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Abstract

Park and Kim [4], Grabiec [1] studied a fixed point theorem in fuzzy metric space, and Vasuki [8] proved a
common fixed point theorem in a fuzzy metric space. Park, Park and Kwun [6] defined the intuitionistic fuzzy
metric space in which it is a little revised in Park’s definition. Using this definition, Park, Kwun and Park [5]
and Park, Park and Kwun [7] proved a fixed point theorem in intuitionistic fuzzy metric space. In this paper,
we will prove a common fixed point theorem for a sequence of mappings in a intuitionistic fuzzy metric space.
Our result offers a generalization of Vasuki’s results [8].
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1. Introduction ‘ Definition 2.1([9]). A binary operation x*
[0,1] x [0,1] — [0,1] is continuous t—norm if * is sat-

Park and Kim [4] proved a fixed point theorem isfying the following conditions:

in fuzzy metric space, Grabiec [1] studied Banach (a)  is commutative and associative,

contraction principle in fuzzy metric in the sense of (b) * is continuous,

Kramosil and Michalek [2]. Also, Vasuki [8] proved a (c)ax1l=aforallac|01],

common fixed point theorem in a fuzzy metric space. (d) a*b < c*d whenever a < c and b < d
Recently, Park, Park and Kwun [6] defined the in-  (a,b,c,d € [0, 1]).

tuitionistic fuzzy metric space in which it is a little

revised in Park [3]. Using this ('ieﬁmtlon, Park, Kwun Definition 2.2([9]).

and Park [5] proved a fixed point theorem of Banach [0,1] x [0,1]

for the contractive mapping of a complete intuition- | ’

istic fuzzy metric space. Also, Park, Park and Kwun

[7) studied a fixed point theorems in the intuitionistic

fuzzy metric space.

A Dbinary operation ¢ :
— [0,1] is continuous t—conorm if ¢ is
satisfying the following conditions:

(a) ¢ is commutative and associative,

(b) ¢ is continuous,

(c)acl=aforallac]|0,1],

In this paper, we will prove a common fixed point (d) aob > cod whenever a < c and b < d
theorem for a sequence of mappings in a intuitionistic ~ (a,b,¢,d € [0,1]).
fuzzy metric space. Our result offers a generalization
of Vasuki [8]. Definition 2.3([6]). The 5—tuple (X, M, N, *,c)

We shall deal with intuitionistic fuzzy metric space g gaid to be an intuitionistic fuzzy metric space if X
introduced by Park, Park and Kwun [6]. is an arbitrary set, * is a continuous t—norm, ¢ is
: a continuous t—conorm and M, N are fuzzy sets on
X2 x (0, 00) satisfying the following conditions; for all
x,y,z € X, such‘that

(a) M(z,y,1) >0,

(b) M(z,y,t) =1 =z =y,

Now, we will give some definitions, properties and (c) M(z;y;t) = M(y,r,t),

notation of the intuitionistic fuzzy metric space. (d) M(z,y,t) « M(y, 2,8) < M(z,2,t+5),

2. Preliminaries
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(e) M(z,y,-):(0,00) — (0,1] is continuous,

(f) N(z,y,t) >0,

(8) N(z,y,t) =0 ==z =y,

(h) N(x7 y) t) = N(y7 x? t)’

(i) N(z,5,8) 0 N(y, 2,5) > N(z,2,t + ),

(G) N(z,y,) : (0,00) — (0, 1] is continuous.

Then (M, N) is called an intuitionistic fuzzy metric
on X. The functions M(z,y,t) and N(z,y,t) denote
the degree of nearness and the degree of non-nearness
between = and y with respect to t, respectively.

In all that follows N stands for the set of natural
numbers and X stands for an intuitionistic fuzzy met-
ric space (X, M, N, *,¢) with the following properties:

(2.1) tlim M(z,y,t) =1, tlim N(z,y,t) =0
— 00 — 00

for all z,y € X.

Definition 2.4([6]). Let X be an intuitionistic
fuzzy metric space.

(a) A sequence {z,,} in a intuitionistic fuzzy metric
space X is called Cauchy if limy,_.oc M (Zpip, Tn,t) =
L, limpo0 N(Zpp, Tn, t) = 0 for every ¢ > 0 and each
p>0.

(b) A sequence {z,} in X is convergent to x € X
if limp oo M (2p,z,t) = 1, im,_,o N(z,,2,¢t) = 0 for
each ¢t > 0.

(¢) X is complete if every Cauchy sequence in X
converges in X.

Remark 2.1([6]). The following conditions are
satisfied :

(a) For any ry,re € (0,1) with 7y > ro, there exist
r3,74 € (0,1) such that ry xr3 > ro and ryory < 7q.

(b)For any r5 € (0,1), there exist rg,77 € (0,1)
such that rg x rg > r5 and 77 077 < 75,

Lemma 2.1([7]). In an intuitionistic fuzzy metric
space X, M(x,y,-) is nondecreasing and N(z,y,-) is
nonincreasing for all z,y € X.

3. Common fixed point

In this section, we will prove a common fixed point
theorem for a sequence of mappings in a intuitionistic
fuzzy metric space being an extension of Vasuki [8].

Theorem 3.1. Let {T,}, be a sequence of map-
pings of a complete intuitionistic fuzzy metric space
X into itself satisfying (2.1). If for any two mappings
T;,T;, we have

M(T"z, Ty, oy it) > M(z,y, 1),
(31) ( 3 T ) y 1,]t) (1' y )

2
N(T{ 2, Ty, 0 5t) < N(z,y, )

for some m and 0 < ;; < kK < 1,45 =1,2,--- |
2,y € X. Then the sequence {1}, has a unique fixed
point in X.

Proof. Let zog € X and z1 = T"xg, 25 =
T3zy,---. Then for all p > 0,

]V[(I’l,iﬂg,t) = A{(T{n$07T£’L$1,t)

2
Z —]u—(xO;l'la —'—”)
a 3

M(z2,23,t) = M (T3 %1, T3 @2, 1)

t
> M{x1, 22, —)
a3

t
o023
N(l‘l,ZEQ,t) = N(Tlmxo,TQ’”xl,t)

t
SN(x()»Ila )
87

s

2 ]\4(1’0,.%17

N<x27$37t) = N(TZTnx17T§nx2at)

t
S N(.’bl,ﬂfg, -—“)
a b

t

S N(CEO,.’El, .
01,202,3

By simple induction, we have

M(xnaxn+17t) = ]\4(T7Txn—17T:}|_1znat)
> M( L
= xn—laxn7an7n+1

N(x7uxn+1>t) = N(T:znxn—lvTvﬁ-lxmt)
t

< _ -

>~ N(l’n 1y L, O[n,n“i' 1)

t
I i

).

Thus, for any positive integer p, we have

M(!Tmmnntzht)
t
> M(xnsxn—i—b 5) koo

t
Tk M(mnﬂklaxnﬁm 5)

t
> M(zo, 1, =) %+
( Pl i
t

ox Mo, 01, ),
P @i
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t
> M (2o, 21, =) % -
( TpII i
t

.. *M(JJO,.’El, —_—_—
P i

ZM(.rO,ml *"'*M(ﬁovxl,

i 4

—1x-..x1=1asn— oo,

N(Z’n, mn+p, t)
t
< N(mn7xn+la_)0"’
P
t
..ON(x"—i-p—l,mn-!—paz;)
< N{ f ©
< N(zo, 21, )0 -
T I i
t
o N(zo, 21, ——),
( ’ Hn =1%i 541
t

—1%4,641
t

Pl i

SN(QSOy O

L1, Hn

"ON(:E(]axl»

t
< N(zo, 21, -0 N(zo, 21, k")

e

—00---0o0=0asn— o0

from (2.1) and Remark 2.1. Therefore {z,}, is a
Cauchy sequence in X. Since X is complete, {z,}n
converges to some x in X.

Now we will prove that x is a periodic point of T;.
For some m > 0, by definition and Remark 2.1,

Mz, Tz, t)

> M(z,xn,t — kt) x M(x,, Tz, kt)

= M(z, xn,t—kt) *« M(T) @1, T, kt)

> M(z,xn,t — kt) « M(T7 @, 1, T T, 0tn it)

> M (@, 2 t(1 — £)) M (@01, ,1)
—1xl=1asn— o0,

N(z,T"z,t)

< N(z,2n,t — kt) o N(zp,, Tz, kt)

= N(z,zn,t —kt) o N(Txp_1, T)"x, kt)

< N(z,zn,t —kt) o N(T xp1, T2, 0ty it)

< N(z,zn, 81 — k)) o N(zp—_1,7,1)

—000=0asn— o0

Hence z = T]"z.

Now, suppose that y(z # y) be another periodic
point of T;, then there is t > 0 such that M (z,y,t) < 1
and N(z,y,t) > 0.

32

Further
M(z,y,t)
t
= M(Timxv T;m% t) > M(:E, Y, —)
4,7
> Mz,y, 2)
i) 7y7 k b
N(z,y,t)
t
Ot,"j
< Ny, 5
—_— 7y’ k .
Similarly,
M(z,y,1)
t
=M(Tz, Ty, t) > M(T] "z, T{"y, E)
t
Z M(x7 Y, ﬁ)y
N(z,y,t)
t
t
S N(JI, Y, EE)
Hence, by induction,
t
M(z,y,t) > M(z,y, 1),
t
N(z,y,t) < N(z,y, ).

Therefore

t
1> M(z,y,t) > lim M(z,y, —) =1,
n— 00 k™
t
kn) = 07
which is a contradiction. Hence x = y. That is, z is a

unique periodic point of T;.
Also,

0 < N(z,y,t) < lim N(z,y,

Tiw = Ty(T]"z) = T;" (Tiz).
Hence Tjz is also a periodic point of T;. Therefore
2 = T;z. That is, z is a unique common fixed point of
the sequence {1}, }n.

Example 3.1. Let (X,d) be a metric space. De-
note a *x b = min{a,b}, a ¢ b = max{a,b} for all
a,b € [0,1] and let My, Ny be fuzzy sets on X2 x (0, c0)
defines as follows:

t
Mylxz,y,t) = ————,
a(® 1) t+d(z,y)
dlz,y) .
t)y=—>— if z,ye X.
Nd(x’yv) t-‘-d(l’,y) nxy

Then (Mg, Ng) is an intuitionistic fuzzy metric on X
and (X, My, Ny, *,0) is an intuitionistic fuzzy metric
space.
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In this case, let X = {1 :n € N} U {0} with the
metric d defined by d(z,y) = |z —y/, and define the se-
quence {7, }, of mappings from X to X by T,,(z) = 1z
form=2, a; ; = L—ll and all n € N. Then

Md(T;J;? ﬂgya t)

Ty t
=M(-=,5t)= ———+
GV E—
4t
= — = M(x,y, ,
4t + “’E - y[ (xy OéiJ‘)/
Nu(T?x, T?y, 1)
zy i il
=N{—,2,t) = ——*—
T t+ 1[5 -4l
|z —y| t
= ——>—=N{z,y,—),
4t + |z —y| (0 Oém‘)’
where o;; = 3 < 1. Clearly, all conditions of the

above theorem are satisfied, and 0 is a unique com-
mon fixed point of the sequence {T},},,.

Corollary 3.2([7]). (Intuitionistic fuzzy Banach
contraction theorem) Let X be a complete intuitionis-
tic fuzzy metric space satisfying (2.1). Let T : X — X
be a mapping such that

M(Tz, Ty, at) > M(z,y,t)
N(Tz,Ty,at) < N(z,y,t)

3

forall z,y € X, ¢t > 0 and a € (0,1). Then T has a
unique fixed point in X.

Proof. By the above theorem, putting T;, = T for
aln=1,2,---.-- ,m=1and o; ; = a, then the proof
follows.
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