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Abstract

The equations for the calculation of the crystallographic interplanar angles for the seven crystal
systems are described using only the real crystal unit cell parameters.

1. Introduction

The interplanar angles, which are needed in crys-
tallography from time to time, have been mentioned
only in three books to the best of my knowledge.

J. D. H. Donnay and Gabriclle Donnay"
expressed the crystallographic interplanar angles in
terms of only reciprocal lattice constants: a,b,c,
a, [, ¥ and B. D. Cullity” in terms of real lattice
constants a, b, ¢, a, [, y together with interplanar
spacing d(hkl) and unit cell volume V, and E.
Koch” showed only how to calculate the angle
between crystal faces (h,k/,) and (hk,l,) using
reciprocal lattice parameters without giving any
explicit expression for each of the seven crystal sys-
tems. In order to get an interplanar angle using the
above-mentioned formula, therefore, either the
reciprocal lattice parameters or the interplanar dis-
tance d(hkl) and the unit cell volume 7 must be cal-
culated first at least for triclinic, monoclinic and
trigonal systems.

In this paper, the interplanar angles between crys-
tal faces (h,k,/,) and (h.k,l,) are described only with
real cell constants a, b, ¢, o, f, y and so it is much
easier to calculate them.

2. Theory

If c?* , l?* , ?‘ are defined as unit reciprocal lattice
vegtors gf arbigrary crystal cells, the vector d* (hkl) =
ha" + kb" +lc" is parallel to the direction of plane
(hkl) and its absolute value is 1/d(hkl), where h, k, [
are Miller indices being integer and d(hkl) is an in-

terplanar distance. Therefore interplanar angle between
two planes (4,k,/,) and (hk,l,) for arbitrary crystal
systems can be obtained frogl the scalar pg)duct of
the reciprocal lattice vectors d; (h,kl) and d; (k)

& od =d, dicosg, where d (hkil)=ha + kb
- - - Y -
+1¢" and d; (hk,l,) = ha" + k0" + L.

The value of 67’{ -jz and the absolute values of

& (hkil)), d (ki) are calculated as follows:

- - T
di(hk,1)) » dy(hykol) = (ha™ + kb™ + ¢
= X I ) =
o (hza + k2b + lg_c ) = h]hy_a + k]ky_b
” =
F L™+ (ks + hoky)d o b
- = = =
(L4 ) e c + (kL + k)b e ¢
- A -
Substituting a” = b ;c , b

the above equation,
- - 1 > 32
di(h k) e dy(haok,l,) = ?{h]hz(b X C)

> >2 > > 2
+kiky(e xa) +1,1,(axb)
> > > >
+(h1k2+/12k1)(b><c).(c><a)
> > > >
+ (Wl + hl))(bxc)e(axb)
> > > >
+(kil, + kD) (cxa)e(axb)}

Applying the scalar product, (Z x g) o (Z’ X B) =
(Z . 8)(?3 OB) - (Z OB)(]_;O Z)f)

1 2 >.2 > > 2 > > 2
:?{hlhz(bxc) + kiky(cxa) + 1L, (axb)



> > > > I
+ (hky, + hk)[(bec)(cea)—c(bea)]
+ (b + (b e a)(e e b)— b e a)]

> > > > I
F (bl + kl)[(cea)ash)—d'(ceb)]}

— L (b sin’a + kkoca'sin’B
=

+ l,lzazbzsinzy + (hk, + hyk))
[(becosa)(cacosP) — ¢’ (bacosy)]

+ (I, + hyl,)[(bacosy)(cbcosa)

—b*(cacosP)] + (kL, + k1))
[(cacosP)(abcosy) —a’(chcosa)] }

o d (kL) e di(hakoly) = Vlz{h]hzbzczsin%c

+kkyc’a’sin®B + 1, l,a’b’sin’y
+abc’ (hyk, + hok))(cosocosP — cosy)
+ab’c(h,l, + hyl,)(cosycoso — cosP)

+a’be(k,l, + kal,))(cosPecosy — cosat) }
Similarly
d = Il/{ Wb c’sin"o + kfazczsinQB + lfazbzsinzy
+ 2hk,abc’(cosacosP — cosy)

+ 2h,l,ab’c(cosycoso — cosp)

+ 2k, [,a’be(cosPeosy —cosa) } "

* 1 2 2 - . 2 .
d, = I_/{ Wb csin"o + kiazczsmz[} + La b251n2y

+ 2hyk,abc’(cosacosP — cosy)
+ 2h,L,ab’c(cosycoso — cosp)

+ 2k,l,a’be(cosPcosy — cosar) }] ”

(2-1) The interplanar angle ¢ between (h,k,/,) and
(h.k,1,) for triclinic system:

=
cosd = d, ° flz = {hh,b’c’*sin’a,

142
+ klkzczazsinZB + lllzazbzsinzy
+abc’(hk, + hyk,)(cosocosP — cosy)
+ab’c(hyl, + hyl,)(cosycoso — cosP)

+a’be(k L, + kyl,)(cosPeosy — cosa) }
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[[{hb’c’sin’a + kia’c’sin®B + La’b’sin’y
+ 2h,kyabc’(cosocosP — cosy)
+2h,1,ab’c(cosycoso — cosp)

+ 2k, 1,a’be(cosPeosy —cosa) } '
x{hb’c’sin’a + kya'csin’B + La'bsin’y
+ 2hykyabc’(cosocosP — cosy)

+ 2h,Lab’c(cosycoso — cosp)

+ 2k212a2bc(cosBcosy—cosoc)}m] (1)

(2-2) The interplanar angle ¢ between (h,k,/,) and
(h.kyl,) for monoclinic system (b-axis unique):
cosd = [l h,b’c + kikya'sin®B + 1, L,a’ b’
—ab’c(hil, + hyl))cosB]/[(hib’c’
+ kfczazsinzﬁ +La’h’ - 2hll,ab2cosB)
x(b'c’ + koc’a’sin’B + La'b’

“2h,lab*ccosP) ’]

172

hl_hz+k]kzsin2[3+ll_lz_(h]lz+h211)cosﬁ
2 2 2

_a b c ac
cosh =
(hf N kisin’cosp N l_?i2hlllcosﬁ)><
a_2 b> & ac
(h§ N k>sin’cosp N l_; B M)
2T e a

()

(2-3) The interplanar angle ¢ between (h,k,/,) and
(hskyl,) for orthorhombic system:

cos = (hh,b’c* + kiko*a” + 1,1,a° %)
(Wb + kida + [a'h’) "
<(lb*c® + lkoc'd + liazbz)”z]
hihs + kl_kz + Ll

2 2 2
a b c

2 2 2. 2 2 2.
ﬂ@+@+ﬁxg+@+@
a2 bz cz az b2 2

(©)

cosp =

c

(2-4) The interplanar angle ¢ between (%,k,/,) and
(hyk,1,) for tetragonal system:

cosh = (hib’c’ + kik,d’a’ + 1,L,a’b")
(b + ko’ + Ba'b?)'

2 2 172
X(h;bzc2 +kcd + l;azbz)

]
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I+ kiky | Ll

2 2

cosd = a c 4)
(h?+kf N l_f)(hz ko, é)
2 2 2 2
a c a c

(2-5) The interplanar angle ¢ between (%,k,/,) and
(h.k,l,) for trigonal system (rhombohedral axes):
cosh = [a'sin’(h h, + kiky + 1,1,)
+ a4(h|k2 + hzkl)(coszaf cosa)
+a' (b1, + hyl))(cos o — cosa)
+a' (kL + ky1,)(cos’ o — cosal) ]
[[{ha'sin’o + kia'sin’a
+ La'sin’a, + Zh]klad(coszot —cosa)
+2h,1,a*(cos’a— cosar)
+ 2k, l,a'(cos’o — cosat) } 2
X {h§a4sin2(x + Ba'sin’a + La'sin®a
+ 2hyka’(cos’ o — cosal)
+ 2hzlza4(coszoc —cosP)

+ 2k, La'(cos’ o —cosa) } ]
[sinou(l s + kikey + 1)

+ (cos’o—cosa) (A ks, + hyk,
b+ ol + kit k)]

{yﬁmﬁ+ﬁ+m
+ 2(0052(17005&)(/’1]](1 + il + k1)

cosd =

X/ﬁﬁaui+k§+@)
+ 2(cos2ot —cosa) (hk, + hyl, + k1)

©)

(2-6) The interplanar angle ¢ between (4,k,/,) and
(hyk,1,) for hexagonal system:

mm—{mmfﬁ+h@8f+gmﬂ4

+ azcz(hlkz + h2k1)(%) }/
172
Hh?arzc2 +kdd + fa(%) + h]klazcz}

172
X{ aid +kdad + l§a4@‘) + hzkzazcz} }
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2
hihy + ks + %(hlkz k) + g‘cizlllz

cosh =

(6)

@f+ﬁ+h¢f+%uﬁx

2

C
(/’12+k2+h k +3a212)
2 2 2/2 =52

(2-7) The interplanar angle ¢ between (h,k,/,) and
(hokyl,) for cubic system:
cos = (hh,b’c* + kiky*a” + 1, 1,a*b?)
NS + kica + [a'b?)
<(W2b + Kda* + Ea*b™) ]
hhy + kik, + L
SO+ I+ T + 16 + 1)

cosp =

™)

3. Conclusion

The interplanar angle for each of the seven crys-
tal systems can be calculated by substituting its real
unit cell parameters a, b, ¢, a, B, y into Egs. (1),
(2), 3), (4), (5), (6) and (7) shown above.

In trigonal system (rhombohedral axes), only an
angle o between primitive crystallographic two basis
vectors and Miller indices are needed as shown Eq.
(5) and in the cubic system only Miller indices are
required for the calculation of their interplanar
angles.
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