
East Asian Math. J. 23 (2007), No. 2, pp. 197–206

ORTHOGONAL GENERALIZED (σ, τ)−DERIVATIONS

OF SEMIPRIME Γ−RINGS

Hasret Yazarlı and Öznur Gölbaşı

Abstract. The purpose of this paper is to show some results
of M. Bresar and J. Vukman concerning orthogonal derivations
of semiprime rings in [3] for (σ, τ)−derivations and generalized
(σ, τ)−derivations in Γ−rings.

1. Introduction

The notation of a Γ−ring,where Γ is an additive abelian group,
was introduced by Nobusawa in [6]. Barnes [7] then weakened slightly
the defining conditions for Nobusawa’s Γ−rings. Following Barnes we
say that an additive abelian group M is a Γ−ring if the following
conditions are satisfied for all a, b, c ∈ M,α, β ∈ Γ :

(1) aαb ∈ M.
(2) (a + b)αc = aαc + bαc, a(α + β)c = aαc + aβc, aα(b + c) =

aαb + aαc.
(3) (aαb)βc = aα(bβc).
M is said to be semiprime if xαMαx = 0 implies x = 0. An additive

mapping d : R → R is called a derivation if d(xαy) = d(x)αy+xαd(y)
holds for all x, y ∈ M,α ∈ Γ. There has been a great deal of work on
prime and semiprime Γ−rings admitting derivations. Recently, in [2],
M. Bresar defined a generalized derivation. The concept of generalized
derivations cover both the concept of a derivation. Many authors
have investigated the properties of prime and semiprime rings with
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generalized derivations. It is natural to look for comparable results on
Γ−rings.

On the other hand, orthogonal derivations has been introduced by
M. Bresar and J. Vukman in [3]. They have proved some results con-
cerning orthogonal derivations of semiprime rings, which are related
to a theorem of Posner [1] for the product of derivations on a prime
ring. M. Soytürk proved some these results for Γ−rings in [4]. In
[5], N. Argaç, et al. introduced the notion of ortogonality for a pair
(D, d), (G, g) of generalized derivations on semiprime rings and they
gave several necessary and sufficient conditions of (D, d) and (G, g)
to be orthogonal. In this paper, our aim is to extend their results
to orthogonal (σ, τ)−derivations and generalized (σ, τ)−derivations in
Γ−rings.

Throughout we assume that M is 2−torsion free semiprime Γ−ring,
σ, τ automorphisms of M, d, g are (σ, τ)−derivations of M such that
gτ = τg, dτ = τd, σg = gσ, σd = dσ. We denote a generalized
(σ, τ)−derivation D : M → M determined by a (σ, τ)−derivation
d of M by (D, d) and let generalized (σ, τ)−derivations (D, d) and
(G, g) such that Gτ = τG,Dτ = τD, σG = Gσ, σD = Dσ.

2. Results

Definition 1. Let M be a Γ− ring and σ, τ : M → M, Γ−automor-
phisms of M . An additive mapping d : M → M is called a (σ, τ)−deri-
vation of M if

d(xαy) = d(x)ασ(y) + τ(x)αd(y) for all x, y ∈ M,α ∈ Γ.

Lemma 1. [4, Lemma 3.4.1] Let M be a 2−torsion free semiprime
Γ−ring and a, b ∈ M. Then the following conditions are equivalent.

(i) aΓxΓb = 0 for all x ∈ M.
(ii) bΓxΓa = 0 for all x ∈ M.
(iii) aαxβb + bαxβa = 0 for all x ∈ M and α, β ∈ Γ.
If one of these conditions is fulfilled, then aΓb = bΓa = 0 too.
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Lemma 2. [4, Lemma 3.4.2] Let M be a semiprime Γ−ring. Sup-
pose that additive mappings f and h of M into itself satisfy

f(x)ΓMh(x) = 0

for all x ∈ M. Then f(x)ΓMΓh(y) = 0 for all x, y ∈ M.

Lemma 3. Let M be a 2−torsion free semiprime Γ−ring. (σ, τ)−de-
rivations d and g of M are orthogonal if and only if

d(x)Γg(y) + g(x)Γd(y) = 0

for all x, y ∈ M.

Proof. Suppose that d(x)βg(y) + g(x)γd(y) = 0 for all x, y ∈ M
and β, γ ∈ Γ. Substituting yαx for y in this equation, we get

0 = d(x)βg(yαx) + g(x)γd(yαx)(2.1)

= (d(x)βg(y) + g(x)γd(y))ασ(x) + d(x)βτ(y)αg(x)(2.2)

+ g(x)γτ(y)αd(x)

= d(x)βτ(y)αg(x) + g(x)γτ(y)αd(x).

Substituting γ + γ′ for γ in (2.1), we get

g (x) γ′τ (y) αd (x) = 0 for all x ∈ M and α, γ′ ∈ Γ

Since τ is an automorphism of M, we have g(x)ΓMΓd(x) = 0 for
all x ∈ M . Hence g(x)ΓMΓd(y) = 0 for all x, y ∈ M by Lemma 2.

Substituting β + β′ for β in (2.1), we get

d (x) β′τ (y) αg (x) = 0 for all x ∈ M and α, β′ ∈ Γ

Since τ is an automorphism of M , we have d(x)ΓMΓg(x) = 0 for
all x ∈ M . Hence d (x) ΓMΓg (y) = 0 for all x, y ∈ M by Lemma 2.

Using Lemma 1, we see that d and g are orthogonal.
Conversely, if d and g are orthogonal, then d(x)ΓMΓg(y) =

0 = g(y)ΓMΓd(x) for all x, y ∈ M. Using Lemma 1, we get d(x)Γg(y)+
g(x)Γd(y) = 0 for all x, y ∈ M.

Theorem 1. Let M be a 2−torsion free semiprime Γ−ring. (σ, τ)−
derivations d and g of M are orthogonal if and only if one of the
following conditions holds.
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(i) dg = 0.
(ii) dg + gd = 0.
(iii) dg is a (σ2, τ 2)−derivation of M.
(iv) There exists a, b ∈ M and α, β ∈ Γ such that dg (x) = aαx +

xβb for all x ∈ M.

Proof. (i)⇒“d and g are orthogonal”: Suppose that dg = 0. Hence

0 = dg(xαy) = dg(x)ασ2(y) + τ(g(x))αd(σ(y))

+ d(τ(x))ασ(g(y)) + τ 2(x)αdg(y)

and so

τ(g(x))αd(σ(y)) + d(τ(x))ασ(g(y)) = 0, for all x, y ∈ M and α ∈ Γ.

Using gτ = τg, dτ = τd, σg = gσ, σd = dσ and σ, τ are automorphisms
of M, we get

g(x)αd(y) + d(x)αg(y) = 0, for all x, y ∈ M and α ∈ Γ.

Hence d and g are orthogonal by Lemma 3.
“d and g are orthogonal”⇒(i): We have d(x)αyβg(z) = 0, for all

x, y, z ∈ M and α, β ∈ Γ. Then

0 = d(d(x)αyβg(z)) = d2(x)ασ(y)βσ(g(z))

+ τ(d(x))αd(y)βσ(g(z)) + τ(d(x))ατ(y)βdg(z).

Since d and g are orthogonal, σ, τ are automorphisms of M , we get

d(x)αyβdg(z) = 0, for all x, y, z ∈ M and α, β ∈ Γ.

Writing g(z) by x in this relation, we get

dg(z)αyβdg(z) = 0 for all y, z ∈ M and α, β ∈ Γ.

Since M is semiprime, we obtain that dg = 0.
(ii)=⇒“d and g are orthogonal”: Suppose that dg + gd = 0. Then

we have

0 = (dg + gd) (xαy) = dg (x) ασ2 (y) + τ (g (x)) αd (σ (y))

+ d (τ (x)) ασ (g (y)) + τ 2(x)αdg(y) + gd(x)ασ2(y)

+ τ(d(x))g(σ(y)) + g(τ(x))σ(d(y)) + τ 2(x)αgd(y)
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and so

2(g(τ(x))αd(σ(y)) + d(τ(x))αg(σ(y)) = 0,

for all x, y ∈ M and α ∈ Γ. Since σ, τ are automorphisms of semiprime
2−torsion free Γ−ring of M, we conclude that g(x)αd(y)+d(x)αg(y) =
0, for all x, y ∈ M and α ∈ Γ. Thus d and g are orthogonal by Lemma
3.

“d and g are orthogonal”⇒(ii): We have proved that any orthogonal
(σ, τ)−derivations satisfy dg = 0 and by Lemma 2 gd = 0. Thus (ii)
holds as well.

(iii)⇒“d and g are orthogonal”: By a direct computation we verify
the following identity:

dg(xαy) = dg(x)ασ2(y) + τ(g(x))αd(σ(y))

+ d(τ(x))ασ(g(y)) + τ 2(x)αdg(y).

Since dg is a (σ2, τ 2)−derivation of M , we have

dg(xαy) = dg(x)ασ2(y) + τ 2(x)αdg(y) for all x, y ∈ M and α ∈ Γ.

Comparing this two expression of dg(xαy), we obtain

τ(g(x))αd(σ(y)) + d(τ(x))ασ(g(y)) = 0

and so

g(x)αd(y) + d(x)αg(y) = 0, for all x, y ∈ M and α ∈ Γ.

By Lemma 3, d and g are orthogonal.
“d and g are orthogonal”⇒(iii): We have proved that any orthog-

onal derivations satisfy dg = 0. Thus dg is a (σ2, τ 2)−derivation of
M.

(iv)⇒“d and g are orthogonal”: Suppose that there exists a, b ∈ M,
α, β ∈ Γ such that dg (x) = aαx + xβb, for all x ∈ M. Then we have

(2.3) dg (xγy) = aα (xγy) + (xγy) βb for all x, y ∈ M and β, γ ∈ Γ.

and

(2.4) dg (xγy) = dg (x) γσ2 (y) + τ (g (x)) γd (σ (y))

+ d (τ (x)) γσ (g (y)) + τ 2(x)αdg(y)
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for all x, y ∈ M and γ ∈ Γ. Using dg (x) = aαx + xβb and dg (y) =
aαy + yβb for all x, y ∈ M and α, β ∈ Γ in (2.4), we get

dg (xγy) = aαxγσ2 (y) + xβbγσ2 (y) + τ (g (x)) γd (σ (y))

+ d (τ(x)) γσ (g(y)) + τ 2(x)γaαy + τ 2(x)γyβb

for all x, y ∈ M and α, β, γ ∈ Γ. Since σ and τ are automorphisms
of M, we get

dg (xγy) = aαxγy + xβbγy + τ (g (x)) γd (σ (y)) + d (τ(x)) γσ (g(y))

+ xγaαy + xγyβb for all x, y ∈ M and α, β, γ ∈ Γ.

Using (2.3), we get

(2.5) xβbγy + g (τ (x)) γd (σ (y)) + d (τ(x)) γg (σ(y)) + xγaαy = 0

for all x, y ∈ M and β, γ ∈ Γ. Substituting yδx for y in (2.5), we get

0 = xβbγyδx + τ (g (x)) γd (σ (y)) δσ2 (x)

+ g (τ(x)) γτ (σ(y)) δd (σ (x)) + d (τ (x)) γg (σ (y)) δσ2 (x)

+ d (τ (x)) γτ (σ (y)) δg (σ (x)) + xγaαyδx

for all x, y ∈ M and δ, β, γ ∈ Γ. Since σ is an automorphism of M ,
we get

0 = xβbγyδx + g (τ (x)) γd (σ (y)) δx

+ g (τ(x)) γτ (σ(y)) δd (σ (x)) + d (τ (x)) γg (σ (y)) δx

+ d (τ (x)) γτ (σ (y)) δg (σ (x)) + xγaαyδx

for all x, y ∈ M and δ, β, γ ∈ Γ. Using (2.5) in last relation, we get

g (τ (x)) γτ (σ (y)) δd (σ (x)) + d (τ(x)) γτ (σ(y)) δg (σ (x)) = 0

for all x, y, z ∈ M and γ, δ ∈ Γ.
Since σ and τ are automorphisms of M , we get

g (x) γyδd (z) + d (x) γyδg (z) = 0 for all x, y, z ∈ M and γ, δ ∈ Γ.

Hence, g (x) ΓMΓd (z) + d (x) ΓMΓg (z) = 0 for all x, z ∈ M and
so d and g are orthogonal.

“d and g are orthogonal”⇒(iv): We have proved that any orthog-
onal derivations satisfy dg = 0. Since 0 = dg (x) = 0αx + xβ0 for
0 ∈ M , α, β ∈ Γ and for all x ∈ M , we see (iv).
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Corollary 1. Let M be a prime Γ−ring of characteristic not
two. If (σ, τ)−derivations d and g of M satisfy one of the conditions
in Theorem 1, then either d = 0 or g = 0.

Corollary 2. Let M be 2−torsion free semiprime Γ−ring. If d is
(σ, τ)−derivation of M such that d2 is (σ2, τ 2)−derivation then d = 0.

Corollary 3. Let M be 2−torsion free semiprime Γ−ring and d
be (σ, τ)−derivation of M . If there exists a, b ∈ M and α, β ∈ Γ such
that d2 (x) = aαx + xβb for all x ∈ M then d = 0.

Lemma 4. Let M be a 2−torsion free semiprime Γ−ring. If (σ, τ)-
generalized derivations (D, d) and (G, g) of M are orthogonal, then
the following relations hold.

(i) D(x)ΓG(y) = G(x)ΓD(y) = 0, hence D(x)ΓG(y)+G(x)ΓD(y) =
0, for all x, y ∈ M.

(ii) d and G are orthogonal and d(x)ΓG(y) = G(y)Γd(x) = 0, for
all x, y ∈ M.

(iii) g and D are orthogonal and g(x)ΓD(y) = D(y)Γg(x) = 0, for
all x, y ∈ M.

(iv) d and g are orthogonal.
(v) dG = Gd = 0, gD = Dg = 0 and DG = GD = 0.

Proof. (i) By the hypothesis D(x)ΓMΓG(y) = 0, for all x, y ∈ M.
Hence we get D(x)ΓG(y) = 0 = G(x)ΓD(y), for all x, y ∈ M by
Lemma 1. Thus D(x)ΓG(y) + G(x)ΓD(y) = 0, for all x, y ∈ M.

(ii) Since D(x)ΓG(y) = 0 and D(x)ΓMΓG(y) = 0, for all x, y ∈ M,
we have

0 = D(rβx)αG(y) = (D(r)βσ(x) + τ(r)βd(x))αG(y)

= τ(r)βd(x)αG(y).

By the semiprimenessly of M, then

(2.6) d(x)αG(y) = 0, for all x, y ∈ M and α ∈ Γ.

Writing xβr by x in (2.6) , we get

0 = d(xβr)αG(y) = (d(x)βσ(r) + τ(x)βd(r))αG(y)
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and so

d(x)βσ(r)αG(y) = 0, for all x, y ∈ M and α, β ∈ Γ.

Since σ is an automorphism of M, we have d(x)ΓMΓG(y) = 0, for all
x, y ∈ M. Therefore by Lemma 1, we obtain that G(y)Γd(x) = 0, for
all x, y ∈ M, which shows (ii).

(iii) Using the same arguments in the proof of (ii), we prove (iii).
(iv) Since D(x)ΓG(y) = 0, for all x, y ∈ M, we have

0 = D(xβz)αG(yγw)

= (D(x)βσ(z) + τ(x)βd(z))α(G(y)γσ(w) + τ(y)γg(w))

= D(x)βσ(z)αG(y)γσ(w) + D(x)βσ(z)ατ(y)γg(w)

+ τ(x)βd(z)αG(y)γσ(w) + τ(x)βd(z)ατ(y)γg(w).

Using (ii) and (iii), we arrive at

τ(x)βd(z)ατ(y)γg(w) = 0, for all x, y, z, w ∈ M and β, α, γ ∈ Γ.

Since τ is an automorphism of M, we see that

d(z)αyγg(w) = 0, for all y, z, w ∈ M and α, γ ∈ Γ.

Thus, d and g are orthogonal.
(v) We know that d and G are orthogonal by (ii). Hence

0 = G(d(x)αzβG(y)) = Gd(x)ασ(z)βσ(G(y)) + τ(d(x))αg(zG(y)).

Using dτ = τd,Gσ = σG and d and g are orthogonal, we obtain that

Gd(x)ασ(z)βG(σ(y)) = 0

and so

Gd(x)αzβG(y) = 0, for all x, y, z ∈ M and α, β ∈ Γ.

Replacing y by d(x) in the above relation, we get Gd = 0 by the
semipriness of R.

Similarly, since each of d(G(x)αzβd(y)) = 0, D(g(x)αzβD(y)) =
0, g(D(x)αzβg(y)) = 0 and G(D(x)αzβG(y)) = 0 holds for all x, y, z ∈
M and α, β ∈ Γ, we have dG = Dg = gD = DG = GD = 0, respec-
tively.
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Theorem 2. Let M be a 2−torsion free semiprime Γ-ring. (σ, τ)-
generalized derivations (D, d) and (G, g) of M are orthogonal if and
only if one of the following conditions holds.

(i)a) D(x)ΓG(y) + G(x)ΓD(y) = 0, for all x, y ∈ M.
b) d(x)ΓG(y) + g(x)ΓD(y) = 0, for all x, y ∈ M.

(ii) D(x)ΓG(y) = d(x)ΓG(y) = 0, for all x, y ∈ M.
(iii) D(x)ΓG(y) = 0, for all x, y ∈ M and dG = dg = 0.

Proof. (i)⇒“(D, d) and (G, g) are orthogonal”: Replacing xαz by
x in (a), we get

0 = D(xαz)βG(y) + G(xαz)βD(y)

= D(x)ασ(z)βG(y) + G(x)ασ(z)βD(y)

+ τ(x)α(d(z)βG(y) + g(z)βD(y)).

Using the hypothesis (b) and σ is an automorphism of M, we see that

D(x)αzβG(y) + G(x)αzβD(y) = 0, for all x, y, z ∈ M and α, β ∈ Γ.

Thus (D, d) and (G, g) are orthogonal by Lemma 1.
“(D, d) and (G, g) are orthogonal”⇒(i) is proved by Lemma 4.
(ii)⇒“(D, d) and (G, g) are orthogonal”: Since D(x)ΓG(y) = 0 and

d(x)ΓG(y) = 0, for all x, y ∈ M, we have

0 = D(xαz)βG(y) = D(x)ασ(z)βG(y) + τ(x)αd(z)βG(y)

= D(x)ασ(z)βG(y)

and so D(x)ΓMΓG(y) = 0, for all x, y ∈ M. We get the result by
Lemma 1.

“(D, d) and (G, g) are orthogonal”⇒(ii) is proved by Lemma 4.
(iii)⇒“(D, d) and (G, g) are orthogonal”: Assume that D(x)ΓG(y) =

0, for all x, y ∈ M and dG = dg = 0. Thus, we have

0 = dG(xαy) = dG(x)ασ2(y) + τ(G(x))αd(σ(y))

+ d(τ(x))ασ(g(y)) + τ 2(x)αdg(y).

Using dτ = τd, σg = gσ, σd = dσ,Gτ = τG and σ, τ are automor-
phisms of M, we obtain that

G(x)αd(y) + d(x)αg(y) = 0, for all x, y ∈ M and α ∈ Γ.
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We know that d and g are orthogonal by Theorem 1 (i). Hence, we
arrive at

G(x)αd(y) = 0, for all x, y ∈ M and α ∈ Γ.

If we take xβz instead of x in the last equation and using d and g are
orthogonal, we conclude that

G(x)βσ(z)αd(y) = 0, for all x, y ∈ M and β, α ∈ Γ.

By Lemma 1, we have d(y)ΓG(x) = 0, for all x, y ∈ M, which satisfies
(ii). Then (ii) follows (D, d) and (G, g) are orthogonal.

“(D, d) and (G, g) are orthogonal”⇒(iii): By Lemma 4, D(x)ΓG(y) =
0 and dG = 0. Therefore, d and g are orthogonal by Theorem 1, and
so, dg = 0.
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