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Abstract

Balasubramaniam and Muralisankar (2004) proved the existence and uniqueness of fuzzy solutions for the semilinear
fuzzy integrodifferential equations with nonlocal initial condition. Park et al. (2006) found the sufficient condition of
this system. Recently, Kwun et al. (2006) proved the existence and uniqueness of solutions for the semilinear fuzzy
integrodifferential equations with nonlocal initial conditions and forcing term with memory in Fy. In this paper, we
study the controllability for this system by using the concept of fuzzy number whose values are normal, convex, upper

semicontinuous and compactly supported interval in E .
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1. Introduction

Many authors have studied several concepts of fuzzy
systems. Kaleva [3] studied the existence and uniqueness
of solution for the fuzzy differential equation on E™ where
E™ is normal, convex, upper semicontinuous and com-
pactly supported fuzzy sets in R™. Seikkala [8] proved the
existence and uniqueness of fuzzy solution for the follow-
ing equation:

#(t) = f(t,2(1)) , «(0) = =o,

where f is a continuous mapping from R+ x R into R and
xo is a fuzzy number in E'. Diamond and Kloeden [2]
proved the fuzzy optimal control for the following system:

i(t) = a(t)a(t) + u(t), =(0) = ao,

where z(-),u(-) are nonempty compact interval-valued
functions on E'. Kwun and Park [4] proved the ex-
istence of fuzzy optimal control for the nonlinear fuzzy
differential system with nonlocal initial condition in E},
using by Kuhn-Tucker theorems. Balasubramaniam and
Muralisankar [1] proved the existence and uniqueness of
fuzzy solutions for the semilinear fuzzy integrodifferential
equation with nonlocal initial condition. Park, Park and
Kwun [7} find the sufficient condition of nonlocal control-
lability for the semilinear fuzzy integrodifferential equa-
tion with nonlocal initial condition. Recently, Kwun et
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al. [5] proved the existence and uniqueness of solutions
for the following semilinear fuzzy integrodifferential equa-
tions with nonlocal initial conditions and forcing term with
memory (u{t) = 0):

%Ei) =A {:p(t) + /OtG(t - s)x(s)ds] (H

-|—f(t,a:,/ k(t,s,z(s))ds) + u(t), t € I =[0,T],
0
z(0) + g(x) = z9 € EN, (2

where A : I — FEy is a fuzzy coefficient, Ey is the set
of all upper semicontinuous convex normal fuzzy numbers
with bounded «a-level intervals, f : I X Exy X Ey — Ey
and k : I x I x Ex — E are nonlinear continuous func-
tions, G(t) is n x n continuous matrix such that LEOLEN
continuous for z € Ey andt € I with ||G(t)|| < k, k > 0,
u : I — FEy is control function and g : Ey — Ey is a
nonlinear continuous function.

In this paper, we study the controllability for the above
semilinear fuzzy integrodifferential equations with nonlo-
cal condition and forcing term with memory (1)-(2) in Ey.

2. Preliminaries

A fuzzy subset of R™ is defined in terms of member-



Controllability for the Semilinear Fuzzy Integrodifferential Equations

ship function which assigns to each point z € R™ a grade
of membership in the fuzzy set. Such a membership func-
tion m : R™ — [0, 1] is used synonymously to denote the
corresponding fuzzy set. We shall restrict attention here to
the normal fuzzy sets which satisfy
Assumption 1. m maps R™ onto [0, 1].
Assumption 2. [m]° is a bounded subset of R™.
Assumption 3. m is upper semicontinuous.
Assumption 4. m is fuzzy convex.

We denote by E™ the space of all fuzzy subsets m of
R™ which satisfy assumptions 1-4; that is, normal, fuzzy
convex and upper semicontinuous fuzzy sets with bounded
supports. In particular, we denote by £ the space of all
fuzzy subsets m of R which satisfy assumptions 1-4 [2].

A fuzzy number ¢ in real line R is a fuzzy set charac-
terized by a membership function m, as m, : R — [0,1].
A fuzzy number o is expressed as a = fxeRma(:c)/:r,
with the understanding that m,(z) € [0, 1] represent the
grade of membership of « in « and [ denotes the union of
mq(x)/z’s [6].

Let En be the set of all upper semicontinuous convex
normal fuzzy number with bounded a-level intervals. This
means that if ¢ € F then the a-level set

[a*={z e R:my(z) >a, 0 <a <1}
is a closed bounded interval which we denote by

[a]* = [ai’, a7']

and there exists a ty € R such that a(tp) = 1 [4].
The support I', of a fuzzy number a is defined, as a
special case of level set, by the following

Iy ={z € R:my(z) >0}

Two fuzzy numbers o and b are called equal a =
mg(z) = mp(x) for all z € R. It follows that

b, if

a=b<&[a]* = [ forall @ €(0,1].

A fuzzy number a may be decomposed into its level
sets through the resolution identity

a= /01 ala]®,

where o[a]® is the product of a scalar « with the set [a]®
and | is the union of [a]*’s with « ranging from 0 to 1.

We denote the suprimum metric do, on E™ and the
suprimum metric H; on C(7 : E™).

Definition 2.1. Leta,b ¢ E™,
do(a,b) = sup{dz ([a)®, [5]*) : a € (0,1]},

where dg is the Hausdorff distance.

Definition 2.2, Letz,y € C(I : E™)

Hi(z,y) = sup{dos (x(t), y(t)) : t € I}.

Let I be a real interval. A mapping z : [ — Ep is
called a fuzzy process. We denote

()] = (27 (), 22(t)], tel, 0<a<l.
The derivative 2’ (t) of a fuzzy process  is defined by
[/ (£)]* = (=) (8), (=)' (1)),

provided that is equation defines a fuzzy 2'(t) € En.
The fuzzy integral

O0<a<l1

b
/x(t)dt, a,bel

is defined by

{/ab x(t)dt] ) = {/ab x?(t)dt,/ab l‘?‘(t)dt}

provided that the Lebesgue integrals on the right exist.

Definition 2.3. [1] The fuzzy process ¢ : [ — Eyx isa
solution of equations (1)-(2) without the inhomogeneous
term if and only if

(#)() = min { A7 (1) 25 (2)
-l—/OtG(t—s):r;?‘(s)ds], i\ :l,r},
(82 (8) = max { A2 (1) [45 (1
+/Ot G(t — s)2%(s)ds], 4,7 :l,r},
and

(@)(0) = =5, — g1 (x), (27)(0) = 25, — g7 ().

Now we assume the following:

(H1) The nonlinear function f : [0,7] X Ey x En —
En satisfies a global Lipschitz condition, there exists a fi-
nite constants k1, ko > 0 such that

di ([f(s,&(s), m(s)], [f(s,6a(s

< kadp ([€(3)]%, [62(8)]%) + k2 du ([m (s)]%,
for all (), &(s),m(s),m2(s) € En.

(H2) The nonlinear function & : [0, 7] x [0,7] x Ex —

En satisfies a global Lipschitz condition, there exists a fi-
nite constant M > 0 such that

dH([k(t> S, Q/Jl(s)}a: [k(tv 5, ¢2(5))]Q)
< Mdg([U1(s)], [2(s)]%)

QV
= T
[ N
—
O~
n =
o R
S’
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for all 41 (s),92(s) € En.
(H3) The nonlinear function g : Ey — Ep satisfies
following inequality

dr ([9(€1)]% [9(€2)]*) < Lda([62()]%,

where constant L > 0.
(H4) S(¢) is a fuzzy number satisfying, for y € Ey
and S'(t)y € CY(I : EN) N C(I : Ey), the equation

[&2()1%),

%S(t)y =A [S(t)y + /0 G(t — s5)S(s)yds
= S(t)Ay + /t S(t —s)AG(s)yds, t €I,
0

such that
[S(t)]a = [Sla(t)v Sg(t)]a

and SZ(t) (i = I,r) is continuous. That is, there exists a
constant ¢ > 0 such that |S&(¢)) < cforallt € 1.
(H5) e(L + k1T + k2 MT?) < 1.

3. Nonlocal controllability

In this section, we consider the controllability for the
equations (1)-(2).
The equations (1)-(2) is related to the following fuzzy
integral equation:
/ S(t—s)u

-I-/O S(t—s)f(s,x(s),/ k(s,7,z(7))dr))ds,

0

z(t) = S(t)(zo — s)ds (3)

where S(t) satisfy (H4).

Theorem 3.1. [5].Let T > 0, assume that the function
f,k and g satisfy hypotheses (H1)-(HS). Then, for every
xg € Ey, equation (3)(u(t) = 0) has a unique fuzzy solu-
tion z € C([0,T] : En).

Definition 3.2. The equation (3) is nonlocal controllable
if, there exists u(t) such that the fuzzy solution z(t) of (3)
satisfies z(T') = 2* — g(z) (ie., [z(T)]* = [z — g(x)]®)
where z! is target set.

We assume that the linear fuzzy control system with
respect to nonlinear fuzzy control system (3) is nonlocal
controllable. Then

/ S(T - s)u

36

and
[2(T)]*

- [S(T)(xo —g(z)) + /0 ‘s (- S)U(S)ds}
*(s)ds,

T
+/ SP(T — s)uj

ST (a5, - / ST — syug ()ds|
= [ - 9@, (@ - gla))2]

(84

— [S(@(e5: - g7 (=)

Defined the fuzzy mapping G : I3(R) — En by

G(v) = { ({OT SHT —s)(s)ds, vCTu, (4

otherwise.

Then there exists G (¢ = [, ) such that

T

Gi(o) = [ 82T = s)uls)ds . u(s) € b (o), w @)
OT

G2 (v,) = /0 SE(T = $)un(s)ds , vp(s) € [ul(s),u(s)]

We assume that Gf¥, G are bijective mappings.
Hence a-level of u(s) are

[w(s)]™ = [uf" (), w7 (s)]

1
(@) — g?(z) — SP(T) (=5,
GO (=" ~ g2 (x) — SHT) (=,

- g7 (2))),
— g%(x)))].

Thus we can be introduced u(s) of nonlinear system
[u(s)]* = [uf’ (), u7 ()]
- [(é?rl (@ - s @ - s7(D)
—gi'(x)) -
0

x [ (s, x(s), /08 k(s,T, x(T))dT)ds),

X (xgl

(@ (<x1>$ g% (@) — ST
T

~ g7 (@) - | ST = s)

x f&(s, z(s), /Os k(s,, x(T))dT)dS):| :

x (a5,

Then substituting this expression into the equation (3)
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yields a-level of (7).
[2(T)]*
T
- |sete - gt + [ ser -
x ff (s, z(s), /OS k(s, 7, z(T))dr)ds

T i~
+/0 ST = ) (G (@) - gf(z)

/ SPT = s)

X fi¥(s, z(s), / k(s,7,x(7))dr)ds)ds

g, /SO‘ - 8)

x(f(s, x(s)/ k(s, 7, 2(7))dr)ds

0

=SSP () (xg;, —

Sg (T mOr

T
e _s Aay—1 29— 0%
+ [ s =@ (@ - o)
—S2(T) (g J/ ST - )
X (s, z(s), / k(s, 7, z(7))dr)ds)ds }

/ Sl *S

x (s, x(s), /0 k(s,7,x(7))dr)ds
+GP - (G TH(@h)f - g7 ()

T
—%a%%—w%m—ﬁ Se(T - 5)

= [Sla( ) (o — g1 (

X (s, x(s), /Os k(s,7,x(7))dr)ds),
T
SPT)wS, — g2 @)+ [ spr =)
X [ (s, x(s), /OS k(s,7,2(7))dr)ds
+G2 (G2 (212 — g2 ()
ST (zg, — g° / SHT — )

X f%(s, (s 7/0 E( S,T,J)(T))dT)dS):|

= ()7 — g (@), (@3 — 2 (2)]
= o' — g(@)

We now set

¢ﬂ025@@rﬂ@D+A5@*®

x f(s,z(s), /OS k(s,7,x(7))dr)ds
t — )G o' — glz
+ [ s-967 " - gte)
T
~S(T)(wo = g(@) - [ ST
x f(s,z(s), /OS k(s,7,2(7))dr)ds)ds

where the fuzzy mappings G ! satisfied above statements.

Notice that ®z(T) = z! — g(x), which means that

the control u(t) steers the equation (3) from the origin to

x! — g(x) in time T provided we can obtain a fixed point

of the nonlinear operator .
Assume that the following hypotheses:

(H6) Linear system of equation (3) (f = 0) is nonlocal
controllable.

(H?) {L(1+ (1 + )T) + (k1 + ko MTYT (1 +¢T)} < 1.

Theorem 3.3. Suppose that hypotheses (H1)-(H7) are sat-
isfied. Then the equation (3) is nonlocal controllable.

Proof. We can easily check that ® is continuous function
from C([0, 7] : En) toitself. For z,y € C([0,T] : En),

/St—s

x f(s, x(s),/o E(s, T, z(7))dr)ds

dp ([P (1)), [@y(£)])

= dH([ (zo — g

+/O S(t —s)G~  at - g(2)

- [ s

xf(s,m(s),/ k(s,7,z{r ))dT)ds)ds] )

/St—s

f@y<yékwry<»mw

AS To—
[S( (o — g7 (

)G x' — g(y)
T
~S()(e0 - gly) = [ ST 3)
‘ 0
xf(s,y(s),/o k(S,T,y(T»dT)dS)dS]a)
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< dH([S(t)g(x)]a, [S(t)g(y)]a)

—i—dH([/OtS(t—s)

x f(s,z(s), /OS k(s, 7, x(T))dT)ds]a,

[/OtS(t——s)

x f(s,9(s), /Os k(S,Tyy(T))dT)dS]a>

+du([ | St-9G(~g(x) + S(T)g(a)

o]

—/OTS(T—S)

x f(s, 3:(5),/S k(s,,z(7))dr)ds) ds]a ,
[ $t- 96" (-0t + S0t

—/O S(T — s)

x f(s,y(s), /Os k(s,r,y{T))dT)ds) ds]a>

< cLdu([z()]%, [y()]*)
+c(/0 (kldH([x(S)]a: ly(s)]*)

oM [ du((a(r))* [()])ar)ds

ve [ {(1 o)L (), ()
0

ve [ (kan (et (o))

+ko M /OS dg([=(7)]%, [y(T)]a)dT>dS}d8

Therefore

38

doo (z(t), 2y(t)) = sup dp ([@z(t)]* [Dy(t)]%)

a€e(0,1]
< CLdoo(‘T(')a y())

rol [ (ke (o(s)0(5)

kM / " doow(r), y()

e {(1+c)Ldoo(ﬂc(')vy('))

+e /OT (kldoo(x(S), y(s))

dT) ds

+k2M/ ))ar ) ds}d

Hence

H,(®z,®y) = tes;g;;] doo (Dz(t), Py(t))

< c{L(l +(1+ c)T)

+(k1 + kzMT)T((l + cT) }Hl(x,y).

By hypotheses (H7), ® is a contraction mapping. By the
Banach fixed point theorem, (3) has a unique fixed point
z € C([0,T] : En). d

4. Example

Consider the semilinear one dimensional heat equation
on a connected domain (0,1) for a material with memory,
boundary condition z(t,0) = z(¢,1) = 0 and with ini-
tial condition z(0,2) = zo(2), Y ey k& (tk, 2) = g(x),
where zo(z) € En. Let (¢, z) be the internal energy and
F(t,o(t,2), o Kt s,a(t, 2))ds) = 2ta(t,2)? + fo(t

s)z(s)ds be the external heat with memory.

Let A = 2a > and G(t—s) = e~(#~%), then the balance
equation becomes

dfiit) = 2[z(t) —/0 e~ (=) (s)ds) 5)
+2tx(t)? + /t(t —s)x(s)ds + u(t), t € I,
0
0) =z — Z ckx{ty, 2). 6)
k=1

Since a-level set of fuzzy number 2 is [2]* =
[a + 1 3 — a] for all @ € [0,1], a-level set of

fo (t,s,2(s))ds) is

£ (8, 2(0), /0 k(t, 5,2(s))ds)]
= [t(a+ )R (8)? + /0 (t - ) (0),
63— 0) (a2 (1))? + / (t - $)2%(t))
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Further, we have

dn((f (1, (1), /O K(t. 5, 2(5))ds)]",
£t (), / k(5. 9(s))ds)])

t

= ds ([t + D (0 + [ (¢ =)ot 1),

J0

53— a)(a®(1)? + / (t— $)22(8)),
o+ DE@) + [ (- s e),

2+ [ =)
= tmax{(a + 1)|(z8(5)? (5 (6)?),
(38— )|(22(1)? — (y2 (1))}
+ / (t — s)da ([ (5), 2% (s)], [0 (5), 5% (5)])
< 3T[22(t) + y2 (1)
x max{|a(t) — g (5], [22() — y2 ()]}
+T7 max{[af(£) -y (D), |22 (2) — 2 ()]}
= kndu ()], [(O1°) + Fadir (2(0)]*, (1)),

13— a)(y7 (1)

where k; and k- are satisfies the inequality in hypotheses
(H1)-(H2), and also we have

“ ly(te)]®)

where L satisfies the 1nequa11ty in hypothes1s (H3).

Let initial value zg is 0 Target set is z! = 2. The a-
level set of fuzzy numbers 0 is [0]* = [0 — 1,1 — o). We
introduce the a-level set of u(s) of equations (5)-(6).

[u(s)]* = [ui*(s), i’ (s)]

k=1 0

14
G <<3 ~0) =3 st = 1)

T
((1—-a) chx (tr)) / SHT — s)
X (5(3 —a)(z%(s))? + /0 (s — T):I:,?‘(T)dT) ds)} .

Then substituting this expression into the integral system
with respect to (5)-(6) yields a-level set of z(T').

chxl tk
+ /OT ST = ) (s(a + 1)(af'(s))?
s . T
+/ (s — 1) :C?(T)dr)ds +/ ST — s)
(Gl < a+1) Z Ckibl t]c T)
T
((a—=1) ZCkxl tk)) / ST — s) %
(s(a + D(z(s))? + /0 (s — )z} (T)dT) ds) ds
chxT {(te))

n /OT SP (T — 5) (503 - @)(a2(5)?

[z(T)]* =

Sl Oé-‘l

SHTY(1 — )

+/0(3~7') *(r)dr d9+/ ST — )
(Ga ( Z(’kib‘ tk T)

((1-a) chfc (tr)) /TSS’(T~3)><
(3(3 —a)(x%(s))? + /Os(s —P)a%(r )dT)ds) ds}
chwl tk

(a+1)

-3 Ckl“?(tk)]
k=1
= {5 - chx(tk)} .
k=1

Then all the conditions stated in Theorem 3.3 are satisfied,
so the system (5)-(6) is nonlocal controllable on [0, T].
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