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k)y+v [} fo G(s+k—u))dH(u)ds

1 +pH(k) ’
AN H(t) = 14 o0, prGE(t) = Yoot o "G 2 B H B G20+ Heaviside 349
th. 23 H(z)E pGeoll B8 E2AAT 18 B e ghold, T4 ZH3) 7| A2k =
6}_\;_{@_};‘: pG.o F3 REAAT45 oz FAHCE & Ao vy 7re] 713k
© mH(K)S 2Th= AT 9l chBae 5, 2001). 22 ofua, M/G/1 S8 B}
PM-Mulx Aol AREE FANE 48 F2¥ A5HEEC H()2 2 EHHrH(Bae,
2003; Bae 5, 2002; Kim &, 2006).

Flk+y) = y>0.
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4.1. MU|&AIZHO] R|2 201 R
nA MulaA e BEx gy GE L 2o T4
Gz)=1-e*, u>w

o] W= . ;
— = __F ~u(l-p)=
H(z) = T 'l—pe w(l—p
9ol G2 ATHBae 5, 2001). LA, 6= p—v, i’ = 1/vo| 22 ¢ = ¢ =00l ch. W}
A
Happl(x) = Hapr(-T) = H(Z‘)
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4.2. MH|AA|ZI0] Erlang(2) 2301 AL

1A MH2AZE S7F BRI 2Q AR E w2t S4a) A1ZEe] B9 & uk R
HYWNAEE A A m =108t 7HF T = At &, S ~ Gamma(2,1/2), E(S) = 1°]1L
¢ = Var(8)/ {E(S)}* = 1/20]t}. olu] B 7 pst o2 zoll W}t Hoppr(2) 9} Happo(2)E
H(z)9t 23 RAo] & 4.10) ok FollA HAFE ZE F o tidte] 107 2] 71A]
£ Hopp1 (2) S Hoppz(2) 7 H(z) 9} 5 L3ttt

# 4.1: S ~ Erlang(2)

v=p| « [ 01 ] o5 [ 10 ] 15 | 25 [ 30

H(z) [1.0201 ] 1.0942 | 1.1607 | 1.2006 | 1.2356 | 1.2423
0.2 | Hoppa(2) | 1.0201 | 1.0942 | 1.1607 | 1.2006 | 1.2356 | 1.2423
Hopp2(z) | 10201 | 1.0942 | 1.1607 | 1.2006 | 1.2356 | 1.2423

H(z) 1.0510 | 1.2543 | 1.4677 | 1.6255 | 1.8169 | 1.8721
0.5 | Happar(z) | 1.0510 | 1.2543 | 1.4677 | 1.6255 | 1.8169 | 1.8721
H,ppo(x) | 1.0510 | 1.2543 | 1.4677 | 1.6255 | 1.8169 | 1.8721

H(z) 1.0828 | 1.4401 | 1.8785 | 2.2735 | 2.9246 | 3.1897
H,p,pi(x) | 1.0828 | 1.4401 | 1.8785 | 2.2735 | 2.9246 | 3.1897
Heoppo(x) | 1.0828 | 1.4401 | 1.8785 | 2.2735 | 2.9246 | 3.1897

0.8

=2

42: S~ ZAFEE

v=p| =z [ o1 | o5 [ 10 | 15 | 25 [ 30

H(z) |1.0190 [ 1.0792 | 1.1291 | 1.1620 | 1.2006 | 1.2122
0.2 | Happr(z) | 1.0190 | 1.0792 | 1.1201 | 1.1620 | 1.2006 | 1.2122
Hoppa(2) | 1.0100 | 1.0792 | 1.1201 | 1.1620 | 1.2006 | 1.2122

H(zx) 1.0483 | 1.2122 | 1.3674 | 1.4849 | 1.6490 | 1.7079
0.5 | Hoppi(z) | 1.0483 | 1.2122 | 1.3674 | 1.4849 | 1.6490 | 1.7079
Hoppo(z) | 1.0483 | 1.2122 | 1.3674 | 1.4849 | 1.6490 | 1.7079

H(zx) 1.0784 | 1.3647 | 1.6739 | 1.9433 | 2.3986 | 2.5951

0.8 | Hoppi(z) | 1.0784 | 1.3647 | 1.6739 | 1.9433 | 2.3986 | 2.5951
Heoppo(z) | 1.0784 | 1.3647 | 1.6739 | 1.9433 | 2.3986 | 2.5951
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£ 4.3: S ~ Erlang(3)

v=p| =z | 010 [ 025 [ 050 | 075 | 1.00
H(z) |1.0201 | 1.0508 | 1.0989 | 1.1398 | 1.1718
0.2 | Happi(z) | 1.0177 [ 1.0482 | 1.0985 | 1.1406 | 1.1727
Hoppa(z) | 1.0209 | 1.0532 | 1.1032 | 1.1439 | 1.1748

H(z) 1.0512 | 1.1316 | 1.2672 | 1.3934 | 1.5032
0.5 | Hoppi(z) | 1.0471 | 1.1278 | 1.2669 | 1.3947 | 1.5047
Heoppo(z) | 1.0524 | 1.1360 | 1.2743 | 1.3997 | 1.5077

H(x) 1.0830 | 1.2190 | 1.4630 | 1.7115 | 1.9515

0.8 | Hyppi(z) | 1.0782 | 1.2145 | 1.4629 | 1.7133 | 1.9534
Hyppo(z) | 1.0848 | 1.2245 | 1.4717 | 1.7192 | 1.9569

4.3. MUILA[ZHOl DR 2 ER

2Ae Aul2A|Zko] Fgo] 10l 2 =3/29] FYBF XATEZE gy 74
82L&,
G(z) =p1 (1 —e7"7) 4+ py (1 — e7#27)
ol

1 U1 1 12
©1 +\/3’ Pi 5 H2 75 P2 2

ot}. o] Bl H(z)o) R@TH 2A%E WZF Ao] & 420] Ytk Au|2AZko] Er-
lang(2)Q) 399 EAT ATE WA 27} 38T o 2 W TSR Bk shksha,
27} 2 vl H(2)7} 1/(1-p) — e /(u*6) %} 20] BE 5 Hoppa (2)9 Huppo(z) & o 2
27 HS5HEE OAAS o] 97 W oI}

4.4. MU|AAMZH0| Erlang(3) 22901 AL

TA 2 MU 2RAIZE S7F ARSI} 3ol Fe] 19 AR EE
Gamma(3,1/3), E(S) = 1012 & = 1/3% A-$olth Erlang(2)9= 28 Hyppi(z)9}
Hopp2(2)7F o Aol 7t Q1710 29 B E 101312 A 3s & o MENA v2ss
}. ® 4.3& Fx3le)

4.5. MU|AA[ZH0] Erlang(10) 2%01 AL

SN Gamma(10,1/10), E(S) = 101 ¢ = 1/10 olg}x 7} 3} A} ojul= H(z)E A

3 Aoz ﬁf‘ﬂ?‘% T ok WA Tijms(1986)= H(z)E T35 202 TEE 4 Y+

%37—3] < 2r3trh Tijms(1986)7F A Agt Gue)E o2 A4t g3t 271 A F 7}
A2 Hl—% vl e & 449 2t}
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H 4.4: S ~ Erlang(10)

v=p| = | 010 ] 025 | 050 [ 075 | 1.00
H(z) |1.0203]1.0513 | 1.1048 | 1.1556 | 1.1946

0.2 | Hgppi(z) | 1.0050 | 1.0397 | 1.1094 | 1.1633 | 1.1983
z) | 1.0233 | 1.0637 | 1.1259 | 1.1719 | 1.2023

H(z) 1.0512 | 1.1332 | 1.2828 | 1.4384 | 1.5746
0.5 | Hoppr(z) | 1.0277 | 1.1151 | 1.2914 | 1.4510 | 1.5796
Heoppa(z) | 1.0560 | 1.1532 | 1.3188 | 1.4659 | 1.5869

H(x) 1.0835 | 1.2215 | 1.4900 | 1.7935 | 2.0940

0.8 | Happi(z) | 1.0549 | 1.1994 | 1.5011 | 1.8095 | 2.0994
Heoppa(x) | 1.0889 | 1.2459 | 1.5356 | 1.8291 | 2.1094

<4 A AR ZATF] A E & Tijms(1986) 7F Al 8 gopp(z) ) B BE 2} 5 L5
Tijms(1986)F gapp(2)e] BEE7F HAZ WZAHAT 1A AUl £29 A7)
18T go] &1 z7} &L Ao HEAYHA B2& AF3ATH AAR 27} 00 71
x7} 0250130 Aol = Hoppr(z)7) H(z)St B2 Aol7t AL RES B3 & & 4
th AR 27F 1/2 0|4 Ao Hoppi(2)7t H(z)E WS 2 2AFHE 898 5+ A
}.

Hopp2(z)E 27} 1/2 01440 2o H(z) A dAgte e Ads £oh A
LS 107° 7t ASE Hoppo(z) 7t Hoppr (z) BT B A E3ih ghE 27 1/218
o e AgolE FrEe AAE 24T F Ak olwe 29 kol Wt Hoppi(z)}

Hopp2(2)9] AEE7F ME XpolE Rtk 27} 0.5 o140l 1 0]3tY wl Happe(z)9
BEE} Hoppr(z)] BHFEETE FolRc) A9 o7t & g-die 0.259]3-d di+
Happ2(2)7t Hopp1 (z) BT AR L ZAIE BHF T Utk BE z7F F Wt Hopp(2) Y
Happo(z)7} 8128 31E =Tt

2 EZ, Hopp1(2)3 Hoppe(z)e EF 27 2 %Y WiE AZ ¥23 3e 7MY
H(z)ol sl £ ZAS etk Al z7F 28 g WA, Hoppe(z)E 271 1/2
o] Aol Huppi(z)9} UFRZIA R EF8HA 2AVSHA, 27 1/28 0 ol 05 <z < 1.0
d W Hyppr(z) BT @ $ ZAE BolH 0< 2 <0.259 W] Hoppu(2) BT} B $& ZA
g Ro &t

M/G/1 7 3 M/G/L ) 92YSE ST AT 328 45 Az Fol 13904
3% H(z)§ TFF 452 RYITh 284 H(2) B ALSI)E UH02 o
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2 3 350 U@ 2ARSE Tohe AL dugs Lotk
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The Approximation for the Auxiliary Renewal Function®

Jongho Bae') Sunggon Kim?

ABSTRACT

The auxiliary renewal function has an important role in analyzing queues in which
the either of the inter-arrival time and the service time of customers is not exponen-
tial. As like the renewal function, the auxiliary renewal function is hard to compute
although it can be defined theoretically. In this paper, we suggest two approximations
for auxiliary renewal function and compare the two with the true value of auxiliary
renewal function which can be computed in some special cases.

Keywords: Auxiliary renewal function, approximation, queue, waiting time of customers.
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