East Asian Math. J. 23 (2007), No. 2, pp. 213-227

FUZZY NEARLY C-COMPACTNESS IN
GENERALIZED FUZZY TOPOLOGY

G. PALANICHETTY anD G. BALASUBRAMANIAN

ABSTRACT. In this paper the concept of fuzzy nearly C-compact-
ness is introduced in Generalized fuzzy topological spaces. Several
characterizations and some interesting properties of these spaces
in Generalized fuzzy topological spaces are discussed. The prop-
erties of fuzzy almost continuous and fuzzy almost open functions
in Generalized fuzzy topological spaces are also studied.

1. Introduction

C. L. Chang [2] introduced and developed the concept of fuzzy
toplogical spaces based on the concept of fuzzy sets introduced by
Zadeh [18]. Since then, various important notions in the classical
topology such as compactness have been extended to fuzzy topological
spaces. The concept of nearly C-compactness in general topology was
introduced in [17]. The same was introduced in fuzzy topological
spaces in [16]. The concept of Generalized topology was introduced
and studied in [4] and this concept has been introduced and studied
in fuzzy topological spaces in [15].

The purpose of this paper is to introduce and study the concept
of fuzzy nearly C-compactness in Generalized fuzzy topological spaces
introduced and studied in [15]. Several characterizations and some
interesting properties of these spaces in Generalized fuzzy topological
spaces are discussed. Section 2 deals with preliminaries. Section 3
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deals with the concept of fuzzy nearly C-compactness in Generalized
fuzzy topological spaces and some of its characterizations. In Section
4, the concepts of (G,G’)-fuzzy almost continuous and (G, G')-fuzzy
almost open functions are introduced and studied. Section 5 deals
with the concepts of fuzzy nearly C-compactness in Generalized fuzzy
Bitopological spaces.

2. Preliminaries

Let X be a non-empty set. Let v : IX — IX be a function. v is
said to be monotonic if \; < Xy = v (A1) < 7 (A\2) for all A\, Xy € IX.
I'r (X) denotes the collection of all such monotone functions. A fuzzy
subset A € I is said to be y-fuzzy open if A <y (A\);y € 'p(X).

Let G denote a collection of fuzzy subsets of X. Then G is called a
generalized fuzzy topology on X (briefly GFT) if

(i) 0, the zero fuzzy set is in G
(i) If Ay € G for a € A, then \/ A\, €G .
aEA
Let G be any generalized fuzzy topology. Then there is a monotonic
function v : IX — IX such that G is the collection of all v- fuzzy open
sets, we can suppose that v satisfies

(i) 7 (0) = 0 where 0 is the zero fuzzy set is in G
(i) v(A) < A
(iii) vy (X)) = v () for X € I¥.
We define v-fuzzy interior of A as
P

iv (\) = V{u/p < A\ pis v — fuzzy open} and v-fuzzy closure

of X as ¢l (A) = A{u/A < p, puis y-fuzzy closed} .
A is - fuzzy regular open if and only if i’ CI" (X) = A.
A is - fuzzy regular open if and only if CI'iF" (A) = A.
Let X be any non-empty set. Let v : IX — I¥X be any mono-

tone function. Then we know the set of all v-fuzzy open sets form
generalized fuzzy topology say G.
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3. Fuzzy nearly C-compactness in Generalized fuzzy topol-
ogy

In [16] the concept of fuzzy nearly C-compact space in fuzzy topo-
logical spaces was defined as follows:

DEFINITION 3.1. Let (X,T') be a fuzzy topological space. (X,T)
is said to be fuzzy nearly C-compact if for any ordinary subset A of
X, A # X such that X4 (The characteristic function of A C X )
is a proper fuzzy regular closed set and for each fuzzy open cover of
{Aa/a € A} of X4 there exists a finite subfamily Ay , Ao, - Aa

such that X4 <\ Cl(A,)).

=1

n

Motivated by the above concept we are now ready to make the
following:

DEFINITION 3.2. X is said to be ~vy-fuzzy nearly C-compact if for
any subset A of X, A # X such that ya is proper 7-fuzzy regular
closed and for each - fuzzy open {\,},ca Of X4 there exists a finite

subfamily Ao, -, Aa, such that x4 < \/ CI"(A,,).
i=1

Result: The following result established in [16] are used in this
paper and they are stated here for easy reference.

PROPOSITION 3.3. Let (X,G) and (X', G’') be any two generalized
fuzzy topologies. Let f: (X,G) — (X',G’) be a (G,G')- fuzzy almost
continuous mapping and (G, G')- fuzzy almost open mapping. Then

(a) the inverse image f~1 (\) of each ~/'-fuzzy regular open set \ of
X' is a y-fuzzy regular open set in X;

(b) the inverse image f~' (u) of each '-fuzzy regular closed set p of
X' is a y-fuzzy regular closed set in X.

Proof. (a) Let Abe an arbitrary ~-fuzzy regular open set in X. Then
since f is (G, G')- fuzzy almost continuous mapping, f~! (\) is (G, G')-
fuzzy almost open mapping and hence we obtain that f=1 (\) < 25 Cf
S~ (X) is fuzzy regular closed f~* (CF (X)) is fuzzy closed and hence
O (N < CEfH(CE (V) = f7H(CE (V) , since CF (X) is fuzzy
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regular closed . As f is (G,G')- fuzzy almost open and i f~'(}) is
v-fuzzy regular open set in X, f (iF'CIf~1 (X)) < ff(CF(N) <
CI'(X) and thus f (Fokf- ( )) =i fEECE (V)] =i CE(N) =
A. Hence i5'CF f=1 (X) g f71(X\) and since f (\) is ~-fuzzy open
set in X we have f~"(X) < ZCIf~1(X). Thus f~'(X) is a y-fuzzy
regular open set in X. This proves (a).

(b) follows easily from (a). O

PRrROPOSITION 3.4. The following assertions are equivalent:

1. X is y-fuzzy nearly C-compact.

2. For each subset A C X such that x4 is proper y-fuzzy regular
closed and for each vy-fuzzy regular open cover 4 = {A\}, oo Of
XA there exists a finite subfamily Ao, , Mgy, - * * , Aa,, Of U such that

XA<\/CF( ) -

3. For each subset A C X such that x4 is proper v-fuzzy regular
closed set and for each family § ={ja},cn of nonzero y-fuzzy

regular closed set such that < A ,ua) A\ xa = 0, there exists a
a€A

finite subfamily fia,, flas,* " » Ha, Of § such that </\ i (,uai)) A

i=1
xa = 0.

4. For each subset A C X such that x4 is proper v-fuzzy regular
closed set and for each family § = {jta},cn of y-fuzzy regular
closed sets such that for each finite subfamily pia,, fhay, " s Ha,

n

of § we have (/\ i (,uai)) N Xxa # 0 then [ /\Aual N\ xa # 0.

i=1

Proof. (1)==(2) follows from the definition.

(2)==(1) Suppose (2) holds. Let A be any subset of X such that
X4 is proper 7- fuzzy regular closed set. Let {\o},co = U be a y-fuzzy
open cover of x4 . Then {CF i\, } c Will be a - fuzzy regular open
cover of x 4. Then by (2) there exists a finite subfamily {05 7F Aai}izl
such that

a < veE{chifa,} < \/(JFF o) \_n/
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This proves (2)=(1).

(2)=(3) Let A C X be such that x4 is proper - fuzzy regular
closed. Let § = {fta },ea be afamily of non-zero - fuzzy regular closed
sets of X such that (Apta),cn Axa = 0 for each proper - fuzzy regular
closed set x4 of X. Then U = {1 — pia},cn is a - fuzzy regular open
cover of the v- fuzzy regular closed set x 4 and therefore by assumption
(2) there exists a finite subfamily{\,, =1 — pg,[i = 1,2,--- ,n} of U

such that x4 <\ CI'(\g,)
i=1
Now for each «; we have
F R F F
Z’y (:ulli> = Z’y (]' - )\ai) =1- C’y (1 - (1 - )\Gi)) =1- C’y (luai) :
Therefore
/\z :ual 1_\/{05(/\ai)}§1_XA
=1 i=1
and so

(/\ ”az>/\XA< (1= xa) A\ xa=xx-a \xa=0.

i=1
This proves (2) =(3).
(3) =(2) Let U = {Ao},cn be - fuzzy regular open cover of
the proper - fuzzy regular closed set x4 of X where A C X. Now

Xa <V Ay implies that (1 — xa) > (1 -V X

a€ceA acA
A(l—Aa)/\XA = (1—\/)\a>/\XA
< (1=xa) \ xa
= XX-4 /\XA = 0.

So {1 — Aa}en is a family of 7- fuzzy regular closed sets such that

A (1 —X4) Axa = 0 and so by (3) there exists a finite subfamily
aEA

{1 =Xy, -1 =X, } such that [/\ if(l—)\ai)} Axa = 0. Now it

i=1
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follows that x4 < \/ [1 =i (1= A4,)] . But for each a; we have
i=1

(1= X)=1-Cl(1—=(1=X,))=1-CF (\a)-

v

Therefore we conclude that

n
\/ Ao -

This proves (3) =(2).
(3) =(4) Let A C X be such that y 4 is a proper - fuzzy regular
closed set and suppose {ta},cn i a family of - fuzzy regular closed

set such that for every finite family fia,,- -, fta, of {fta}pens

/\Z'I; (Mai) A XA 7é 0.

i=1
We want to show that A pa A xa # 0. If we suppose A pta A xa =

acA aEA

0, then by assumption (3) there exists a finite subfamily 4, , fla,
such that /\ P (pa;) Axa = 0, which is a contradiction. Hence
/\ Mo /\ XA % 0.
a€A

(4) =(3) Let A C X be such that y. is a proper - fuzzy reg-
ular closed set. Let {ja},.n be a family of 4- fuzzy regular closed
sets of X such that A pa Axa = 0. We have to show that there

a€A

no
exists a finite integer (say) no such that A if (ta,) A xa = 0. Sup-
i=1

pose now that for every finite integer ny we have /\ T (tas) N\ xa # 0.
Then by assumption (4) we have /\ i phe /\XA 7§ 0.Therefore 0 #

A i () Axa < A (1a) A xa, Wh1ch is a contradiction. Hence

a€EA aEA
ng

there exists a finite integer ng such that A ¥’ (us,) A xa = 0. This
i=1

proves (4) =>(3). O
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PROPOSITION 3.5. For any GF Topological space (X,G) the fol-
lowing assertions are equivalent
1. X is ~y-fuzzy nearly C-compact
2. If A C X is such that x4 is a proper y-fuzzy regular closed and
8 ={Aa}taecnls a family of y-fuzzy regular closed sets of X such that

xa < (1= A A | ,then there exists a finite number of elements of

aEA
n

§ say Aoy, Aagy** y Ay, SUCh that xa < 1— A zf (Aa;) -
i=1

Proof. (1) = (2). Suppose X is 7y-fuzzy nearly C-compact. Let
A C X be such that x4 is a proper y-fuzzy regular closed set. Let
$ be a family of y-fuzzy regular closed sets of X such that ya <
(1 - A )\a) =\ (1 —=X\,). Clearly & = (1 — A\, )aea is a y-fuzzy

acA a€EA
regular open cover of y 4. Hence by assumption (1) there exists a finite

number of elements (say) A, Aaz, - Aa, Such that x4 <V & (Aq,).
i=1

n

Therefore A i (Aa,) = 1=V ¢ (Xs,) <1 — xaThat is x4 < 1—
i=1 i=1

i’ (Aa;) - This proves (1) =

—~

2).

>

)

(2) = (1). Let A C X be such that x4 is a proper y-fuzzy regular
closed set in X. Let § be a family of y-fuzzy regular open sets of
X such that x4 < \ APut & = {1 —A},.r.Then U is clearly a

AEF
family of ~-fuzzy regular closed set of X such that y4 < \V A =
AeF

VI-(1-=X]=1- A (1—X).Hence by assumption (2) there exists
AeF AeF

a finite number of elements say 1 — A;, 1 — Ag,--- , 1 — A\, such that
xa < ANiF(1=XN) = V1=’ (1-X) < V& (N\) . This proves

j i=1 i=1

(2) — (1). ) =
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4. Properties of generalized fuzzy almost continuous and
generalized fuzzy almost open functions

DEFINITION 4.1. Consider two GFT’s G and G’ on X and X' re-
spectively, we say that f is (G,G')-fuzzy continuous if N € G =
ffV) e g

DEFINITION 4.2. Let (X,G) and (X',G’) be any two generalized
fuzzy topological spaces. A mapping f : (X,G) — (X',G) is said
to be (G,G")-fuzzy almost continuous if the inverse image of every
v'-fuzzy regular open(closed) set is y-fuzzy open(closed).

DEFINITION 4.3. Let (X,G) and (X',G) be any two generalized
fuzzy topological spaces. A mapping f : (X,G) — (X',G) is said
to be (G, G')-fuzzy almost open (closed) if the image of every y-fuzzy
regular open(closed) set is 7/-fuzzy open(closed).

PROPOSITION 4.4. Let f : (X,G) — (X',G") be a (G,G')-fuzzy
almost open (almost closed) map of a GF'T space (X,G) onto a GE'T
space (X',G'") and if h : (X',G") — (X",G"). If ho f is a (G,G")-
fuzzy almost continuous and (G,G")- fuzzy almost open map ,then h
is (G',G")— fuzzy almost continuous.

Proof. First let us assume f is (G, G')— fuzzy almost closed. Let A
be y-fuzzy regular closed subset of X”. Then

(ho YH N =1 (R (V)

and by Proposition 3.3 (ho f)™" (\) is a y-fuzzy regular closed set in
X. Since f is (G, g,)—fuzzy almost closed and surjective,

FOUTETTN)) =R
is y-fuzzy regular closed inX’. Thus we have shown that i is (G’,G")-

fuzzy almost continuous. The proof is similar when f is (G, Q/)— fuzzy
almost open. O

PROPOSITION 4.5. Assume that f : (X,G) — (X',G') is (G,G')-
fuzzy almost continuous and let h : X' — X" be a (g’,g“)- fuzzy
almost continuous and (G, G")- fuzzy almost open map. Then ho f is
(G,G)- fuzzy almost continuous.
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Proof. Let A\ be a 7-fuzzy regular open in X”. Then by Propo-
sition 3.3 h7!'(\) is y-fuzzy regular open in X’ and (h o f)7'())
= f7'[h7'(\)] is y-fuzzy open in X. This proves ho f is (G,G")-
fuzzy almost continuous. O

PROPOSITION 4.6. Let f : (X,G) — (X',G') andh: X' — X" and
suppose that ho f is a (G,G")-fuzzy almost open [(G,G")-fuzzy almost
closed] map. If f is (G,G")-fuzzy almost continuous and (G, G')-fuzzy
almost open surjection, then h is a (G', G")-fuzzy almost open (closed)
map.

Proof. Let X\ be any y-fuzzy regular open set in X’. Then by Propo-
sition 3.3, f~ (\) is y-fuzzy regular open in X. Since ho f is (G,G")-
fuzzy almost open ho f [f~1 (N)] = h[ff~1 (N)] = h()\) is y-fuzzy open
in X”. This proves that h is a (G,G')- fuzzy almost open. The proof
is similar when f is (G, G’)- fuzzy almost closed. O

LEMMA 4.7. Let f : (X,G) — (X',G') be any (G,G')- fuzzy al-
most open map. Given any A\ € IX and v-fuzzy regular closed set
u containing f~'()\), there exists a fuzzy closed set > X\ such that
7 = e

Proof. Let A € I* and let p be any ~-fuzzy rgular closed set such
that f~!(\) < p. Since f is (G, Ql)— fuzzy almost open and 1 — i is 7-
fuzzy regular open set, it follows that 6 = 1x— f (1x — p) is a y-fuzzy
closedset in X" and 0 = 1x/—f (1x —p) > 1x—f[1x — [ (N)] > A
Now 1y — pu < f7'f (1x — p) which implies that 1x — (1x —pu) >
Ix — f7f[1 —p].That is, u > 1x — f~1f [1 — p] . We conclude that
fFrO) =y = Ux—pl=1x - [f(Ux -] <p. O

LEMMA 4.8. Let f : (X,G) — (X',G) be a (g,g/)- fuzzy almost

continuous and (G, g’)- fuzzy almost open map and let X be any ~-
fuzzy closed subset of Y. Then

L (171 O0)) = S (e (6 ()

2. If X is a y-fuzzy regular closed subset, then ¢ (f~* (if' (N))) =
f7H .

Proof. (1) Let X\ be any 7-fuzzy closed set of X’. Assume if’ ()\) #

!
O(since there is nothing to prove if i’ () = 0). Hence if (\) is y-fuzzy
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regular open. Since f is (g,gl)—fuzzy almost continuous, f~! (25 (\)

is v-open in X. Also 05 [ffl (25

in X containing f~! (zf ()\)) Therefore by Lemma 4.7, there ex-

ists a y- fuzzy closed set 6 > £ (X) such that f~' (' (X)) < f71(0) <

I (f71 (i (N))) -This implies that f~1 (I (i (X)) < I f~1 (i (X)) -

Now since f is (G,G )-fuzzy almost contmuous, ! [ (i (V)] is

v-fuzzy closed in X and so f~ (il () < f7 [ ( (A))] . There-
v

fore 05 [ffl (15 (/\))} < 05 [ffl <05 (25( ))” [C ( ) } =

I [f71 (5 (N))] . This proves (1).
(2) If X\ is y-fuzzy regular closed subset, then 05 [(zF ()\))} =\.Using

(A))] is a y-fuzzy regular closed set

\4

in (1), we get ¢’ [f~1 (i (N))] = f~'(A). This provgs (2). O

PROPOSITION 4.9. Let f : (X,G) — (X',G) be a (G, G )-fuzzy al-
most continuous and (G, Q/)—fuzzy almost open map. If y is y-fuzzy
open set in X', then

L L [ (e O] = 70 e )] = & [ ]

2. fH[iF (e (V)] =] [f e (V)]

3. If ju is y-fuzzy regular open set in Y, then i [~ [f~ (& (n))]] =
7 (w)

Proof. (1) Let p be a y-fuzzy open set in X'. Since ¢! () is a
fuzzy regular set in X', f~ (£ (1)) is y-fuzzy closed in X. In fact, by
Lemma 4.8, we have ¢ [f~ (i (cF( )))} (el ( )) .Therefore

il

v v\
we have sz[f (chF(u))] = z c [f ( )} = [f ( )}
This proves (1).

(2) By Proposition 3.3 we have that f~* (£ (cf (1)) is ~-fuzzy
regular open set in X. Thus

et [ ] = £ el o] = i [T ).

This proves (2).

(3) Since p is a 7-fuzzy regular open set, ,u = (1) .Hence it

follows that f~ (F F(,u)) = fH(u) = 7,5 [f (cé7 } .This proves
(3). O

iFoF
’Y?’
1)
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PROPOSITION 4.10. The image of a y-fuzzy nearly C-compact space
under a (G, G ) -fuzzy almost continuous and(G, G ) - fuzzy almost open
mapping is y-fuzzy nearly C-compact.

Proof. Let f: (X,G) — (X',G) be (G, G )- fuzzy almost continuous
and fuzzy almost open mapping from a ~-fuzzy nearly C-compact
space X onto X’'. We have to show that is X’ is also ~-fuzzy nearly
C-compact, Let A C X’ be any subset of X’ such that x4 is y-fuzzy
regular closed in X'. Let U = {\;},c5 be a y-fuzzy regular open cover
of x4 in X'.Since f is (g,g’)- fuzzy almost continuous and (Q,Ql)—
fuzzy almost open, by Proposition 3.3, f=! (ya) is a y-fuzzy regular
closed subset of X and {f~!()\;)} is a y-fuzzy regular open cover of
f71 (xa) in X. Since X is y-fuzzy nearly C-compact, there exists
a finite subfamily {f* (A )/2— 1,2,--- ,n} such that f* (xa) <

VF{f (M) V{f (e )}ThatlsxA<V{c i}

Th1s proves that Y i 1s ’y—fuzzy nearly C-compact. m

5. Fuzzy Nearly C-compactness in Generalized Fuzzy Bi-
topological Spaces

The concept of fuzzy bitopological spaces was introduced in [11]
and subsequently further studied by various authors [3, 12]. In [11],
the definition of fuzzy bitopological space was given as follows :

DEFINITION 5.1. A fuzzy bitopological space is an ordered triple
(X,G1,G2) where Gy and Gy are fuzzy topologies on X.

Based on the above, the generalized fuzzy bitopological spaces is
defined as follows :

DEFINITION 5.2. A generalized fuzzy bitopological space is an or-
dered triple (X, G1,Gs) where G and G, are generalized fuzzy topolo-
gies in X.

The concept of pairwise fuzzy nearly C-compact space was intro-
duced in [16] as follows.
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DEFINITION 5.3. The fuzzy bitopological space (X, Gy, Gs) is said
to be (G1,Ga)- fuzzy nearly C-compact if for every set A C X such
that x4 is a proper Gi-fuzzy regular closed set and for every Go-fuzzy
open cover U of A, there exists a finite sub-collection of U,(say)
A1, Ag, -+, Ap such that x4 < clg, (A;) .(X, G1, Gs) is said to be pairwise
fuzzy nearly C-compact if it is both (G, Gy)- fuzzy nearly C-compact
and (Gs, G1) -fuzzy nearly C-compact.

Based on the above defintion we are now ready to make the follow-
ing.

DEFINITION 5.4. The fuzzy bitopological space (X, Gy, Gs) is said
to be (G1, G2)-7-fuzzy nearly C-compact if for every set A C X such
that x4 is a proper G;-y-fuzzy open cover U of x 4,there exists a finite

sub-collection of U, (say) A1, Ao, -+, A, such that x4 < \/ g, (Ni).

(X, G1,Gs) is pairwise y-fuzzy nearly C-compact if it is both (G1,Ga)-
v-fuzzy nearly C-compact and (Gs, G;) -7-fuzzy nearly C-compact.

DEFINITION 5.5. A mapping f : (X, Gy, G2) — (X, F1, Fz) is said to
be pairwise y-fuzzy almost continuous (pairwise y-fuzzy almost open,
pairwise y-fuzzy continuous) if the induced mappings f : (X,G;) —
(X,F1) and f : (X,G2) — (X,F,) are - fuzzy almost continuous
(v-fuzzy almost open, - fuzzy continuous).

PROPOSITION 5.6. Every pairwise y-fuzzy almost continuous and
pairwise y-fuzzy almost open image of a pairwise y-fuzzy nearly C-
compact spare is pairwise y-fuzzy nearly C-compact.

Proof. Let f : (X,G1,G2) — (Y,F1,Fs) be any pairwise 7-fuzzy
almost continuous and pairwise v-fuzzy almost open onto mapping.
Assume (X, Gy, Gs) is pairwise y-fuzzy nearly C-compact. We want to
show that (Y, Fy, Fs) is pairwise y-fuzzy nearly C-compact.

Let A C Y be such that x4 is a proper Fi-fuzzy regular closed set
and let U be a Fy — 7- fuzzy open cover of x4 . Since f is (G, Ga)-
fuzzy almost continuous and (G,G’)— fuzzy almost open, f~!(x4) is
G, — v - fuzzy regular closed by Proposition 3.3 and {f~! (u) /u € U}
is a Gy —y— fuzzy open cover of f~!(x4). Since (X, G1,G,) is pairwise
- fuzzy nearly C-compact there exists a finite sub-collection

{7 () /k=1,2,---n}
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such that f=!(ya) < \7 g, f" (i) . Hence
i=1
xa = [ (xa)
< \/ F g, 7" ()]

< \/ Flnff ™" (m)]
k=1

S \/ c’};—fz (Iuk) :
k=1

This proves that Y is (G1, Go)- - fuzzy nearly C-compact. Similarly
we can show that Y is also (Ga, G1)-7-fuzzy nearly C-compact. Thus we
have shown that (Y, Fj, F) is pairwise 7-fuzzy nearly C-compact. [

PROPOSITION 5.7. Let (X, Gy,G2) be any pairwise y-fuzzy nearly
C-compact space. Then if A C X is such that xa is proper Gi-fuzzy
regular closed and F is a family of G — y— fuzzy closed subsets of
X such that A{AA xa/X € F} = 0, there exists a finite number of

elements, say {1, Aa, -+, \,} of F such that ) {zf_gj)\k A Xa } =
k=1

0,0#j,5=1,2

Proof. Suppose (X, G;,Gs) is pairwise 7-fuzzy nearly C-compact.
Let A C X be such that y 4 is proper G; —y-fuzzy regular closed and F
is a family of G;—- fuzzy closed sets of X such that A {\ A x4/ € F} =
0.Now A {AAxat=0= A V) <l-xu=xa<1-A (V)=

\EF e \EF

V{1 -A/AeF}. So{l—-A/AeF}isa(; — ~-fuzzy open cover of
x4 which is G; — yv—fuzzy regular closed and hence by assumption we
have a finite collection, say {1 — A;,1 — Ay, .-+, 1 — A, } such that

n

< Vg -2 =V 1= g\
k=1 k=1

- 1—
k

Z.'I;—gj (/\k)
1

n
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n
This implies /\ if_gj)\k <1— x4 = Xx_a. Therefore
k=1

xAa N /\if—g]-)‘k SXA/\XX—AZO: /\Z',\Ij_gj [/\k/\XA]:O-
k=1 k=1

[1]
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]
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