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Abstract

We define and study the fuzzy Jacobson radical of a k—semiring. Also it is shown that the Jacobson radical of the quotient
semiring R/FJR(R) of a k— semiring by the fuzzy Jacobson radical FJR(R) is semisimple. And the algebraic properties
of the fuzzy ideals FJR(R) and FIR(S) under a homomorphism from R onto S are also discussed.

Key words : k— semiring, k—ideal, fuzzy ideal, fuzzy cosets of a fuzzy ideal, fuzzy maximal(semiprime, prime) ideal,

quotient semiring, fuzzy Jacobson radical.

1. Introduction

Chun, Kim and Kim [2] constructed an extension of a
k—semiring and studied a k—ideal of a k—semiring. The
first author et al.[3] constructed the quotient semiring of a
k—semiring by a k—ideal. Liu [14] introduced and studied
the notion of fuzzy ideal of a ring. Following Liu, Mukher-
jee and Sen [17] defined and examined fuzzy prime ideals
of a ring. Kumbhojkar and Bapat [6,7] defined studied the
ring R/.J of the cosets of the fuzzy ideal .J.

Kumar [8]-[12] extended the concept of fuzzy ideal to
fuzzy semiprimary (semiprime, primary, prime, maximal)
ideals in a ring. Also Malik and Mordeson [15] gave the
necessary and sufficient conditions for a fuzzy subring or
a fuzzy ideal A of a commutative ring R to be extended to
one A® of a commutative ring S containing R as a subring.

In particular, Kuraoki and Kuroki [13] defined fuzzy
quotient rings and gave homomorphism theorems and iso-
morphism theorem as to fuzzy ideals.

Kim and Park [4] defined and studied the notion of the
k—fuzzy ideal in a semiring, and they also introduced and
studied the quotient semiring R/A of a k—semiring R by a
k—fuzzy ideal A.

Kim [5] defined and investigated a fuzzy maximal
ideal of a k—semiring and also characterized the quotient
k—semiring R/A of a k—semiring R by a fuzzy maximal
ideal A.

Furthermore, Kumar [10] defined and studied the fuzzy
Jacobson radical FIR(R) and the fuzzy prime radical
FPR(R) of aring R.

The purpose of this paper is to define and study the
fuzzy Jacobson radical FIR(R) of a k— semiring R. In
particular, we show that the Jacobson radical of the quo-
tient semiring R/FJR(R) of a k—semiring R by the fuzzy
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Jacobson radical FIR(R) is semisimple, and we also dis-
cuss the algebraic properties of the fuzzy ideals FIR(R)
and FIR(S) under a homomorphism from a k—semiring R
onto a k—semiring S.

2. Preliminaries

In this section, we review some definitions and some
results which will be used in the later sections.

Definition 2.1. ([2]). A set R together with associative bi-
nary operations called addition and multiplication (denoted
by + and - respectively) will be called a semiring provided:

(1) addition is a commutative operation,

(2) there exists 06 R such that z + 0 = z and z0 =
0z = 0 for each z€R,

and

(3) multiplication distributes over addition both from
the left and the right.

Definition 2.2. ([2]). A semiring R will be called a
k—semiring if for any a, b€ R there exists a unique element
cin R such that either b = a + ¢ or ¢ = b+ ¢ but not both.

Definition 2.3. ([3]). A non-empty subset / of a semiring
R is called a subsemiring if [ is itself a semiring with re-
spect to the binary operations defined in R. A subsemiring
I is called an ideal of R if re R and a€l imply arel and
racl.

Definition 2.4. ([3]). An ideal I of a semiring R is called
a k—ideal if r + a<l implies r&/ for each r€R and each
a€l.
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Let R be a k—semiring. Let R’ be a set of the same car-
dinality with R — {0} such that RNR’ = () and let denote
the image of a€ R — {0} under a given bijection by a’. Let
@ and © denote addition and multiplication respectively on
aset R = RUR' as follows:

a+b ia,beER
/ ':) — /b:/ !
b — (z+y) f‘a ', ’yER
c i"aeR,b=y'eR,a=y+c
c ifaeR, b=y eR ,a+c=y,

where c is the unique element in R such that either
a=1y+cora+c=ytutnot both, and

ab ifa,beR

zy ifa=2'b=yck

(ay) ifacR,b=1vy'cR

(zb)' ifa=a'€eR, beR,

It can be shown that these operations are well defined

and thus if R is a k—semiring, then (R, ®,®) is a ring,
called the extension ring of R.

a®b =

Remark 2.5. Let ©q denote the additive inverse of any el-
ement a€R and write ab(Sb) simply as aOb. Then it is
clear that @’ = ©a and @ = Oa’ for all a€ R. Note that if R
is a k—semiring with identity, then R is a ring with identity.

Theorem 2.6. ([2]). Let R be a k—semiring, I an ideal,
and I' = {a'€R’|lacl}. Then I is a k—ideal of R if and
only if I = IUI’ is an idzal of the extension ring R, called
the extension ideal of 1.

Note that if R is a k-—semiring and R is the extension
ring of R, then each ideal of R is the extension ideal of a
k—ideal of R and each k—ideal of R is the intersection of
its extension ideal and R (see [2)).

Let R be a k—semiriag and R its extension ring. Let I
be a k—ideal of R and T its extension ideal of R. Define a
relation a=b by a®b’ €1, where a, b R. Then this relation
is an equivalence relation on R. Let a®I be the equiva-
lence class containing a¢ R determined by =. Let R/] =
{a®IlacR} be the set of all equivalence classes deter-
mined by =. Then R/I = {a®I|a€R} is a k—semiring
under the two operations (a®I)®(b&I1) = (a + b)®I and
(a®NOGBBI) = (ab)D T (see [3]).

Definition 2.7. ([3]). A mapping f from a k-semiring R
into a k-semiring S is called a homomorphism if f(a+b) =
fle)+ f(b) and f(ab) == f(a)f(b) for all a, bER.

Theorem 2.8. ([3]). Let f : R—.S be a k-semiring homo-
morphism. Let & and .S be the extension rings of R and S
respectively. Define a map f : R—S by

T G
o= {f(rc’)’

ifreR
ifz e R
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Then £ is a ring homomorphism, called an extension ring
homomorphism of f.

Definition 2.9. ([2]). A k— ideal I of a k—semiring R is
meximal provided that / # R and whenever J is a k—ideal
of Rwith/ C J C Rthenl = J.

Theorem 2.10. ([2]). Let R be the extension ring of a com-
mutative k— semiring with identity, 7 a k—ideal of R and I
the extension ideal of I in R. Then I is a maximal k—ideal
of Riff I is a maximal ideal of R.

Definition 2.11. Let R be a k—semiring and R the exten-
sion ring of R. The intersection of all maximal ideals of R
is called the Jacobson radical of R, denoted by JR(R).

Theorem 2.12. Let R be a k—semiring and R the exten-

sion ring of R. Then JR(R) = JR(R) N R.
Proof.

JR(R) N{M; | M; is a maximal k-ideal of R}
N{M; N R | M; is a maximal ideal of R}
N{M; | M; is a maximal ideal of R} N R

= JR(R)NRA.

O

Definition 2.13. Let R be a k—semiring. If JR(R)={0},
then R is said to be a semisimple k—semiring.

3. Fuzzy ideals of a k—semiring

In this section, we review some definitions and some
properties of the fuzzy ideals of commutative k— semir-
ings with identity. Throughout this paper unless otherwise
all semirings are commutative &—semirings with identity.

Definition 3.1. ([4]). A fuzzy ideal of a semiring R is a
function A : R—|0, 1] satisfying the following conditions:
(1) Az + y) > min{A(z), A(y)}
(2) Alzy) > max{A(z), A(y)} for all z, ye R

Theorem 3.2. ([4]). Let A be a fuzzy ideal of a semiring
R. Then A(z)<A(0) forall z€R.

Definition 3.3. ([4]). Let A be a fuzzy subset of a semiring
R. Then the set Ay = {zeR|A(z)>t}(t€[0,1]) is called
the level subset of R with respect to A.

Theorem 3.4. ([4)). Let A be a fuzzy ideal of a semiring
R. Then the level subset A;(t < A(0)) is the ideal of R.

In general, It is not true that if A is a fuzzy ideal of a
semiring R, then A, (¢t < A(0)) is k—ideal of R, for we
have the following example.



Example 3.5. ([4]). Let R = Z*, the set of nonnegative
integers and let 7=(2,3) be an ideal of R generated by 2 and
3. Define a fuzzy subset A of R by

Az) = {(1)

Then A is a fuzzy ideal but Ap = [ is not a k—ideal of R.

ifoel
ifz¢l

Definition 3.6. ([15]). Let f : R — S be a homomor-
phism of semirings and B a fuzzy subset of S. We define
a fuzzy subset f~1B of Rby f~'B(z) = B(f(x)) for all
TE€R.

Definition 3.7. ([19]). Let f : R — S be a homomor-
phism of semirings and A a fuzzy subset of R. We define a
fuzzy subset f(A) of S by

Sup{A(t)|teR, f(t) =y} iff(y)
0 iftf ~*(y)

Definition 3.8. ([14]. A fuzzy ideal of a ring R is a func-
tion A : R—0, 1] satisfying the following axioms

(1) A(z + y)Zmin{ A(z), A(y)}

(2) Alay)2max{A(z), Ay)}

(3) A(—z) = A(z)

£0

HA () = { 0

Let R be a commutative k—semiring, R its extension
ring. If A is a fuzzy ideal of R such that all its level subsets

are k—idealsof R,thenR= U A, R= U A, and
telma telma

s > tif and only if A,C A, if and only if A,C A;. Thus we
have the following theorem.

Theorem 3.9. ([4]). Let R be a commutative k—semiring,
R its extension ring. Let A be a fuzzy ideal of R such
that all its level subsets are k—ideals of R. Define the
fuzzy subset A of R by for all z€R, A(z) = sup{t|z €

A, teImA}. Then A is a fuzzy ideal of R.

Theorem 3.10. ([4]). Let A be as in Theorem 3-9. Then A
is an extension of A.

Definition 3.11. ([4]). Let A be as in Theorem 3-9 and let
A be the extension ideal of A The fuzzy subset x + A :

R—0,1] defined by (x + A)(z) = A(za’) is called a
coset of the fuzzy ideal A.

Theorem 3.12. ([4]). Let R, R, A and A be as in The-
orem 3-9. Then z + A = y + A (z,ycR) if and only if
Alzay’) = A0).

Theorem 3.13. ([4]). Let A be as in Theorem 3-9 and A
the extension of A. fz+ A =u+ Aandy + A =
v+ A(z,y,u, vER), then

DMDezt+y+A=ut+v+ A

Qzy+A=uww+ A

The Fuzzy Jacobson Radical Of a k—Semiring

Theorem 3-13 allows us to define two binary operation
”+” and 7 on the set R/A of cosets of the fuzzy ideal A
as follows:

(z+A)+@y+4) =
and
(z+4)- w+4) =

r+y+ A4

xy+ A

It is easy to show that R/ A is a k—semiring under these
well-defined binary operations with additive identity A and
multiplicative identity 1+A. In this case, the semiring R/A
is called the factor semiring or the quotient semiring of R
by A.

Theorem 3.14. Let R, R, A and A be as in Theorem 3-9.
Then R/A = R/ A.

Proof. 1tis clear. 0

Definition 3.15. ([12]). A fuzzy ideal A of R is called
a fuzzy prime if Va,beR, either A(ab) = A(a) or else
A(ab) = A(b).

Definition 3.16. ([12]). A fuzzy ideal A of R is called a
fuzzy semiprime if A(a™) = A(a),Va€R and YmeZ,..

Definition 3.17. ([S]). Let A be a fuzzy ideal of a
k—semiring R such that all its level subsets are k—ideals
of R. A fuzzy ideal A of R is called a fuzzy maximal
if (1)A(0) = 1;(ii)A(eg) < A(0); and (4i7) whenever
A(b) < A(0) for some b € R, then A(er & (rb)’) = A(0)
for some r € R, where ep, is identity of R.

Let R = Z*, the set of nonnegative integers. Define a
fuzzy subset « of R by
ifze(2)

: 1
8] =
(@) {s ife ¢ (2)fors e (0,1)
Then « is a fuzzy maximal ideal of R.

Kumar[10] defined the fuzzy maximal ideal of a ring as
follow;

Definition 3.18. ([10]). A fuzzy ideal A of a ring R is
called fuzzy maximal if (1) A(0) = 1;(i1)Aler) < A(0);
and (7i1) whenever A(b) < A(0) for some b € R , then
Aler — rb) = A(0) for some r € R.

In the following theorem, we have the relation between

the fuzzy maximal ideal of a k—semiring and the fuzzy
maximal ideal of a ring.

Theorem 3.19. ([5]). Let A be as in Definition 3-17, A its
extension and K the extension ring of R. Then A is a fuzzy
maximal ideal of R iff A is a fuzzy maximal ideal of R.

Theorem 3.20. ([5]). Let f : R — S be an epimor-
phism of k—semirings and B a fuzzy ideal of S. Then B
is a fuzzy maximal ideal of S iff f !B is a fuzzy maximal
ideal of R.
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4. The fuzzy Jacobson radical of a
k—semiring

In this section, we define the fuzzy Jacobson radical
FIR(R) of a k—semiring R and have some properties of the
quotient ring R/FIR(R) of R by the fuzzy Jacobson radical
FIR(R), and obtain some algebraic properties of FIR(R)
and FIR(S) under a homomorphism from a k—semiring R
onto a k—sentiring S.

Kumar{10] defined the fuzzy Jacobson radical
FIR(R) of a ring R as follows FIR(R) =
N{O | 6 is afuzzy maximal ideal of R}. Similarly, we
define a fuzzy Jacobson radical of a k—semiring.

Definition 4.1. Let R be it k—semiring. The intersection of
all fuzzy maximal ideals of R is called the fuzzy Jacobson
radical of R, denoted by FIR(R).

Theorem 4.2. Let o and 3 be fuzzy ideals of a k—semiring
R such that all its level subsets are k—ideals of R. Then
a NG is a fuzzy ideal of /¢ such that all its level subsets are
k—ideals of R.

Proof. Let (« N B)(z +y) > tand (N F)(y) > ¢. for
eacht € [0,1]. Then a(z +y) >t and B(z + y) > ¢. But
(anB)(y) > t. Thus o(y) > ¢ and B(y) > t. Since o
and 3 are fuzzy ideals o7 R such that all its level subsets
are k—ideals of R, we have o(z) > ¢ and 8(z) > t. Hence
(e n B)(z) = min{a(z),B(x)} > t. This completes the
proof.

O

Theorem 4.3, Let o and § be fuzzy ideals of a k—semiring
R such that all its level subsets are k—ideals of R. Then
anNg=ang.

Proof. Let z be any element of R. If 2 € R, then

(@nf)(=) min{G(z), B(z)}
min{a(z), B(z)}
(o B)(x)

= ang(x).

If z € R andletz = y/(y € R). Then

(@np)(y)
min{a(y'), B(y')}
min{a(y), 3(y)}
(an B)(y)
anply)
&_ﬂ—ﬁ(z).

£)
2
@
~—
—
8
~—
I

i

i

ii

Hence o N B(z) = (@N B)(z) forall z € R. O

426

=X 2007, Vol. 17, No. 3

Theorem 4.4. Let R be a k—semiring and R the extension
ring of R. If A be a fuzzy maximal ideal of 2, then there
exists a fuzzy maximal ideal « of R such that & = A.

Proof. Let a be the restriction A|p of A to R. For each
te01,letz+y € oy,andy € ay, then a(z +y) > ¢
and a(y) > t. So A(z +y) > ¢ and A(y) > ¢, which
implies that « + y € A, and y € A,. Since A4, is an ideal
of R, x € A;. Thus A(z) > ¢ and thus afz) > t. So
x € ay. Hence oy is a k—ideal of R for all ¢t € [0, 1] and
hence & = A. On the other hand, by Theorem 3-19, « is a
fuzzy maximal ideal of R. This completes the proof. [

Lemma 4.5. Let R be a k—semiring and R the exten-
sion ring of R. Let FMI(R) be the collection of all fuzzy
maximal ideals of R and FMI(R) the collection of all
fuzzy maximal ideals of R. Then a mapping f : FMI(R)

—-+ FMI(R) defined by f(«) = a is bijective.

Proof. Let f(a) = f(3). Thena = § and & = 3. Thus
f is one-one. Let A be any element of FMI(R). Then by
Theorem 4-4, there exists an element « € FMI(R) such
that & = A. Thus f(a) = & = A. Hence f is onto. This

completes the proof. O

Theorem 4.6. Let R be a k—semiring and R the extension

ring of R. Then FIR(R) = FIR(R).

Proof. By Theorem 4-3 and Lemma 4-5,

FIR(R) =
= nN{a| ais a fuzzy maximal ideal of 2}

= FIR(R).

N{e | v is a fuzzy maximal ideal of 12}

O

Theorem 4;7. ({10]). Let R be a commutative ring with
identity and let ;o = FIR(R). Then R/p is semisimple.

Similarly, we have the following theorem.

Theorem 4.8. Let R be a A—semiring and let pp =
FIR(R). Then R/ is semisimple.

Proof.

JR(R/p) N R/p
JR(R/m) N R/
= {0}NR/p

JR(R/u) by Theorem [2-12]
by Theorem [3-14]

by Theorem[4-7)
O

Lemma 4.9. ([10]). If p is any fuzzy ideal of a commu-
tative ring with identity B, then p(z — y) = u(0) <=
z+p=y+pforanyz,y € R.



Theorem 4.10. ([10]). Let R be a commutative ring with
identity and let & = FIR(R). Then a € R is invertible iff
a + 8 is invertible.

Theorem 4.11. Let R be a k— semiring with e # 0 and let
i = FIR(R). Then a is invertible in R iff @+ is invertible
in R/p.

Proof. Suppose that « is invertible in R. Then there exists
bin R such thatab =e. Thusab+ p = (a+ p)(b+ p) =
e+, so that a+p is invertible in R/ . Conversely suppose
that a + p is invertible in R/u. Then there exists b + p €
R/psuch that (a + p)(b+ p) = (ab+ u) = (e + ). Thus
A(ab @ e') = pu(0) = f(0), and thus (ab + ) = (e + f)
by Lemma 4-9, which implies that a + [ is invertible in
R/ji. Hence a is invertible in R by Theorem 4-10 and
hence there exists ¢ € R such that ac = e. If ¢ € R’
where B’ = {2/|z € R}, thenac € R’ and e € R. Since
RNR' = {0}, e = 0. This is impossible. Therefore ¢ € R,
which completes the proof. O

Theorem 4.12. Let « be a fuzzy maximal ideal of a
k—semiring R. Then « is a fuzzy semiprime ideal of R.

Proof. If « is a fuzzy maximal ideal of a k—semiring I,
then by Theorem 3-19, & is a fuzzy maximal ideal of the
extension ring R. Thus & is a fuzzy prime ideal of R and
thus o is a fuzzy prime ideal of R. Hence « is a fuzzy
semiprime ideal of R. O

Theorem 4.13. If @ and 3 be fuzzy semiprime ideals of R,
then a N G is a fuzzy semiprime ideal of R.

Proof. For all z € R and all n € Z4, we have (a N
B)(a™) = min {a(z"), B(z™)} = min {a(z),B(z)} =
(a N B)(z). So o N B is fuzzy semiprime ideal of R. [

From Theorem 4-12 and Theorem 4-13, we have the
following.

Corollary 4.14. If R is a k—semiring, then FIR(R) is a
fuzzy semiprime ideal of R.

Lemma 4.15. Let ¢ : R — S be an epimorphism from
a k—semiring R onto a k—semiring S. Let 8; and 33 be
fuzzy ideals of S. Then ™Y (B N Ba) = o 1A N 1 Bs,.

Proof. For every x € R, we have

o~ (B1 N B2)(x) (810 B2)(p(x))

min {B1¢(x), Bap(x)}

min {1 (z), o~ Ba(x)}
= (71BN B)(a).

This completes the proof. [

Lemma 4.16. Let o and 3 be fuzzy ideals of a k—semiring
R. Then (N B)y = oy N G forall ¢ € [0, 1].

The Fuzzy Jacobson Radical Of a k—Semiting

Lemma 4.17. Let o and 3 be fuzzy ideals of a k—semiring
R. If oy and §; are k— ideals of R for all ¢ € [0, 1], then
oy N By is a k— ideal of R.

Theorem 4.18. Let ¢ K — S be an epimor-
phism from a k—semiring R onto a k—semiring S. Then
¢~ '(FIR(S)) 2 FIR(R).

Proof.

™ (FIR(S))

I

U

FIR(R).

O

From Theorem 4-18, we have the following.

Corollary 4.19. Let v : R — S be an epimorphism from
a k—semiring R onto a k—semiring S. Then ¢(FIR(R)) C
FIR(S).

Proof. By Theorem 4-18, we have @(FIR(R)) C
(e~ (FIR(S))) = FIR(S). =

Definition 4.20. ([8]). Let R and S be any sets and let
f: R — S be afunction. A fuzzy subset A of R is called
f—invariant if f(z) = f(y) implies A(z) = A(y), where
r,y € R.

Lemma 4.21. ([5]). Let ¢ : R — S be an epimor-
phism from a k—semiring R onto a k—semiring .S and « an
w—invariant fuzzy ideal of R such that all its level subsets
are k—ideals of R. Then « is a fuzzy maximal ideal of R
iff () is a fuzzy maximal ideal of S.

Lemma 4.22. ([5]). Let p : R — S be an epimorphism
from a k—semiring R onto a k—semiring S and let « be an
p—invariant fuzzy ideal of R such that all its level subsets
are k—ideals of R. Then & is p—invariant.

Theorem 4.23. let ¢ : R — S be an epimorphism
from a k—semiring R onto a k—semiring S, ¢ the exten-
sion of ¢, FMI(R) as in Lemma 4-5 and let u = FIR(R).
If 4 is w—invariant, then every element of FMI(R) is
p—invariant.

Proof. Let p(z) = (y) (z,y € R). Then 3(z) = 3(y).
Since y is w—~invariant, by Lemma 4-22, ji is ¢—invariant.
Thus g(z) = @(y). so that &lx — y) = @(0) for all
a € FMI(R). Thus a(z) = a(y) and thus a(z) = a(y)
for all @ € FMI(R). This completes the proof. O

From Lemma 4-21 and Theorem 4-23, we have the fol-
lowing.

Theorem 4.24. Let ¢ : R — S be an epimorphism from
a k—semiring R onto a k—semiring S and FMI(R) as in
Lemma 4-5, and let y = FIR(R) be w—invariant. Then if
a € FMI(R), then p(«) € FMI(S).
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Lemma 4.25. Let ¢, y and FMI(R) be as Theorem 4-24.
Then f : FMI(R) — “MI(S) defined by f(a) = ()
is bijective.

Proof. By Theorem 4-24, f is well defined. Let f(a) =
f(B). Then ¢(a) = @(B). Since u is p—invariant, by
Theorem 4-23, o and 3 are p—invariant, so that « = (3.
Thus f is one-one. Let 3 be any element of FMI(.S). Then
by Theorem 3-20, there exists « = ¢~ 1(8) € FMI(R)
such that f(«) = ¢(a) = @(p~1(8)) = B. Thus f is
onto. This completes the proof. O

By Lemma 4-25, we have FMI(R) = {p™*(3) | § €
EMI(S)}. So we obtain t1e following Theorem,

Theorem 4.26. Let ¢, y and FMI(R) be as Theorem 4-24
and v = FIR(S). Then o~ (v) = 1.

Proof ~'1) = ¢"\O{B | B € EMI(S)}) =
N{p~1(B) | € FMI(S)} = . O

Corollary 4.27. Let o, 1 and FMI(R) be as Theorem 4-24
and v = FIR(S). Then (u) = v.

Proof. By Theorem 4-26 o(u) = (¢~ (v)) = v. O

Theorem 4.28. Let ¢ : R — S be an epimorphism from
a k—semiring R onto a k--semiring S and let 1 = FIR(R).
Then

(D) p(ang) C vla)Ne(B) for any fuzzy ideals o and
B of R.

(2) If v is p—invariant, then @(a N 8) = p(a) N p(3)
for any fuzzy ideals & and 3 of R.

Proof. (1) Straightforward. (2) Let y be any element
of S. Then there existt x in R such that p(z) = y.
Thus (p(a) N ©(F)(y) = min{p(a)(y),(B)(y)} =
min{a(x), B(2)} = (aN3)(x) = w(aNB)(y) by Theorem
4-23. This completes the proof. O

From Theorem 4-6, Theorem 4-26 and Corollary 4-27,
we have the following theorem.

Theorem 4.29. Let , y and FMI(R) be as Theorem 4-24
and v = FJR(S). Let R and S be the extension rings of
K and S respectively. Then

() o=1(v) = FIR(R).

(2) () = FIR(S).
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