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Abstract

In this paper, we present a quasi-Jacket block matrices over binary matrices which all are belong to a class of
cocyclic matrices is the same as the Hadamard case and are useful in digital signal processing, CDMA, and coded
modulation. Based on circular permutation matrix(CPM) cocyclic quasi block low-density matrix is introduced in this
paper which is useful in coding theory. Additionally, we show that the fast algorithm of quasi-Jacket block

matrix.
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The Walsh-Hadamard matrix is widely used for the
Walsh representation of the data sequence in image co-
ding and for Hadamard-Walsh orthogonal-sequence ge-
nerator in code division multiple access(CDMA), sp-
read-spectrum communications' ', coded modulation
VB Their basic functions are sampled Walsh functions
which can be expressed in terms of the Hadamard [H}y
matrices. Using the orthogonality of Hadamard matrices,
more general matrices have been developed[glN[IS]. These
matrices are called Jacket matrices. In a general defi-
nition, a square matrix Jy«n=[jijln is called Jacket ma-

trix if [ngxgﬁ—é[j;,l]gw, for 1<i, j<N, where C is a

nonzero constant and ( - ) denotes the transpose of the
matrix. Since the inverse of the Jacket matrix can be
calculated easily, it is very helpful to employ this kind
of matrix in the signal processing!", encoding"®, mul-
tiple-input multiple-output(MIMO) designs'”, sequence
designm, mobile communication”, and cryptography[m.
In addition, the Jacket matrices are associated with ma-
ny kind of matrices, such as unitary matrices, and Her-
mitian matrices which are very important in signal pro-
cessing, communication (e.g., encoding), orthogonal co-
de design, mathematics and physics.

The outline of the paper is as follows. Section 2
presents a construction of cocyclic quasi-Jacket biock
matrices over binary matrices and fast algorithm of
these quasi-Jacket block matrices. The block matrices
may have important application in signal processing,
communication, quantum information, etc. A genera-
lized cocyclic quasi-Jacket block low-density matrix
based on circular permutation matrix is defined and is
constructed in Section 3. Finally, some conclusions are

Cocyclic Matrices, Jacket Matrices, Hadamard Matrices, Low-Density Matrices.

presented in Section 4.

II. Cocyclic Quasi-Jacket Block Matrices

Many interesting matrices, such as Hadamard, WHT,
DFT, and its variations matrices are all belong to the
class of Jacket family. In many applications, cocyclic
matrices are very useful. The definition of cocyclic
matrix is in the following™.

If G is a finite group of order v and C is a finite
Abelian group of order w, a (two-dimensional) cocycle
is a mapping ?:9*0 >C satisfying the cocycle equa-
tion

(g, Me(ghk) = p(g, hk)p(h, k),
‘v’g, h,k e@G. (1)

This implies

(g.D) = o(1, 1) = p(L)).
Vg,heG

Then, @(L1)=1, we call it normalized—cycle[lsl.

A cocycle associated with the groups G and C is
naturally represented as a square matrix of order vxv,
whose rows and columns are indexed by the elements
of the group G under some fixed ordering and whose
entry in position (g, 4) is ¢(g.#). We call such mat-
rices G-cocyclic matrices. We represent a G-cocyclic
matrix as

M, =[p(g.h)] , .- @)

If the cocycle ¥ is symmetric then My is a sy-
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mmetric matrix.

Definition 2.1: Let [Zlver = [ (7)) |, ., be a block

-1 1 a7
matrix if [J]wa=§{(1l,z ]Nm'for 1<i, 1<N, then
the matrix [J]v«v is a quasi-Jacket block matrix, where

C is a nonzero constant, and (-)T denotes the trans-
pose of the matrix.

In a quasi-Jacket block matrix, any element of the
block Jacket matrices is a common matrix or block
matrix which is denoted (j);.. The elements of the
quasi-Jacket block matrix [J]ww are substituted with a
matrix or even a block matrix. Especially, the inverse
of the quasi-Jacket block matrix [J]y«v may be ob-
tained by the block-wise elements.

Let us consider the following binary matrices:

I 0 1 1
2 1 oelo
=11 1 =10 1 3)

It can be easily checked that

aZ:E ﬂE ?Hg ﬂ:g:& 11“2 ﬂ:ﬁz’

{1 1} {o 1}
= + =1,
1 ol 1 1 5)

(6)
ie.
Ja:ac"l, B=p" o+ pr=0,,
o =pt =1, af+ pa=1,,
(af)" = pa. (Pa)™ = af. -
Furthermore,
{a ﬂ} {ﬁ a} af+pa a’+p? :[12 02}
g al la B p+a®  pa+ap| 1O L]
(8)
Then we can write,
PR
Jii a a Bl ©)

Let

(10)

(1)

From definition 2.1,[QJ]s+ is a cocyclic quasi-Jacket
block matrix. Similarly, we can construct the large
quasi-Jacket block matrix based on kronecker product.

= R0 Olw Riw R
S

[, o, 9L @1
/L L o e

1. 1L el o,
o, [l [ @],

<
—
—

[« -

o o ol - - e m — —

Ol = Sl = = Ol = = o
=IO OO D = O = = O

[ -
[ R R = S S SR S P e T =T =
—

e S R e T e B e S =S
—_ ek = D k= D e = OO O O
- o O k= s D e e = O = OO O O

D m k=R O s e = (OO O OO = = =

—_— = O = DO o O D= = = O

_ = O e = O = S D D O = O
<

OO D Ol o i = = = O = =
e i R B T S S S B e I
_m e OO D O D = = O = = D

U o SR SN SN o T S | o T SR S can S - SR e
—_ O = = DD O D= D e O

— S e == D =
<

<
D = = e
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—_

(12)
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Then
(071, x [Q]], = Lg» (13)
where
([ « B a|f a0 OzT
a fla Bla L0, O
Oy | f alpf alf «a
4 |0 Ol Bla Pla B 7
[QJ]ls B« O, O/ al|lf « _[QJ] ’
a pl0, O,le pla P
B al B a0 G| «
e Bla B0, Ola B (14)

The matrix [07hs" can be written as follows:

[QJ]4_1 [QJL—I [Q‘] ]4_1 04
o, [g/1" /1 e/
ent [0 ent et
et et o (et

[QJ ]16_1 =

<
—
<

—_— et D il = O = OO O O = O e
—_ O e = O R RO OO O O = =
O = = DO e = = OO0 OO =
— = = D = = OO O S O = e
b s D] b = O = e = OO O OO

—_m O = O O O D e O = = O
— D = = O DO O D e i O = -
S = =IO 0 O SO = = O =

— = OO O O O = = e Ol = = O
SO O Ol e O R = O = = D e
OO O O O s i m O e e e D e
OO O SO = o = (O = e = [ O = s e
S O D Ol = O = = = O = e

ot S et | it et D i e = O = OO OO
—_ O = e O e = O e =0 o O
S it et e [ D it = = [ O = = = OO OO

ot
L

(15)

This is also cocyclic quasi-Jacket block matrix acc-
ording to definition 2.1.

Definition 2.2: Let [QJ]s be defined by (2.5). For
m>2, Let,

[07],» Al27], ©[/]
= ij([l s @[07], ©11],,).

!

1

[1(71- oles], slev),. )
- (16)

when m=2

30

= [QJ]4 ®[QJ]4 >
a B a p

Hﬂ JWLJ[W el aD
(@ 0 0 0 B 0 0 0]
0 e« 0 0 0 B8 0 O©
0 0 @ 0 0 0 B 0

_lo 0o 0o a 0 0 0 B
g 0 0 0 a 0 0 0
0o B 0 0 0 a 0 O
6 0 B 0 0 0 a ©
o 0o 0 B 0 0 0 @
(@ B 0 0 0 0 0 O
f a 0 0 0 0 0 O
0 6 a g 0 0 0 0

o 0o B a 0 0 0 0
0o 0 0 0 a B 0 0
0o 0 0 0 g a 0 0
0 0 0 0 0 0 a fB
0o 0 0 0 0 0 B «af (a7

The signal flow graph corresponding to (17) is sho-
wn in Fig. 1. It requires 16 additions and 32 multi-
plications for computation.

In general, the computational complexity of the fast
quasi-Jacket block fast algorithm is shown in Table 1.
In GF(2) the matrix order N=2" requires N(log: N-1)
additions and 2N(log; N-1) multiplications.

II. Construction of Cocyclic Quasi-Jacket Block
Low-Density Matrices Based on Circular
Permutation Matrix

In this section, we present low density cocyclic qua-
si block Jacket matrices which are over GF (2), i.e,
binary matrices. These types of low density quasi bl-
ock Jacket matrices are useful in coding theory such

o

Fig. 1. Quasi-Jacket Transform signal flow graph for N=8.
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Table 1. Computational compexity of fast algorithm.

Directed om

Computation Proposed N=2

Additions NN-1) N(logz N-1)
Multiplications NxN 2Mloga N- 1)

LDPC encoding, information theory, and orthogonal
code design.

Let p be a prime, and let

k
£ = [equxp’ (18
and
e‘j={l fori=<j+h).
' 0 otherwise (19)

where <j+h)=j+hm0dpand0 <i,j,h<p-1.

The matrices E, for 0<h<p-1 are refer to
circulant permutation matrices(CPM). It can be easily
seen that {I, E, -, E°"'} form an Abelian group with
traditional matrix multiplication and /=E’.

Example: Let p=5 have

1 0 0 0 0] 0 0 0 0 1
01 0 0 0 1 0 0 0 0
I=|l0 0 1 0 0|, E=<|0 1 0 0 o0,
0 0 0 1 0 0 01 0 0
0 0 0 0 1 0 0 0 1 0
00 01 0 0 010 o
2 0 0 0 0 1 00 0 1 0
E°={1 0 0 0 0 E3 - 0 0 0 0 1],
0 1 0 0 0 1 0 0 0 0
0 01 0 0 01 0 0 0
01 0 0 0]
0 0 1 0 0
E*=10 0 0 1 0
0 0 0 0 1
1.0 0 0 0] 20)
Let
I 0 ~h
AA{ , Qé{l B }
= o
E* 1], 7 @1
I O I O I E* ] B~
A? = =1, = ) =0,
' L‘" 1}{5“ i {0 I }{0 I
(22)

wasan-[4 W2 = 9

I I|Jo 1
+ =1,
1 ol |15 1 2P (23)
and
7 17 [o I [ o)
= = =1
(AQ)x (QA) L 0}{1 J {0 1} 2ps
(24)
Le.
A=A Q=0 AN =00 =1,
AQ+QA=1,,,
(AQ)" =aA,(QA) T =AQ. 25)
Furthermore,
A Q] TQ Al [AQ+OA AP+Q* | [T O
Q AC[A Q7| @en’ aasnql L0 1)
(26)
ie.
[A QT_[Q A}{QT AT_{A QT
Q A| |A QAT of| |Q Al
A Q @7
Let,
I O 1 E*
A Q} EY 110 I
JA = .
=92 A I E"| 1 0
o I |E" 1 28)
It can be easily checked that
-1 _
J?<J —I2PA 29)
where
I EM" 1 0
S [Q \}:() I |E" 1 o
=Aa Qe \r o |1 ET"
E" 1 o 1 (30)
or
J_lzoz Ll [a @l_[o IZXA‘l Q’l‘
L ol AL ol logr
(31)

From the Definition 2.1, J is a quasi-Jacket which can
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be seen that J is a cocyclic matrix. Now we consider
the density of 0’s and 1’s in 4px4p binary matrix
denoted by

¢ N
P NG4N

(32)

where Ny and N; the numbers of 0’s and 1 are res-
pectively. The total number of 0’s and 1’s in 4px4p
binary matrix is 16p°. There are 12/, E*" and E".
Each of I, E _h, and E" contains only p 1’s. The total
number of 1’s is 12p. Thus the density of 1’s in J is

(33)

It means that this quasi-Jacket-matrix is low density
matrix. For example, let p=5 and #=2, then, size of
the matrix well be 20x20, as shown (34)~(36),

[J]zo

[']]5 ®[J]4 ?
(i1, 017101, oLz, .

Remark: J is a (3,3)-low density matrix, i.e., each
row and each column of J contains exactly three 1’s.
The quasi-Jacket block matrix of order 20x20 contains
four 1’s in the corner of the matrix, we can say it as
a cycle-4 or girth-4. Generally, short cycles have ne-
gative impact on the decoding algorithm for LDPC
1 To use these kinds of matrices in LDPC, once
should remove the cycle-4 or girth-4 of the matrices.

IV. Conclusion

In this paper, we have presented cocyclic quasi-
Jacket block matrices over binary matrices which all
are belong to a class of cocyclic matrices. We have
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also shown how to construct low-density cocyclic qua-
si-Jacket matrices based on circular permutation mat-
rix. These cocyclic quasi-Jacket block matrices and
low-density matrices are useful in digital signal pro-
cessing, CDMA, coding theory, orthogonal code desi-
gn, and coded modulation H~BH6T
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