2
I (1 = g™~ 1) (1 — ¢®»m=Gn=1)) gre algebraic numbers, then
g ittt [T, (1—g®"™=1) (1~ gfnm=(67=1)) s an algebraic num-
ber.
(e) Let n be an even positive integer. If
+

i B I (1 g5 (14 g (),
g I (1t TN (1 £ "= (*) and
g itamt i ]2, (1—g"™=1) (1= ¢~V gre algebraic numbers,
then q—%-i—ﬁﬁ—% H°°=1(1 _ q2nm—1)(1 _ q2nm—(2n—1)) and q—%%—%-‘r%
(1—g*"™=3) (1—¢®"™=(27=3)) are algebraic numbers with double
m=1
signs in the same order.

Proof. (a) By (1.0},
(27) f(a’ b)f(C, d) + f(_av _b)f(_c7 —d) = 2f(ac, bd)f(ada bC)

U

Let a = q“? b = q2n_- , C = _qw7 d = _q2n_w)

(1 + q2nm u)(l + q2nm (2n— u))(l _ q2nm-—w)(1 _ q2nm—-(2n—w)),

,’:]8

A=

m=1

(1 _ anm—u)(l _ anm—(Zn—u))(l + q2nm—'w)(1 + q2nm—(2n—w))7

%
I
s

m=1

il

and
C =2 H 4nm—(u+w))(1 _ q4nm—(4n—(u+u})))
m=1
. (1 q4nm—(2n+u—w))(1 _ q4nm—(2n—u+w)).

qtu+tw-%
H::l(l _ q4nm)2’

If we multiply through (2.7) by we get by Proposition 2.1

and the assumption that

qtu'f'tw-%A N qtu+tw—%B
anozl(l + q2nm)2 H$=1(1 + q2nm)2

is an algebraic number.
(b) It goes over the same argument as in (a).

)
s Yo
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(c) It follows from the fact that

H 2nm u)( anm—(Qn—u))
(2.8) =1

!

1 _ qnm “)(1 qnm—(n—-u))
1 _ q2nm— n— u))(l _ anm-(n+u))

,’:18

m:l

(d) For an integer N > 6 and an integer r #Z 0 (mod N), let X.,.(7) be the
function defined by

X (1) =X,(r,N) = -%ir(%)lﬁl Kro(r)
r(T) = T 7-7 =€ b Klws(’r),

where K, ,(7) are Klein forms of level N ([18]).

Ishida found in [13] that some polynomial F(X,Y) € Q[X,Y] satisfies an
affine singular model F(X5, X3) = 0 for the modular curve X{N). From
this and the fact that ¢3(~2 77 +8) [[2_, (1 — ¢"™=3)(1 — g26nm—(6n=3)y apq
P rtet D 10 (1 - g8 2)(1 — ¢o—(6n=2)) are algebraic numbers, we
can find an algebraic equation for

o0

q-—%%—ﬁ#-% H (1- q6nm—1)(1 _ qenm—(ﬁn—l))'
m=1
Thus we get (d).
(e) Set a = q"_gi, b= qn;‘l, c= —q“nz;2 and d = — ;2 n (1.0%*). Then we
obtain that

(451 T o)

A nm—(252) nm—( 232 ) q_%
X(Q"’ “(l+gq A +gq )) 0+ gm)

1 n.

+o+% (1- q2nm—1)(1 _ q2nm_(n—1)))

l\D
ok
/\

N|>—A

X
/_\
m|u
.r..lw
c:|:

— ¢ H(1 - qQ”'"'“(”"3))) is an algebraic number.

Combining this fact and the Ishida’s equation for F(X5, X3) = 0, we readily
get (e). O
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Example 2.5. In [17], we showed that g& [[°_, (1 £ ¢"™ 1)1 & ¢"™6),

m=1
~11 e} — - =23 o0 — —
05 [Lnoy (L£ a1 £ ¢™79), ¢3¢ [y (1£¢™7%)(1 £ ¢,
qﬁ szl(l + q14m—2)(1 :t q14m—12) and q_S_Af Hi:l(l + q14m—3)(1 + q14m—11)
are algebraic numbers with double signs in the same order. By Theorem 2.4,
we further conclude that g~ & [J5°_, (1—¢28™=5)(1 - g28m~13)(1 — ¢28m—15)(1 —

¢®*™=23) and q—% o1 (1= g**m=3)(1 — ¢M™~9) are algebraic numbers.

Example 2.6. Let us consider some algebraic numbers from the case n = 15.
In [17], we proved that

o9} oo

29) ¢ [J(1~¢" D1~ and ¢% [[1-¢" )1 -¢"

m=1 m=1

are algebraic numbers.
Meanwhile, it can be checked by Proposition 2.1 that

oo
( 4 H 1+q15m 1)(1+q15m 14))

m=

-

/';\
Q
g3
—8

3
I

(1 +q15m—2)(1 +q15m—13)>

o0
(210) <q_% H (1 +q15m—4)(1 +q15m—11)>
m=1
<q—% H (14 ¢ 7)1 +q15m-8)>
m=1
ﬁ é 1+qm ) 1+q15m> <1+q15m>
m:lq 1+q15m 1+q3m 1+q5m
and
47 ad
<q—o H (1+ ¢ 1)1 + !5 14))
m=1
(2.11) : (Q—% H (1+ ¢ 41 +q15m—11)>

m=1
ﬁ g% (14 ¢ 1)(1 + ")
%(1 + glsm=6)(1 4 ¢15m—9)

are algebraic numbers.
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And, Rogers ([3], [22, p.332]) derived the identities

oo

H (1 + q15m~7)(1 +q15m——8>(1 _ q15m)

m=1
o

(2.12) —q H (1+ g™~ 2)(1 1 glsm- 13)( 15m)

m=1

ﬁ (1 10m 4)(1 _ qlom—G)(l _ qlom)
14 gm

m=1

and

(1 +q15m—4)(1 +q15m—11)(1 _ q15m)

s

m=1

(213) —q H 1+q15m 1)(1+q15m 14)( 15m)

m=1

et (1 . qlom 2)(1 10m——8)(1 _ q10m>
H 1+gm '

It then follows from (2.3), (2.9), (2.12) and (2.13) that
(2.14)

oo
q-% H(1+q15m 7)(1+q15m 8) qg—o (1+q15m—2)(1+q15m—13)

—3

m=1 st
_1 10
= ﬁ (q_%(l _ qIOm—4)(1 _ qum—G)) q 24 24( 10m)
m=l (1 +4q ) %—5( 15m)
and
(2.15)
- oo
g H (1 + g™ (1 + g'5m=11) _ ¢ H (14 ¢5™1)(1 4 g'5™14)
m=t m=1
L 10
= ﬁ (qﬁ%(l — qum—2)(1 _ qlom—S)) q 24 g2 (1 — qlﬂm)
m=1 (14+q™) ) g3 (1 — ¢15m)

are algebraic numbers. Hence, there exists a polynomial g(X) € Q[X] satisfying
g(g™ % TI%_, (1 + ¢*™=7)(1 4 ¢'*™8)) = 0. Therefore, we conclude that

G—g H 1+ g*5m- 1)(1+q15m 14)’

q% H (1+q15m—2)(1 +q15m—13),

m=1
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_13
0

q s (1+q15m—4)(1+q15m—11)

3

Il
—_

m

and

37
0

q s (1+q15m—7)(1+q15m—8)

—13

m=1

are algebraic numbers.

Example 2.7. Now, we consider the case n = 30. In [3] and [23, p.333] we see
that
(2.16)

o0}

1-¢™)
H 1_ 30m 1_ 5m— 1)(1_q5m 4)

m=

—

:]8

30m 13)( 30m 17 +q H 30m 7 1 q30m—23)

m:l

which was described by Rogers as a remarkable identity. And we know that
1- 2m + N 5m—1 5m—4
m ,(IGOH(l—q )1 =g,
m=1

(1 _ q10m—-3)(1 _ qIOm—7)
1

_ 28

qﬁ

el

|
ml»—t
Oles

q

m

and
23 = — -
g H (1 _ qlom 1)(1 _ q10m 9)
m=1

are algebraic numbers ([17]).
Thus we claim by (2.16) that

28 d 1-— q2m q%
D — 28
q 1_:[1 <1 _ q30m> ((1 — 1) (1 - q5m—4)>

oo
(2.17) =g & (1 — g*0m13)(1 — ¢30m=17)
m=1
+ ¢ H (1 — gPOm=T)(1 — g%0m—23)
m=1

is an algebraic number. And,

o) _13 1— qIOm—B)(l _ q10m—7)

(
1 — g30m=3)(1 — g3om—27)
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— = =& (1 _ 430m=13y(1 _ ,30m—17
o9 11 (781 - g1 - g1

q"%(l — M=y - qSOm-23))

is an algebraic number. Hence (2.17) and (2.18) enable us to get a polyno-
mial g(X) = X2 — DX + E € Q[X] satisfying g(g~ & [[>°_, (1 — ¢**™~13)(1 —
g**™~17) = 0. Thus, we find that
7—0 H 30m 13 (1 - q30m—17) and q_;—g H (1- qBOm—7)(1 _ qSOm—23)
m=1

are algebraic numbers. And by Lemma 2.2 (a) we derive that

o0 oo

_59 _ _ 121 B ~

q 50 I I (1 _ q30m 11)(1 _ q30m 19) — g I | (1 _ qSOm 1)(1 _ qBOm 29)
m=1 m=1

is an algebraic number. Moreover, it is not difficult to see that

(Q—%H (1- q30m—11)(1 _ q30m—19)>

m=1

. (_q%H (1— ¢®m=1y(1 - q30m—29))

q% ::1(1 _ q10m—1)(1 _ qmm—g)
3
(

is an algebraic number.

g~ & [Tpozy (1 — g30m=9)(1 — g%0m=21)
It then follows that ‘
D oo
(219) q—% H (1_q30m—11)(1_q30m—19 162—1 H 30m 1 q30m——29)
m=1 m=1

are algebraic numbers.
If we use Son’s identity ([28])

©  3m(mt1) 10. 1043
=", =)+ 3 (—q,-¢%) = <Z qq . ><q6;q6)oo(—qgﬁg‘g;m%a

we have by (2.19) that
s q3m(m+1)

m

= H (q_%(l _ q30m—11)(1 . qBOm—19))3 (q% 8 : Zlom
(
(

=1
1 121 30m—1 30m—29\\3 19
+ [Jl@e®a-¢*""1—q )3 { g2

m=1
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is an algebraic number. Here we note that combining Slater identity A.14 ([17],

[24], [27]) and Son’s identity we can find a relation between sums and infinite
products, i.e.,

o _3m(m+1)

g S 2
me0 (2% ¢*)m
= r 88 4 30m—11y(1 _ 30m—19\\3 %(l—q%m) 3 (1 — ¢30m)
= 71l;[l(q (1-gq )(1 ) <q (l_qlom)> (q (1_q6m))
1 B _ 430m—1y(1 _ ,30m—291)3 ;g(l—q“m) 3 (1 — ¢®0m)
* Ll a g - gt (q (1—q1°M)> (q (1—qam)>

i ¢ ﬁ (1+¢m M)A +¢¥ 191 - ¢*™)
1 (9)2m fosier) (1-4qm)
B ﬁ (1 + ¢ ) (1 +¢*m2%)(1 - ¢*™)
ot (1-qm) ’
f: e ﬁ (1+¢°m ")

T+ (D7D - (D7)

o0 qi(m2+m) B 00 (1 + qm)(l _ q7m—2)(1 _ q7m—5)(1 _ q7m)
> =11 (1 - ¢™)(L+ g™ 1)(1 +¢™=9)

m=1

where (a), = (1—a)(1~aq) - (1—aq™ ') and (a)pn = (1—a)(1—aq") - (1—
ag"®=1). By (2.3) and Example 2.7 we see that

m=1 m
= ni‘[1 (q_%(l +g*m=14)( +q30m—16)) (q%%l)
- ﬁl (qé—g(l + g0y (1 + q30m—26)) <q'§‘3(11“——‘§):;))

m2

o 9

is an algebraic number and hence >~ _; @om
q)2m

is transcendental.



344 DAEYEOUL KIM, JA KYUNG KOO, AND YILMAZ SIMSEK

We showed in [17] that
qgg H(1+q10m—1)(1+q10m—9) and q—% H(l_qu 2)(1 q5m 3)

m=1 m=1

are algebraic numbers. Thus,

e 3m?2

q_Tgﬁ _q—__
= @) am(@)em

B ﬁ )
] (q B (1~ qlom—1y(1 — qIOm—6)) (q%(l + qlom=1)(1 4 glom 9))

3m?
q .
is a transcendental number.

is an algebraic number, andso Y o
2=t (G Do
And, by (2.3), Proposition 2.1 and Example 2.5 we derive that

(2.20)
(q-é—ia — ™)1 - q7m-5)>

0 L(m?+m) o0
ot qz ( 1 m
168 24 1 +4q ) 13
mzzz q)m(q 2.m nll_zll ) g% (14 g"m=1)(1 — g"m—6)
(1-q™)
is an algebraic number. On the other hand, we know from [3] and [22] that
io: q2(m +m) H 1 +q 1 +q21m—10)(1 +q21m—11)(1 _ q21m)
= (@m(@2m (1—¢™)
1 + 1 + 2lm—4 14+ 2lm—-17y(1 _ 421m
iy H ¢")(1+g )( u A-¢"m)
et (1-qm)

Hence, we claim by (2.20) and Example 2.5, that

o0 o0
H .= q—g—QH (1+q21m—10)(1 +q21m—11 ﬁH l1+gq

m=1
(S (o ) (<__>>
oo @ml@2m ) \ g7 [T (14 q™) (1 —g¢*m)
and
o
— <q QH 1 4 g2m=10)(] 4 g2im- 11))(_qsi4(1+q21m-4)(1+q21m—17))
m=1

ﬁ 1 +q7m 3)(1 +q7m 4)
Bogten) q84 1 + q21m 3)(1 + q21m 18)
X)=X2—HX+1

are algebraic numbers. Therefore we obtain an equation g(
satisfying g(g=8 [[_; (1 + ¢'™~10)(1 4 g2'm=11)) = 0, from which we derive
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that q_g H:::l(l + q21m—10)(1 + q21m—11) and qs%; H:»Lo:1(1 + q21m—4)(1 +
g*'™~17) are algebraic numbers.
Next, it follows from Slater identities A.80, 82 and routine calculations that

&y GOm0 g1 - g7) 1
(q Z (¢; @)2m+1 ) <H 2—31(1—q21m)> (qﬁ(1+qm))

m=0 m=1 q
00 o 2
— 61 - — 107 — —
= (q 4 H(1 + q21'm 8)(1 + q21m 13)) <q 4 H(l + q21m 1)(1 + q21m 20)))
m=1 m=1

DYy (=@ Qmgz ™+ ﬁ g2 (1—q™) ( 1 )
(4 9)2m 1 o1 45 (1= g2™) [ \ g1 (1 + ™)

m=0
o [o¢]
71
- <q—%H 1 +q21m—5)(1 +q21m—16> (q_IH (1 + q21m—2)(1 +q21m—-19))7
m=1 m=1
o0 o
_<q & H (1 + g21m=8)(1 + g2im-— 13))(1-8—01H(1+q21m—1)(1+q21m—20))
m=1 m=1
(] e o
= 11 q_g%(l +q21m——6)(1 + q21m—15)
and
<q = e (1 + g2Im=3)(1 + g¥m- 16)> (q% ﬁ(1+q21m—2)(1+q21m—19))
m=1 m=1
) PR e VR )
el —§—(1+q21m 9)(1 4 g2lm—12)

are algebraic numbers. Therefore, we conclude that ¢~ 52 o (1+g™ 8 (1+
— 71 o0 — — _61 —

gPm=16) g 1—1'[07?:1(1 + g™ (1 4 Bmm19) g H;;?:l(l + ¢'m=8)(1 +

g?'™=18) and g7 [[-_, (1 + ¢?'™=1)(1 + ¢?!™~20) are algebraic numbers.

Example 2.9. According to Slater ([27]), we have the following identity

(1 + q42m—19)(1 +q42m—23)(1 _ q427n)

s

1
o]

(2'21) _ q3 H (1 + q42m—5)(1 + q42m—37)(1 _ q42m)

m=1

_ ] (1_q2m) ( Qv )nq
- H (14 ¢g2m-1 nz% )

m=1

m
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From the infinite products derived from theta functions we know that

e 2 n?
q_%z( 04" )ng

—= (@%¢%)en

is an algebraic number ([17]). Then by (2.21) we get that
(2.22)

DY Cod)ne™ )\ (17 220 =) ﬁ g7
o (qZ; q2)2n ] q42 (1 q42m) ot (1 + q2m—1)
00
= (q“% H (1 + q42m—19)(1 + q42m—-23)>

m=1

( 5?—4 ﬁ 1+q42m 5 1+q42m-37)>

m=1

is an algebraic number and we can also check by Example 2.8 that
(2.23)

o0
143 109
H ( -5 1+q42m—-19)(1+q42m—23))( (14 g¥2m0) (1 4 g4 37))

m=1

(a5 Mooy (1 + @@ m=2)(1 4+ 21 m19)) (g7 8 T , (1 + g2 —0)(1 + ¢21m16))
107

(qﬁ o (1 + q¥2m—2)(1 4 q42m—40)) (q—% 15, (1 4 g#2m—16)(1 4 q42m—26))

is an algebraic number. Therefore, by (2.22) and (2.23) [[>°_, ¢~ % (1 +
g12m=19)(1 4 ¢42m—23) 5pd szl qlg’Tg(l + ¢#2m=5)(1 4 ¢*2m=37) are algebraic
numbers. In a similar way, due to Slater identities (A. 118), (A. 119} ([24],

[27]) and [17] concerning algebraic numbers for infinite sums, we obtain that
(2.24)

=Y o)™ (77 950 - ﬁ g%
n=0 (q2; q2)2n =1 q% (1 — q42m) o] (1 + q2m—1)
:( - H(1+q42m 17(1 4 g*2m= 25))

=1
oo
H 1+q42m 11 (1+q42m 31))

=1

o
Alﬁ
3

o
_ H (q—%(l+q42m—17)(1+q42m—25)) (q—g%(l+q42m—11)(1+q42m~31))

m:
(qﬁ 12, (1 + ¢2*™=4)(1 +q21m—17)) ( - [1°_,(1 4 ¢?m—10)1 +q21m—11))

g% [°_, (1 + g#2m—1)(1 + q42m—38)) ( B 5 TI%°_, (1 + g%2m—10)(1 + q42m—32)) ’

“I
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fEy e g*)ng" "+ ﬁ g% (1 - ¢*™)
(4% 4%)2n41 q%zf(l —g¥m)

n=0 m=1

(fiw)

(2.26)
- <q—§ (1 + q42m—13)(1 + q42m—29)>
m=1
( 283 H 1+q42m 1 1+q42m 41)>7
m=1
and
(2 27)

o0
_s83 m— _ 253 - -
H ( 84 (1 + g42m—18) (1 4 g42m 29)) (q 5 (1 + q12m—1)(1 4 g42m 41))

m=

107 _ _ _s1 _ 1
(q 51 [0, (1+ g2im=1)(1 + g2im 20)> (q 85 T0_, (1 4 ¢21m=8)(1 4 ¢2im 13))
(q% H?T?:1(1 + q42m~8)(1 + q42m—34)) (q—Z% Hz@ozl(l + q427n—20)(1 + q42m722)> ’

Thus we claim by (2.24)~(2.27) that

_ 131
84

o0
q (1+q42m 17)(1+q42m 25 & H 1 4 g¥2m—11 (1+q42m—31),

1

=3
o

—8

q 8 (1+q42m—-13)(1+q42m—29), qgsf’%(1+q42m—1)(1+q42m—41)

1§

m

are algebraic numbers.

3. Rogers-Ramanujan identities

The Rogers-Ramanujan continue fraction, defined by

t 2 3
Rg=% & &£ &
1 4+1+141+4--
first appeared in a paper of Rogers ([23]). Using such identities, Rogers proved
that
(4600 (9" 4°) oo
(4% 0°) o (0% 6%) o

R(q) =g*

By (2.9),

a1 Rig) = 97 Moy (1= ¢*" 7)1 = g*" )
( ) (q) 0 u Hm 1(1 — gdm~ 2)(1 — gdm- 3)
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is an algebraic number. Let

D=

= 1
Berndt ({7, p.16]) wrote that

(3.2)

¢ ¢
+1-1+-

T(q)R(q)(T(q) — R(9))* — T(q)*R(¢)*(T(q) — R(g))*

+27(q)°R(q)° = (T(q) - R(@)(1 +T(9)°R(a)°).
From (3.1) and (3.2), it follows that T'(g) is an algebraic number.
Set

f(=9) =

o<

fl—g-¢%) =

> (=1)mgmEm T = (g59) oo

m=—00

Note that the latter equality is known as Pentagonal number theorem.

Theorem 3.1. Let a = %, 8= 1+2\/g and ( =e
o0

2mi
9

(a) g%

El

Z (_1)m(10m+3)q(5m+3)m/2’

m=--00

() TI !

m=

oo
g Y (=1)™10m+ 1)¢®™ ™2 are transcendental numbers.
m=—o00

1
and TI>_
° g% (14 aq™ + ¢>™) Um=o
braic numbers.

T are alge-
qiz (14 Bg™ + ¢*™)
() g7 [Tomer (1= (2™)(1 = (3q™) and g7 [, (1= (g™)(1 - (*q™) are
algebraic numbers.
Proof. (a) We know from [8] that

o0

D (—1)™(10m + 3)gbm I = (Rgg(q) + R3(q)) % f3(—¢°)

and

oo

3 ]
e R2(q) - 3R3(q)> q5f3(_q5)'

5 o0 3 .
Since {¢23 f3(—¢%) =TI (1 - q5m)> is transcendental ([17]) and R(q) is
algebraic, we conclude that

> (=)™ (A0m + 1)gEmrIm2 = (

o

o0
m=-—00

g% Y (—1)™(10m+3)gPm I/ 2 and gin D (—1)™(10m-+1)qEmrIm/2

are transcendental numbers.

m=—00
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(b) It follows from [8] that

o

—‘——,_R( - C!\/R 1_10 Hl 1 +aq

aF| =
3

+¢%

and

~BvVR(g) =

1
Vv R(q)

f(=

% f(—q Hll-l-,@qs +qu-
1-

Meanwhile, we know that ¢~ 3% H

and R(q) are algebraic num-

1-— q5m
bers. Since the values of the Dedeklnd n(7)-function are nonzero ([25]),
oo (o)
1 1
H T = zm, and H T m | Im
me1 40 (1 +0g% +¢7%) me1 490 (1+ 8% +¢7%)

are algebraic numbers. Then the fact that 7, 57(€ h N k) and 2+ o, 2+ 3 are
algebraic numbers implies the result.
{(c) We find in [8] that
F(=¢%~¢") ~ aq** f(=¢,~¢") = f(=¢*,~¢*¢¥)/(1 = )
and
F(=4*,—4%) = 84" f(=q,—¢") = F(=¢, —¢*q5) /(1 = Q).
If we multiply both sides by gs [[°°_ then

mllqm’

<q'% ﬁ 1-¢" (- q5m‘3)> (————qj%(l — ‘fﬁn’ )
+a (q—ﬁlﬁ ﬁ (1 _ q5m—1)(1 __qu—4>> ( q;%(l B q51m) >

is an algebraic number. Replacing 7 by 57, we conclude that g3z o (1=
¢%2g™)(1 — ¢3¢™) is an algebraic number. The other case can be done in a
similar way. O

a1 —¢2q™(1 - ¢3¢™)
[Im=1(1 = ¢gm)(1 - ¢4qm)

il

Corollary 3.2. If( = et

, then is an algebraic

number and ) 5
£ = (1 - ¢?¢™) (1 - ¢%q™)
Emﬂ—@)ﬂ—&W)
Proof. Tt is immediate by Theorem 3.1 (¢). O

is a transcendental number with a € Q—{0}.
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Remark. Let m be a positive integer not divisible by 5, { = e and o = 1_2‘/5.
Then we know from [8] the following identity
4
. on . 2n
T[] +a¢™g? +3mig%) = (1 - g2
7=0
Hence, we get that
[eS) 4 2
. Com 1—~qg™
II [ +a¢mig® +2mig%) (I—:(;ZS—T"')
méom(zniod 5) j=0 m=1
and
e8] 4 1 qm 2 5
;. om ; 2m -
H 1—1(14’046"”(1F +<2m]q—5—) = H (‘——57‘71’) (1+aqm+q2m)
m=1 \j=0 m=1 1-q
By Theorem 3.1 and (2.3) we conclude that
[e) 4
1 . m s 2m
g7 [] (TIQ +a¢mg® +¢*mig¥)
m=1 \j=0
is an algebraic number.
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